Zdravko Cvetkovski 


Inequalities 


Theorems, Techniques 
and Selected Problems 


Inequalities 


Zdravko Cvetkovski 


Inequalities 


Theorems, Techniques 
and Selected Problems 


Z) Springer 


Dipl. Math. Zdravko Cvetkovski 

Informatics Department 

European University-Republic of Macedonia 
Skopje, Macedonia 

zdrcvet @ gmail.com 


ISBN 978-3-642-23791-1 e-ISBN 978-3-642-23792-8 
DOI 10.1007/978-3-642-23792-8 
Springer Heidelberg Dordrecht London New York 


Library of Congress Control Number: 2011942926 
Mathematics Subject Classification (2010): 26D20, 97U40, 97Axx 


© Springer-Verlag Berlin Heidelberg 2012 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, 
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication 
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 
1965, in its current version, and permission for use must always be obtained from Springer. Violations 
are liable to prosecution under the German Copyright Law. 

The use of general descriptive names, registered names, trademarks, etc. in this publication does not 
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective 
laws and regulations and therefore free for general use. 


Printed on acid-free paper 


Springer is part of Springer Science+Business Media (www.springer.com) 


Dedicated with great respect 
to the memory of Prof. Ilija Janev 


Preface 


This book has resulted from my extensive work with talented students in Macedo- 
nia, as well as my engagement in the preparation of Macedonian national teams for 
international competitions. The book is designed and intended for all students who 
wish to expand their knowledge related to the theory of inequalities and those fas- 
cinated by this field. The book could be of great benefit to all regular high school 
teachers and trainers involved in preparing students for national and international 
mathematical competitions as well. But first and foremost it is written for students— 
participants of all kinds of mathematical contests. 

The material is written in such a way that it starts from elementary and basic in- 
equalities through their application, up to mathematical inequalities requiring much 
more sophisticated knowledge. The book deals with almost all the important in- 
equalities used as apparatus for proving more complicated inequalities, as well as 
several methods and techniques that are part of the apparatus for proving inequalities 
most commonly encountered in international mathematics competitions of higher 
rank. Most of the theorems and corollaries are proved, but some of them are not 
proved since they are easy and they are left to the reader, or they are too compli- 
cated for high school students. 

As an integral part of the book, following the development of the theory in 
each section, solved examples have been included—a total of 175 in number— 
all intended for the student to acquire skills for practical application of previously 
adopted theory. Also should emphasize that as a final part of the book an exten- 
sive collection of 310 “high quality” solved problems has been included, in which 
various types of inequalities are developed. Some of them are mine, while the oth- 
ers represent inequalities assigned as tasks in national competitions and national 
olympiads as well as problems given in team selection tests for international com- 
petitions from different countries. 

I have made every effort to acknowledge the authors of certain problems; there- 
fore at the end of the book an index of the authors of some problems has been 
included, and I sincerely apologize to anyone who is missing from the list, since 
any omission is unintentional. 

My great honour and duty is to express my deep gratitude to my colleagues Mirko 
Petrushevski and Dorde Barali¢ for proofreading and checking the manuscript, so 


Vii 


Vili Preface 


that with their remarks and suggestions, the book is in its present form. Also I want 
to thank my wife Maja and my lovely son Gjorgji for all their love, encouragement 
and support during the writing of this book. 

There are many great books about inequalities. But I truly hope and believe that 
this book will contribute to the development of our talented students—future na- 
tional team members of our countries at international competitions in mathematics, 
as well as to upgrade their knowledge. 

Despite my efforts there may remain some errors and mistakes for which I take 
full responsibility. There is always the possibility for improvement in the presen- 
tation of the material and removing flaws that surely exist. Therefore I should be 
grateful for any well-intentioned remarks and criticisms in order to improve this 
book. 


Skopje Zdravko Cvetkovski 
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Chapter 1 
Basic (Elementary) Inequalities 
and Their Application 


There are many trivial facts which are the basis for proving inequalities. Some of 
them are as follows: 


. Ifx > y and y>z then x > z, for any x, y,zER. 

_Ifx>yanda>bthenx+a>y-+b, forany x,y,a,bER. 

_Ifx>ythenx+z>y+z, foranyx,y,zER. 

. Ifx > yanda>b then xa > yb, for any x,y €R* ora,beR™. 

. If x € R then x* > 0, with equality if and only if x = 0. More generally, for 
Aj € Rt and x; €R,i =1,2,...,n holds Ayx? + Agxy +--+ + Anxz > 0, with 
equality if and only if xj = x2 =---=x, =0. 


AWN Re 


These properties are obvious and simple, but are a powerful tool in proving inequal- 
ities, particularly Property 5, which can be used in many cases. 

We’ll give a few examples that will illustrate the strength of Property 5. 

Firstly we’ll prove few “elementary” inequalities that are necessary for a com- 
plete and thorough upgrade of each student who is interested in this area. 

To prove these inequalities it is sufficient to know elementary inequalities that 
can be used in a certain part of the proof of a given inequality, but in the early 
stages, just basic operations are used. 

The following examples, although very simple, are the basis for what follows 
later. Therefore I recommend the reader pay particular attention to these examples, 
which are necessary for further upgrading. 


Exercise 1.1 Prove that for any real number x > 0, the following inequality holds 
x+—>2. 
x 


Solution From the obvious inequality (x — 1)? > 0 we have 
x?-2x+120 & x? 41>2x, 


and since x > 0 if we divide by x we get the desired inequality. Equality occurs if 
and only ifx —1=0,ie.x =1. 
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2 1 Basic (Elementary) Inequalities and Their Application 
Exercise 1.2 Let a, b € R™. Prove the inequality 

a ie 

a 


Solution From the obvious inequality (a — b)? > 0 we have 


24 22 
b 
a —2ab+h?>0 & @+h>2ab © — s2 @ F 
a 
Equality occurs if and only ifa —b=0,i..a=b. 


Exercise 1.3 (Nesbitt’s inequality) Let a,b,c be positive real numbers. Prove the 
inequality 

a " b ES ae 3 

b+ce cta a+b” 2 


Solution According to Exercise 1.2 it is clear that 


atb b+tce atc ctb b+a ate 
b+e atb ct+tb ate atc b+a 


>24+24+2=6. (1.1) 
Let us rewrite inequality (1.1) as follows 
a+b a+c c+b b+a b+c atc 
7 a + = =F = 6, 
b+c ct+b a+c ate a+b b+a 


2a 2b 2c 
+1+ +1+ —+12>6 
b+e cta a+b 


or 
a “ b 4. Cc a? 
b+ce cta a+b 72’ 


a s required. 
Equality occurs if and only if = = 
easily we deducea=b=c. 


c _ ctbh bta _ ate 
b= aie’ abe = Bra {rom where 


The following inequality is very simple but it has a very important role, as we 
will see later. 


Exercise 1.4 Let a, b,c € R. Prove the inequality 
ath? +c*>ab+bet+ca. 
Solution Since (a — b)? + (b — c)? + (c—a)* > 0 we deduce 
a eb te) >2(ab+be+ca) © C+D te >ab+be+ca. 


Equality occurs if and only ifa=b=c. 


1 Basic (Elementary) Inequalities and Their Application 
As a consequence of the previous inequality we get following problem. 
Exercise 1.5 Let a,b,c € R. Prove the inequalities 
3(ab + be +.ca) < (at+b+c) <3(a* +b? +c’). 
Solution We have 


3(ab+ be + ca) =ab+be+ca+2(ab+ be + ca) 
<a +b* +c? +2(ab+be+ca) =(at+b+c)* 
=a’ +b* +c? +2(ab+be +ca) 
KV 4P40°4°C7?4V 407?) =30° +h? +c’). 
Equality occurs if and only ifa =b=c. 


Exercise 1.6 Let x, y, z > 0 be real numbers such that x + y + z = 1. Prove that 


/6x +1+/6y+1+ 762+ 1 <3v3. 


Solution Let /6x +1=a, /6y+1=b,/6z+1=c. 
Then 


a+b +c =6(x +y+24+3=9. 


Therefore 
(atb+c)’ <3@4+8'+c?)=27, ie. atb+e<3v3. 
Exercise 1.7 Let a,b,c € R. Prove the inequality 
at +b+4+ct>abc(at+b+c). 
Solution By Exercise 1.4 we have that: If x, y, z € R then 
r+yt2>xytyztzx. 
Therefore 
at +bi+ch>a’b’ +b'c* +c’a? = (ab)* + (bc)? + (ca) 
> (ab)(bc) + (bc)(ca) + (ca)(ab) = abc(a+b+c). 
Exercise 1.8 Let a,b,c € R such that a+b+c> abc. Prove the inequality 


at+h4+c2 > V3abe. 
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Solution We have 


@4e eer aC 40 402k 4 Hie 


H=A4+h4¢A4+ 0b 4+0)4h(C?+a%)+7 (a? +b’). 


By Exercise 1.7, it follows that 
at +b+4+ct>abc(atb+c). 
Also 
b* +c? > 2be, ae oT > 2ca, Pee ce > 2ab. 
Now by (1.2), (1.3) and (1.4) we deduce 


(a* +b? +c’)? > abc(a +b +c) + 2a*be + 2b? ac + 2c*ab 


=abc(a+b+c)+2abc(a+b+c)=3abc(a+b+c). 


Since a+ b+ c > abc in (1.5) we have 


(a* +b? +c’)? > 3abc(a + b +c) > 3(abc)’, 


err? > V3abc. 
Equality occurs if and only if a=b=c= V3. 


Exercise 1.9 Let a,b,c > 1 be real numbers. Prove the inequality 
1 1 1 1 

abe+—+—+->a+b+c+—_. 

a boc abc 


1 


a 


(-Nlo-2)e-Boe 


After multiplying we get the required inequality. 


Solution Since a,b,c > 1 we have a > i b> tic >-, Le. 


(12) 


(1.3) 


(1.4) 


(1.5) 


Exercise 1.10 Let a, b, c,d be real numbers such that a* +b* + c++ d* = 16. Prove 


the inequality 


Le ete 33, 


Solution We have a* < a4 + b*+c4++d* = 16, ie. a < 2 from which it follows 


that a*(a — 2) <0, ie. a> < 2a‘. 
Similarly we obtain b> < 2b+, c? < 2c4 and d? < 2d’. 
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Hence 
O+b+04+d <2(at+b44+ct+ +d) = 32. 


Equality occurs iff a = 2,b =c =d =0 (up to permutation). 


Exercise 1.11 Prove that for any real number x the following inequality holds 


x9 4x4 x 41>0. 


Solution We consider two cases: x < 1 and x > 1. 
(1) Let x < 1. We have 


Ha eg HF 4 Tag? 4 Gt a = wD, 


9 4 


Since x < 1 we have 1 — x > Oand x* > x°, i.e. x* — x? > 0, so in this case 
gag? 4 74 ee 1 30, 


i.e. the desired inequality holds. 
(2) For x > 1 we have 


x — x9 4 xt — x 41H x8 (x4 — x) 4+ (xt - x) 41 
S(O 6e sb 1= 90" = Ge 1, 
Since x > 1 we have x? > lie. x? —1>0. 
Therefore 
Pa gt 1, 
and the problem is solved. 
Exercise 1.12 Prove that for any real number x the following inequality holds 
Qx4 +1 > De ee. 


Solution We have 


Qx*t +1 —2x3 — 3x? = 1-27 -2x7°(1 -—x) = (1 —x)(1 + x) — 2x7 (1 — x) 


= (l= )G21= 2920 = ye] ote.) 
Ey) (xa —x)+x)+(—x)d+x +x?) 
=(1=x)((-)@ +x) +14+x+42°)) 

= (1—x)?(1 +1 +27) >0. 


Equality occurs if and only if x = 1. 
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Exercise 1.13 Let x, y € R. Prove the inequality 
xt + yt+4xy4+2>0. 
Solution We have 
x44 yt + dxy $2 = (x4 — 2x7 y? + y4) + (2x7y* + 4xy + 2) 
= (x? —y*)’ + 2@ry + 1)* = 0, 


as desired. 
Equality occurs if and only ifx =1, y=—lorx=-—l,y=1. 


Exercise 1.14 Prove that for any real numbers x, y, z the following inequality holds 
gaye LS De (ay? pg ey, 
Solution We have 
xt yt 4 z741-2x(xy?-—x4+241) 
=(x+- Dx iy? i AN ee xe a) i Oe 1) 
=? -y P+ -2 + - 1? 20, 


from which we get the desired inequality. 
Equality occurs if and only ifx =y=z=lorx=z=1,y=~-l. 


Exercise 1.15 Let x, y, z be positive real numbers such that x + y + z= 1. Prove 
the inequality 


xy + yz+2zx < 


Nie 


Solution We will prove that 
Qxy +2yz+4zx < (x +y4+2)’, 


from which, since x + y + z= 1 we’ll obtain the required inequality. 
The last inequality is equivalent to 


geese Oe SOL he Goze = 0, 


which is true. 
Equality occurs if and only if x =z and y=0,1.e.x =z= 5s y=0. 


Exercise 1.16 Let a,b € R™. Prove the inequality 


a+et+isaVvb2+14+bVa2 +1. 
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Solution From the obvious inequality 


(a—-Vb2 +1) + (b-Va2 +1)? >0, (1.6) 


we get the desired result. 
Equality occurs if and only if 


a=Vb?+1 and b=Va?+1, ie. a=b?+1 and be =a? +1, 
which is impossible, so in (1.6) we have strictly inequality. 
Exercise 1.17 Let x, y,z ¢ R*™ such that x + y + z =3. Prove the inequality 
Vx + Jy +/z2>xy t+ yz+7zx. 
Solution We have 
8aatytoaHtyt2rax? ty? +224 2ay + yet zx). 


Hence it follows that 


1 2 2 2 
a a + 3y — y°+3z—-—2°). 


Then 
Vx + Jy t+ JZ — (xy + yz+2x) 
= JE+ Jot Jit 500? —3r ty? —3y +22 —32) 
= (0? — 3x +28) + (9? —3y + 2V9) + (27 — 3z + 2,/2)) 
1 
= 5 W(x — 1)? (/x +2) + J¥G/¥ — DV + 2) 
t+ fZ/z — 1)? (Vz + 2)) = 0, 
i.e. 


Vx+ J/yt+J/z>xytyz+2x. 


Chapter 2 
Inequalities Between Means (with Two and 


Three Variables) 


In this section, we’ll first mention and give a proof of inequalities between means, 
which are of particular importance for a full upgrade of the student in solving tasks 
in this area. It ought to be mentioned that in this section we will discuss the case 
that treats two or three variables, while the general case will be considered later in 


Chap. 5. 


Theorem 2.1 Let a,b € Rt , and let us denote 


2) 2) 
OM= 4)" — am ="", GM=<Jab and HM= 


SR 


1 
as 


QM > AM > GM > HM. (2.1) 


Equalities occur if and only if a = b. 


Proof Firstly we’ll show that QM > AM. 
For a,b € R* we have 


(a—b)>0 
& @+bh>2ab & 2(a?+b*)>a* +b? +2ab 


2 b2 b 2 
& ar+h)> a+b? @ TE >(*) 


2 2 
az+b2 a+b 
> : 
2 = 2 


Equality holds if and only ifa —-b=0,ie.a=b. 
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Furthermore, for a, b € R* we have 


b 
(Ja—-vVb?>0 & atb—-2Vab>0 © au > Jab. 


2 
So AM > GM, with equality if and only if 
Ja-Vb=0, ie. a=b. 
Finally we’ll show that 
. 2 
GM>HM, ie. Vab> ae! 
atb 
We have 
2Vab 2ab 
(Ja— vb =0 & atb>2Vab © 12 a ~ Vab> 7 
a a 


2 
7 vab>>—- 
T 5 


a 


Equality holds if and only if /a — /b =0,ie.a=b. 


Remark The numbers QM,AM,GM and HM are called the quadratic, arithmetic, 
geometric and harmonic mean for the numbers a and b, respectively; the inequalities 
(2.1) are called mean inequalities. 

These inequalities usually well be use in the case when a,b € RT. 

Also similarly we can define the quadratic, arithmetic, geometric and harmonic 
mean for three variables as follows: 


2 b2 2 b 
om = | AM = S78 GM=~Jabe and 


3 


HM = —_—_., 
1 1 1 
atbte 


Analogous to Theorem 2.1, with three variables we have the following theorem. 


Theorem 2.2 Let a,b,c € R™, and let us denote 


peoples b 
QM = —— AM = oS GM=~V/abe and 
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Then 
QM > AM > GM > HM. 


Equalities occur if and only ifa=b=c. 


Over the next few exercises we will see how these inequalities can be put in use. 


Exercise 2.1 Let x, y, z € R* such that x + y + z= 1. Prove the inequality 


ee ee 
z x y 


When does equality occur? 


Solution We have 


x Zz zx I(x Zz lfyz zx lfzx x 
og =3(2+2)+ (E+ J+5f +*2), (2.2) 
Zz 


Analogously we get 


1 1 
(242 )=: and (E+2)>. 
2\ x y 2\ y Zz 


Adding these three inequalities we obtain 


x v4 ZX 
ETE EE eet PSE 1, 
Z x y 


yz zx 


Equality holds if and only if 7 = Fe Le.x =y =z. Sincex+y+z=1 we 
get that equality holds iff x = y=z=1/3. 


Exercise 2.2 Let x, y, z > 0 be real numbers. Prove the inequality 


2252 2 2 2 2 
Ke —x eas 
y y >0. 


Vez Z+x x+y 


When does equality occur? 


Solution Leta=x+y,b=y+z,c=z4+x. 
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Then clearly a, b, c > 0, and it follows that 


x2 yx? ay? _(@=bje | (b=o)a , (C~ayb 
yt+z Z+x x+y b c a 
ac ba_ cb 
=—+—+—-—(at+b+toc). (2.3) 
b c a 


Similarly as in Exercise 2.1, we can prove that for any a, b,c > 0 


ac ba_ cb 
—+—+—>at+be+e. (2.4) 
b Cc a 
By (2.3) and (2.4) we get 
x2 72 y2ix? 22 y?2 


yz Z+X x+y 


ba. ch 
=F + +o (atbtozatb+o-@atb+e)=0. 


Equality occurs iff we have equality in (2.4), i.e. a = b=c, from which we deduce 
thatx = y=z. 


Exercise 2.3 Let a,b,c € R™. Prove the inequality 


(i) (oe8)(cet)ea 


When does equality occur? 


Solution Applying AM > GM we get 


1 a 1 b 1 Cc 
a+-2>2,/-, b+->2,/-, c+->2,/-. 
b b c Cc a a 

1 1 1 
a+ b+ c+ >8 

b c a 


1 
b? 


Therefore 


Sa 
io) 
8 


Equality occurs if and only if a = 
we deduce thata =b=c=1. 


Exercise 2.4 Let a, b,c be positive real numbers. Prove the inequality 


ab be ca atb+c 
+ + < : 
atb+2c b+c+2a cta+2b 4 
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Solution Since AM > HM we have 


ab _ ab 2 1 1 
at+tb+2c (atc)+(b+c)”  4\ate b+c) 


Similarly we get 


be be 1 1 ca ca 1 1 
< + and < + . 
b+c+2a~ 4\a+b a+c cta+2b”~ 4\a+b b+e 
By adding these three inequalities we obtain the required inequality. 


Exercise 2.5 Let x, y, z be positive real numbers such that x + y +z = 1. Prove the 
inequality 


xy + yz+7zx > Oxyz. 
Solution Applying AM > GM we get 
xytyz+zx = (xyt yztzx)(x ty +z) = 30 (xy) (yz) (zx) « 3.8/xyz = 9xyz. 


Equality occur if and only if x = y=z= i. 


Exercise 2.6 Let a,b,c € R®™ such that a2 +b? +c? =3. Prove the inequality 


1 fi 1 ie 1 es 
ltab 14+bc 1+ca7~2 


Solution Applying AM > HM and the inequality a” + b* + c? > ab + be + ca, we 
get 
1 1 1 9 9 3 
+ + > > =x. 
lt+ab 1+be 1l+ca~ 34+ab+bc+ca7~ 3+a2+b?+c% 2 


Exercise 2.7 Let a, b, c be positive real numbers. Prove the inequality 


b b 
(2 uy Fey [tes aa 
Cc a b 
Solution We have 


yey ee ee a+b (=) =<) 
Cc a b vs Cc a b 
2 eas 
_ abc 


2 ee ae 


abc 
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Equality occurs if and only ifa =b=c. 


Exercise 2.8 Let x, y, z be positive real numbers such that 7 + + 1 = |. Prove 
the inequality 


«-Do-DE-)=8. 


Solution The given inequality is equivalent to 
SFHV\VeSe 8 
x y Zz XYZ 
1 1 1 8 
1 1 1 > , (2.5) 
x y Zz XYZ 


From the initial condition and AM > GM we have 


or 


: 1 2 1 
Analogously we obtain | 7 = Ee: and I= 22 Rise 
If we multiply the last three inequalities we get inequality (2.5), as required. 
Equality holds if and only if x = y=z=3. 


Exercise 2.9 Let x, y, z € R™ such that x + y +z = 1. Prove the inequality 


7 2 2 2 2 2 
Da +2Z ZO +x 
fp. te 4 >2 
Zz x y 


Solution We have 
2 2 2 2 2 2 
xo +Z ZO +x 
y rs y + 
Z x y 


22 42% 49% -o 2424S) 
Zz x y z x y 
1/x Zz 1 (x ZX lfyz zx 
=2(-(2 422 )4-(24—)+-(44 
2\-Z x DN y 2NX y 


22(\+V8+V2) =20ty$o=2 


Exercise 2.10 Let x, y,z € R* such that xyz = 1. Prove the inequality 


x7 yr? +27+xy + yz+2x 


Vat J/¥+ Jz 
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Solution We have 


xepy?tertxytyzt ex xe t+yetytextertxy 


Jit Voth Jit Joti 


_, 23? yz + By xy2z + 2 xyz? 


Jit Jytvz 
_AJE+VF+VD _, 


ne fi tale 


Equality occurs if and only if x = y=z=1. 


Exercise 2.11 Let a, b,c € R™. Prove the inequalities 


9abc ab? bc? ca Z e+et+c 


nb cee pee aE 2 
Solution Since AM > HM and from the well-known inequality 
ab+bc+ca Sy Eb ee, 
we get 


ab? bc? ca? 1 1 


1 


Ab be era 7 (jee ijeb pean 
Z b+ab c*+be a?+ca 


1/a2 + 1/ca 


> 4 4 4 
7 a+bh?+c+ab+bet+ca 
~ 4 
2 a+b +e?) a+b? +c? 
r 4 7 2 ; 
It remains to show the left inequality. 
Since AM > GM we have 
ab* bc? ca’ 3abc 


+——+—— 25 
a+b b+ce cta™” Yat+bjb+c(c+a) 


Therefore it suffices to show that 


3abc 2s 9abc 
JVatbybtoj(eta)” 2atbt+c)’ 


2Qatb+c)>3Vatbyb+cy(c+a), 
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which is true, since 


Qatb+c)=(at+b)+(b+o04 (c+a) = 3 (a+b (b+c\(c+a). 


The following exercises shows how we can use mean inequalities in a different, 
non-trivial way. 


Exercise 2.12 Prove that for every positive real number a, b, c we have 


a # 2 
—+—+—2a+t+bte. 
b c a 


Solution 1 From AM > GM we have 


pie eps 
— — -b=2a. 
Ro Ve 


b? C2 
—+c>2b and —+a>2c. 
Cc a 


Analogously we get 


After adding these three inequalities we obtain 


a aa oan 
Poa pe ee ae 


e FP 2 
—+—+—2a+b+e. 
b c a 

Equality occurs if and only ifa =b=c. 


Solution 2 Observe that 


a b C a@-ab+b* B-be+c c—ca+a’ 
+ +—= + + : 
b c a b c a 


(2.6) 
Since for any x, y € R, we have x* — xy + y? > xy, by (2.6) we get 


aa b% c? ab be ca 
Sia lee eae ea ee 


Exercise 2.13 Let x, y, z be positive real numbers. Prove the inequality 


3 yp 3 
— 4+ —+4+—>x+y+z. 
ye 2x xy 
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Solution Since AM > GM we have 


a 4[ x3 
—t+y+7223,f/—-y-7=3x. 
yz yz 

y3 


3 

z 
—+z+x>3y and —+x+y>3z. 
ZX xy 


Similarly we have 


After adding these inequalities we get the required result. 
Equality holds if and only if x = y = z. 
Exercise 2.14 Let a,b,c € R® . Prove the inequality 


abc P 1 
(+a)(a+b)(b+c)(c+ 16) ~ 81° 


Solution We have 


(l+a)(a+b)(b+c)(c+ 16) 


Gee) | ceeeen |e wena (re en 
- ay 2 ine el) 2°72) 

saz _3/ab2 _3/bc2 _ 3/64c 
> < 6 cae ie > 81 7 
2/2 3) 3) 3) 2 Blabe 


abc = 1 
(l+a)(a+b)(b+c)(c+16)~ 81° 


Thus 


Exercise 2.15 Let x, y ¢ R™ such that x + y = 2. Prove the inequality 


xy (x3 + y?) <2. 


Solution Since AM > GM we have /xy < *52 = l,i. xy <1. 
Hence 0 <xy <1. 
Furthermore 


ep (x? + y?) = cy + yx? — xy + y*) = 2ary)2 (a + y)? — 3xy) 


= 2(xy)?(4— 3xy). 
It’s enough to show that 
(xy)? (4—3xy) <1. 


Let xy = z then 0 < z < 1 and clearly 4 —3z>0. 
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Then using AM > GM we obtain 


pteteste es) sy 
4 = 9 


B32) =2-2-24 3) <( 


as required. 
Equality occurs if and only if z = 4 — 3z, i.e. z= 1, ie. x = y = 1. (Why?) 


Exercise 2.16 Let a,b, c,d be positive real numbers such thata +b+c+d=4. 


Prove the inequality 


1 1 1 1 
= 
Pal Mel 242i gai 


Solution We have 


1 a? a’ a 
a+ a~+1 2a 2 
Similarly we get 
1 b 1 c 1 
>1 ; >1 and >l-= 

bel 2 Pe 2 aed 

After adding these inequalities we obtain 

1 1 1 1 b d 
Si ae A ee, 


Pai pa ey een 2 


Equality occurs if and only ifa=b=c=1. 


Chapter 3 
Geometric (Triangle) Inequalities 


These inequalities in most cases have as variables the lengths of the sides of a given 
triangle; there are also inequalities in which appear other elements of the triangle, 
such as lengths of heights, lengths of medians, lengths of the bisectors, angles, etc. 

First we will introduce some standard notation which will be used in this section: 


ha, hp, hc—lengths of the altitudes drawn to the sides a, b, c, respectively. 
ta, th, t-—lengths of the medians drawn to the sides a, b, c, respectively. 
lu, 1, ly,— lengths of the bisectors of the angles a, B, y, respectively. 
P—area, s—semi-perimeter, R—circumradius, r—inradius. 


Furthermore we will give relations between the lengths of medians and lengths of 
the bisectors of the angles with the sides of a given triangle. 
Namely we have 


2 be+c2 a? 7) e+e pb 2 e+e 2 
t= -— t= -— i= -— 
2 4’ . 2 4’ 8 2 4 
and 
2 — po bt? - 2") 2 a aelG@t r=”) 
gale ee pee Goa 
(b+c) (atc) 
2 = gp lator = ©) 
: (a+b)? 


We can rewrite the last three identities in the following form 


Path s(s —a) s(s —b) 2 = S(s —c) 


Se 2 _————— 
oe Bae Ya $b 


Also we note that the following properties are true, and we’ll present them with- 
out proof. (The first inequality follows by using geometric formulas and mean in- 
equalities, and the second inequality immediately follows, for instance, according 
to Leibniz’s theorem.) 
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Proposition 3.1 For an arbitrary triangle the following inequalities hold 


R>2r and a Eb +e =9R- 


Basic inequalities which concern the lengths of the sides of a given triangle are 
well-known inequalities: a+b>c,a+c>b,b+c>a. 
But also useful and frequent substitutions are: 


a=x+y, b=y+z, c=z+x, wherex,y,z>0. (3.1) 


The question is whether there are always positive real numbers x, y, z, such that the 
above identities (3.1) hold and a, b,c are the sides of the triangle. 

The answer is positive. 

Namely x, y, z are tangent segments dropped from the vertices to the inscribed 
circle of the given triangle. 

From (3.1) we easily get that 


_ @+t=) _atb—c 


aa a 


and then clearly x, y,z > 0. 
Remark The substitutions (3.1) are called Ravi’s substitutions. 


Exercise 3.1 Let a,b,c be the lengths of the sides of given triangle. Prove the 
inequalities 
3 a b c 


< 2, 
S-pig ein eee” 


Solution Let’s prove the right-hand inequality. 
Sincea+b>c we have 2(a+b)>a+b+c,le.a+b>s. 
Similarly we getb+c>sanda+c>s. 

Therefore 


a b Cc a bee 
+ + <-+-+4+-=2. 
b+c atc b+a 5s 5s 5 
Let’s consider the left-hand inequality. 
If we denote b+c=x,a+c=y,a+b=z then we have 


go s 
2 


_f4rx—y ee Se Mia: 
~~ f° ~~ 
Hence 
a b c Zty-x z+x- xX+y-—Z 
b+c a+c b+a 2x 2y 2z 
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1.e. 


y 
x 


a b c 1f/z y 2 x x 
ag FE = aie Rs a api 
b+ce atc b+a 2\x x y y Zz 


as required. 


1 
3) > 52+24+2-3)= 5 
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3 
2’ 


Remark The left-hand inequality is known as Nesbitt’s inequality, and is true for 


any positive real numbers a, b and c (Exercise 1.3). 


Exercise 3.2 Let a, b,c be the side lengths of a given triangle. Prove the inequality 


Solution Since AM > HM we have 


1 1 1 . 9 2 
s-a s—b s—c7 (s—a)t(s—b)+(s—c) 


Equality occurs if and only ifa=b=c. 


Exercise 3.3 Let s and r be the semi-perimeter and inradius, respectively, in an 


arbitrary triangle. Prove the inequality 
s> 3rV3. 


Solution 1 We have 


2s =at+b4+c>3Vabe =3V4PR = 36/4srR > 3V 8sr2, 


s> 3V sr? 


or 
5s> 3rV3. 


Equality occurs if and only ifa=b=c. 


Solution 2 We have 


s_ (a) +t (s —5) + (5 —¢) AMzGM 
oy 3 = 


Also 


(s —a)(s—b)(s —c) = 2 = =sr’. 


V(s —a)(s — b)(s —c). 


(3.2) 


(3.3) 
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By (3.2) and (3.3) we obtain 
5s> 30 sr2, le. s> 3/3r. 
Equality occurs if and only ifa=b=c. 
Exercise 3.4 Let a, b,c be the side lengths of a given triangle. Prove the inequality 
(a+b—c)(b+c—a)(c+a-—b) <abc. 

Solution I We have 

a’ >a’ —(b-c)P =(at+b—-c)at+c—b). 
Analogously 

b’>(b+a—c)(b+e—a) and c?>(cta—b)(c+b—a). 
If we multiply these inequalities we obtain 
abc? > (at+b—c)(b+e-a)(c+a—b) 

& abc>(a+b—c)(b+c—a)(c+ta-—b). 

Equality holds if and only if a = b = c, i.e. the triangle is equilateral. 


Solution 2 After setting a=x+y,b=y+z,c=z+x, where x, y,z > 0, the 
given inequality becomes 


(x+y)(y+2K+x) = 8xyz. 
Since AM > GM we have 
(x+y)(y+z)(Z+x) > 2./xy + 24/yz-2/Zx = Bxyz, 


as required. Equality occurs if and only ifx =y=zie.a=b=c. 


Remark This inequality holds for any a, b,c € Rt (Problem 47). 
Exercise 3.5 Let a, b,c be the side lengths of a given triangle. Prove the inequality 
a +h? +c? <2(ab+be+ca). 


Solution Letta=x+y,b=y+z,c=z+x,x,y,z>0. 
Then we have 


(x+y)? + (y +2)? +(e +x)" 
<2Ax+yvtya+o04+dDZ+x)+ (2+x)(x+ y)) 
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or 
xy+yz+zx >0, 
which is clearly true. 
Exercise 3.6 Let a, b,c be the side lengths of a given triangle. Prove the inequality 
8(a+b—c)\(b+c—a)(c+a—b) <(a+b)(b+c)(c+a). 
Solution Since AM > GM we have 
(a + b)(b +c)(c +a) > 2Vab2Vbe2,/ca = Babe. 
So, it suffices to show that 


8abc > 8(a+b—c)(b+c—a)(c+a—b), 


abc > (a+b—c)(b+c—a)(ct+ta-—b), 
which is true by Exercise 3.4. 


Equality occurs if and only ifa=b=c. 


Exercise 3.7 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


Lge 1 fe 1 rm 1 
a b c  atb—-c b+c-a cta-b 


Solution Since AM > HM we have 


1 1 1 2 1 
+ > =>-. 
2\a+b—-—c b+c-a]” a+b—-c+tb+c-a b 


Similarly we deduce 


1 1 1 1 1 1 1 1 
+ > and ar 25 
2\a+b-—c cta-—b a 2\b+c-a cta-—b c 
Adding these inequalities we get the required inequality. 
Equality occurs if and only ifa=b=c. 


Exercise 3.8 Let ABC be a triangle with side lengths a, b,c and AA; B,C, with 
side lengths a + B b+§,c+§. Prove that P; > 2P, where P is the areaof AABC, 
and P is the area of AA; B,C). 


Solution By Heron’s formula for AABC and AA, B,C, we have 


16P? =(at+b+c\(atb—c)(b+c—a)(atc—b) 
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and 
3 
16P? = —(a +b +e)(—a +b + 3c)(—b +c + 3a)(—¢ +4 + 3b). 


Since a,b and c are the side lengths of triangle there exist positive real numbers 
p.q.r such thata=q+r,b=r+p,c=p+q. 
Now we easily get that 


p2 7 16pqr 
PP? 3(2p+q)(2q +r)Qr +p) 


(3.4) 


So it suffices to show that 
(2p+4)(2q +r)(Qr + p) = 27 paqr. 
Applying AM > QM we obtain 


Qp+q2@q+n@rt+tp)=(ptpt+Qgatqtnrtrt+p) 


> 3) pq . 3y/q2r . 3/2 p = 27 par. (3.5) 


By (3.4) and (3.5) we get the desired result. 


Exercise 3.9 Let a,b,c be the lengths of the sides of a triangle. Prove that: if 
2(ab* + be? + ca*) = a*b + b*c + c2a + 3abc then the triangle is equilateral. 


Solution We'll show that 
a’b + b*c +c?a + 3abc > 2(ab? + ber + ca’), 
with equality if and only if a= b =c, ie. the triangle is equilateral. 
Let us use Ravi’s substitutions, ie.a=x+y,b=y+z,c=z+x. Then the 

given inequality becomes 

e+ y+ +x2y + y2zt 22x > 2x22 4 y*x +27y). 
Since AM > GM we have 

w+ 27x > 2x°z, yi +x7y > 2y?x, 2? + y2z > 22’y. 

After adding these inequalities we obtain 

ety + +x2y + y2zt 22x > 2x22 4 y2x +27y). 


Equality holds if and only if x = y = z,ie.a=b=c, as required. 
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Exercise 3.10 Let a,b,c be the side lengths, and a, 6, y be the respective angles 
(in radians) of a given triangle. Prove the inequalities 


az aa+bBpB+cy 
< Ss 
37 at+b+e 2 


Solution First let’s prove the left inequality. 
We can assume that a > b> c and then clearlya > 6B > y. 
So we have 


(a—b)a—B)+(b—c)(B-y)+(c—al(y —a)=0 
& 2aa+bpB+cy)>(b+cat+(c+ayB+(a+D))y, 


3(aa+bB+cy)>(a+b+c)\a+Bpty). 
Hence 
aa+bB+cy es at+Bt+y 7 
at+b+c ~— 3 3 
Equality occurs if and only ifa=b=c. 
Let’s consider the right inequality. 
Since a, b and c are side lengths of a triangle we havea+b+c>2a,a+b+c> 


2banda+b+c> 2c. 
If we multiply these inequalities by a, 6 and y, respectively, we obtain 


(a+b+c)\a+B+y) > 2(aa+ bp +cy), 


aa+bB+cy sere ry 
at+tbt+c Bet oe 


Chapter 4 

Bernoulli’s Inequality, the Cauchy—Schwarz 
Inequality, Chebishev’s Inequality, Suranyi’s 
Inequality 


These inequalities fill that part of the knowledge of students necessary for prov- 
ing more complicated, characteristic inequalities such as mathematical inequalities 
containing more variables, and inequalities which are difficult to prove with already 
adopted elementary inequalities. These inequalities are often used for proving dif- 
ferent inequalities for mathematical competitions. 


Theorem 4.1 (Bernoulli’s inequality) Let x;,i = 1,2,...,n, be real numbers 
with the same sign, greater then —1. Then we have 


(1+ 41)(1 + x2)---(1 +4) = 14+%1+42+---+%p. (4.1) 


Proof We'll prove the given inequality by induction. 

Forn=1 wehave 1+ x, >1+4+41. 

Suppose that for 7 = k, and arbitrary real numbers x; > —1,i = 1,2,...,k, with 
the same signs, inequality (4.1) holds i.e. 


(1+x,)Qd + x2)---Q +x.) > ltxy +x. +--+ + X,. (4.2) 


Letn =k+1, and x; > —1,i=1,2,...,4 +1, be arbitrary real numbers with 
the same signs. 
Then, since x;,x2,...,Xx+41 have the same signs, we have 


(Xp +42 +++ + XK) XK41 = O.~ (4.3) 
Hence 
(1+ 4x1) +.x2)---( + xk41) 
(4.2) 
> tx txot-+s +x) + xe) = Lt xy txo tee tx + xR 


(4.3) 
+ (xp +xo+-++ + xp) xeg 2 L+xp+x2 +--+ + xR41, 


i.e. inequality (4.1) holds for n = k + 1, and we are done. 
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Corollary 4.1 (Bernoulli’s inequality) Let n € N and x > —1. Then 
(+x)? >1+nx. 


Proof According to Theorem 4.1, for x1 = x2 =--- = X, =x, we obtain the re- 
quired result. 


Definition 4.1 We’ll say that the function f (x1, x2,...,xn) 1s homogenous 
with coefficient of homogeneity k, if for arbitrary t € R, t 4 1, we have 
FU =e foe eae) 
2 2 
Example 4.1 The function f(x, y) = or is homogenous with coefficient 1, since 
225 42,2 2 3 
tx“ +t*y x“ +y 
tx, ty) = =t —_=f- ,y). 
Fx ty) 2tx + ty 2x +y Fy) 


The function f(x, y, z) =x* + xy + 3z is not homogenous. 
If we consider the inequality f(x1,%2,...,Xn) > g(%1,X2,...,%Xn) then for this 
inequality we'll say that it is homogenous if the function 


h(x1,%2,---,Xn) = f (11, %2,---, Xn) — 8(X1, X2,---, Xn) is homogenous. 


In other words, a given inequality is homogenous if all its summands have equal 
degree. 


Example 4.2 The inequality x* + y? + 2xy > z* + yz is homogenous, since all 
monomials have degree 2. 

The inequality a*b + b*a < a> +b? is also homogenous, but the inequality a> + 
b> + 1>5ab(1 — ab) is not homogenous. 


In the case of a homogenous inequality, without loss of generality we may as- 
sume additional conditions, which can reduce the given inequality to a much sim- 
pler form. In this way we can always reduce the number of variables of the given 
inequality. This procedure of assigning additional conditions is called normaliza- 
tion. An inequality with variables a, b, c can be normalized in many different ways; 
for example we can assume a+b+c= 1, or abc = 1 orab+bc+ca = 1, etc. The 
choice of normalization depends on the problem and the available substitutions. 


Example 4.3 Let us consider the homogenous inequality a* + b? + c? > ab + 
bc + ca. We may use the additional condition abc = 1. The reason is explained 
below. 

Suppose that abc = k?. 

Let a=kx, b=ky and c = kz; then clearly xyz = 1 and the given inequality 
becomes x” + y* + z2 > xy + yz+ zx, which is the same as before. Therefore the 
restriction xyz = | doesn’t change anything in the inequality. 
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Alternatively, we can assume a + b+ c = | or we can assume ab+ be +ac=1, 
etc. 

In general if we have a homogenous inequality then without loss of generality 
we may assign an additional condition such as: abc,a+b+c,ab+ bc + ca, etc. 
to be whatever non-zero constant (not necessarily 1) that we choose. 

In the case of a conditional inequality, there is a procedure somewhat opposite 
to normalization. With this procedure (known as homogenization) the given condi- 
tion can be used to homogenize the whole inequality. After that, the newly acquired 
homogenous inequality can be normalized with some additional condition. For suc- 
cessful homogenization many obvious substitutions can be helpful. 


For example, if we have abc = 1 then we can take a = an b= = c= 3 if we 
—_ — x =, y = Zz ; 
have a+b+c=1 then we can take a = Pet ee Sea and if 
Digs eee x y Z 
a“+b*+c* = 1 wecantakea = b= z ,c= , etc. 
Jf xrty2+22 : Jf xrty2+e2 Jf x2+y24+22 


Example 4.4 Consider the following conditional inequality 
xytyz+zx>9xyz, whenx+y+z=1. 


Obviously, the given inequality is not homogenous. 
We can homogenize it as follows: since x + y+ z= | by taking 


a b Cc 
e— ee y =e L= — a 
atb+c atb+c a+b+c 
the inequality becomes 
ab bc ca 9abc 


(a+b+c) " (a+b+c)2 AR (a+b+c) = (a+b+c)3’ 
Le. 
(a+b+c)(ab+ bc + ca) > 9abc. 
Now it is homogenous and can be further normalized with abc = 1, which reduces 
it to the inequality 
(ab+be+ca)(a+b+c)>9. 
The last inequality is true since 


(ab+be+ca)(a +b+oc)=ab+aect+batbh’c+c?b+c7a+3abe 
a a b b_c¢ ec 
SS ee aa ee ee ci 
c c a a 
Bg Ey Cae i 1g 
c b ac b 


+ 
>2424+2+4+3=9. 


R19 


Theorem 4.2 (Cauchy—Schwarz inequality) Let aj,a2,...,d, and bi, bo, 
..., Dy, be real numbers. Then we have 


(5+) Er) (Ges) 
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i.e. 


(G; Ba, ee aay, es eb) =aiht et anbs fae 


eee occurs if and only if the sequences (aj,d2,...,a,) and (bh, bo, 
., bn) are proportional, i.e. Fy = = Sos ae 


Proof I The given inequality is equivalent to 


ya? tak +e -a2- [b2 +3 +++ +62 > laibs tabs +--+ anda. (4.4) 


Let A= fa? +a} +---+a2,B= B+ +--+ 2. 

If A =0 then clearly a) = az =--- = a, = 0, and inequality (4.4) is true. 
So let us assume that A, B > 0. 

Inequality (4.4) is homogenous, so we may normalize with 


a +ate +a =1=bp4+b54+---+b%, (4.5) 
i.e. we need to prove that 
jayby + agb2 +--+ + anbn| < 1, with conditions (4.5). 
Since QM > GM we have 


|ayby + agb2 + +++ + anbn| < |aybi| + \azb2| +--+ + lanbn| 


tht BG thy ant by 
~ 2 2 2 
_ ap tag testa) t+ Opto: thn), 
5 ; 
as required. 
Equality occurs if and only if a = E =-+= f. (Why?) 


Proof 2. Consider the quadratic trinomial 


n 


> aix — bi)? = Sais? abet b= ~2 oa + Det 
i=l i=l 


This trinomial is non-negative for all x € R, so its discriminant is not positive, i.e. 


as required. 
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a2 
n 
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Equality holds if and only if ajx — bj = 0,i = 1,2,...,n, ie br 
— Gn 


ia 


Now we’ll give several consequences of the Cauchy—Schwarz inequality which 
have broad use in proving other inequalities. 


Corollary 4.2 Let a,b, x, y be real numbers and x, y > 0. Then we have 


2 2 2 2 2 2 2 
a b a+b a b c GaORiaG 
eee ee ae my 
x y x+y x y Zz XT VrZ 
Proof (1) The given inequality is equivalent to 
y(x+ y)a? +x(xt+ y)b? >xy(at+ by’, ie. (ay — bx)” > 0, 
which is clearly true. 
Equality occurs iff ay = bx ie. £ = a 
(2) If we apply inequality from the first part twice, we get 
ae bb 2 (a+b? ce (atb+c? 
> > 
x Zz x+y 


z xtytz 


y 
Equality occurs iff 4 = 2 


act 
Zz 


Also as you can imagine there must be some generalization of the previous corol- 
laries. Namely the following result is true. 


Corollary 4.3 Let aj, a2, 


..+,Qn3 D1, b2,..., bn be real numbers such that 
bi, bo,..., by, > 0. Then 
by bo bn by +bo+---+bp : 
with equality if and only if 5 = 5 = = 


=e 


Proof The proof is a direct consequence of the Cauchy—Schwarz inequality. 


Corollary 4.4 Let a), a2,...,an;b1, bo, . 


.., Dn be real numbers. Then 


fa? +o+ Ja +34---+,/a2 +02 


> J (ai tag $+) ban)? + yt be Ee ty. 
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Proof By induction by n. 
For n = | we have equality. 
For n = 2 we have 


(atest +> Vata)? +b +h)? 


ap +b yah + 03> (aver + brba) 


& (a? +bi)- (a3 +3) = (aan + bi by)’, 


which is the Cauchy—Schwarz inequality. 
For n = k, let the given inequality hold, i.e. 


fart e+ Jad + be +--+ a2 +0? 


> V (ay + a2 + ++ +g)? + bi + bo +++ + dK). 


For n =k+ 1 we have 


fae +024 Jai +8 4--- + a2, +02, 


= Ja? +03 + a+ byte + yfagt bet Jag. the, 


> V (a tan +o ag)? + bi tbat +b? + age, + bey 


> f(a tanto bays)? + (by + ba + + beg)? 


So the given inequality holds for every positive integer n. 


The next result is due to Walter Janous, and is considered by the author to be a 
very important result, which has broad use in proving inequalities. 


Corollary 4.5 Let a,b,c and x, y, z be positive real numbers. Then 


ante ee eng ay Se peueny: 
Wark Bar 3s Xi teny) 


Proof The given inequality is homogenous, in the variables a, b and c, so we can 
normalize witha+b+c=1. 
And we can rewrite the inequality as 


emer ean b)+— (i= 4) 25Gb Eee). 


Xx 
yr2 Z+x +y 


Hence 


b 
: 1 < 2 v3(ab + be + ca) + = + : ar = (4.6) 
Yr Z+x x+y yrZ Z+x x+y 
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By the Cauchy—Schwarz inequality we have 


b 
sss + z + = + /3(ab + be + ca) 


yz zZ+x x+y 


2 2 ya 
AG) (a) +a) re 
yz ZX x+y 


3 3 
+ |ivaprberca+ | labr ber ca, 


and after one more usage of the Cauchy—Schwarz inequality we get 


# 2 y 2 Z 2 
GR) +) Ge) re 
y+z Z+Xx x+y 


3 3 
+ | vabrberca+ 3 lade be ca 


x \2 y 2 oe \*. 4 
= oP au +> 
yore’ Z+x x+y 2 


x Ja2 +b? 4+ c2 + 2(ab + bc +.ac) 
ee 

= ob + +=. 
yz Z+x x+y 2 


b 
BE ge tae 9 es aah beac) 


yz Z+x x+y 


2 2 2 
x y Zz 3 
/ yrz Z+x x+y 2 


It suffices to show that 


So we have 


z 


2 2 2 
x y Zz 2 x y 
( ) +( ) +( ) + <( a + 
yor Z Z+x x+y 2 ytzr Z+x x+y 


which is equivalent to 


yz XZ xy 
+ + >, 
(x+y)\%+z) (Y+xX)Q+z2) (@+x)z+y)~ 4 


After clearing the denominators inequality (4.7) becomes 


xy +y?xty*et ely + 27x + x22 > 6xyz, 


which is a direct consequence of AM > GM. 


33 


qs 


(4.7) 
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Theorem 4.3 (Chebishev’s inequality) Leta, <a2 <---<a,andbj <br < 
--+ <b, be real numbers. Then we have 


n n n 
(: «| (> s] <n ae 
i= all il 
1.é. 
(ay +2 +--+ +4n)(b) +2 +--+ +b) < n(ayby + anb2 +++ +aybn). 


Equality occurs if and only if a, = a2 =--:=dy or b} = by =-:-=)y. 


Proof For alli, j € {1,2,...,n} we have 
(aj — aj) (bj — bj) = 9, (4.8) 


abi + ajbj = ajbj +.ajbj. (4.9) 
By (4.9) we get 


n n 
(>>) (235) = aby + aybz +.a1b3 +--+ + abn 
is1 


i=1 
+ agb, + aby + anb3 +--+ + arbn 
+ a3b, + a3b2 + a3b3 +--+ + a3bn 


+ andy + anb2 + anb3 + +--+ anbn 
<ab, 

+ a,b, +anb2 + anb2 

+ a,b, +.a3b3 + anb2 + a3b3 + a3b3 


n 
+ayb, + dnby + aob2 + nbn +++: + anby = n> ajbi. 
i=1 
Equality holds iff we have equality in (4.8), i.e. aj = a2 =--- =a, or Db} = bo = 
inhi. 


Note Chebishev’s inequality is also true in the case when a, > a2 > --- > a, and 
by > bop >--- > by. But if ay < ag <--- < ay, b| > bo > --- > by (or the reverse) 
then we have 


bs «| (> s] > “Da 


i=1 
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Let us note that the inequality from Corollary 4.1 is true not just in case when n € N, 
but it is also true in the cases > 1,n € Qandné[l,oco),neER. 

We prove this statement bellow in the case when n > 1,n € Q, and the second 
case will be left to the reader. 


Corollary 4.6 Let x > —1 andr >1,r €Q. Then 
(_4+x)'>14+rx. 


Proof Let r = a Gcd(p,q) = 1. Then clearly p > q. 
Let a) = a2 =---=a4g =1+1rx and dg41 = dg42 =--- =ayp= 1. 
If 1+ rx <0, then we are done. 
So let us suppose that | + rx > 0. 
Since AM > GM we have 


_ pxtp _qtrqaxt+p-—q_ git+rx)+p-—g 


1+x 
P P P 
ay + 42+ +++ + dg + dg+i t+ + ap 
P v P 


= Oye Sl eee Sl Se, 


and we easily obtain (1+ x)" >1+rx. 


Corollary 4.7 Let x > —1 anda €[1, c),a€R. Then 
(+x)*>1l+ax. 


Theorem 4.4 (Suranyi’s inequality) Let a), a2,..., an, be non-negative real 
numbers, and let n be a positive integer. Then 
(n — 1)(aj +45 +--+ +a)) + najaz--+ an 
= (Gy 4b tooce tt ania: + ie feet ay: 


Proof We will use induction. 
Due to the symmetry and homogeneity of the inequality we may assume that 


a) >a2>+:+>an4, and ayt+ant+---t+a,=1. 


For n = | equality occurs. 
Let us assume that for n = k the inequality holds, i.e. 


(k — 1)(ak + ak +--+ ab) +kajay---ag> af | +ayt+-.-+agt. 
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We need to prove that: 


k k k k 
Ka. + kay + kagy WG + ak WG -(d aun ak +a > 0. 


i=1 i=l i=l i=1 


But from the inductive hypothesis we have 


k-1 


(k— (af tak +--+» +a) + kajaz---ag > aj ae 


+as 4. ay 


Hence 
k 


k k 
k-1 k 
Kazi] [ai > anti dae! — (k— Dans af. 


i=1 i=1 i=l 


Using this last inequality, it remains to prove that: 


k k k k 
(Soe! — rat] ~usi(e Doh - ) 


i=1 i=l i=l i=l 


k 
avsi([To + (k= lag.) — asl) > 0. 


i=1 
We prove that 


k 
Ak+1 (I + (k- Naki, — ost) > 0, 


i=l 
and 


k k k k 
(xe _ yt) — Ak+1 (do _ Sat) >0 
i=] i=] i=1 i=1 
We have 
k 
4G + (k- ag. — n= = I] (aj — Ap41 + p41) + (k - Dai. - Ges 
i=1 i=1 


G1 
Pag +agyt- + G@- agyi) + (k— Dag) — ayy} 
i=l 


=0. 
The second inequality is equivalent to 
k k k k 
ya _ ae > oui (hah _ be), 
i=l i=1 i=l i=l 
By Chebishev’s inequality we have 
k 


k k k k k 
kta > Sra raft =Srak!, ie. EY at — rab! 20, 


i=1 i=1 i=1 i=1 i=1 i=1 
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and since aj + a2 +--+ + ax41 = 1, by the assumptation that aj > az >--- > ays, 
we deduce that 


1 
a Sis 
MISE 
So it is enough to prove that 


Yea you 


i=1 


Vv 
alo 
— 
> 
M- 
a 
| 

M- 
"s 
glee 


which is equivalent to 


k 
Kal +t tod! 2a yet 


Since AM > GM inequality we have that 


1 
kay"! + cay be Oa! for all i. 


Adding this inequalities for i = 1,2,...,k we obtain the required inequality. 


Exercise 4.1 Let x, y be positive real numbers. Prove the inequality 


we +y* >, 


Solution We'll show that for every real number a, b € (0, 1) we have 
a’ > —" _., 

~a+b—ab 

By Bernoulli’s inequality we have 


a’ =(14a—-1)'!" <14 (a—1I(1—b) =a+b—ab, 


an 
~a+b—ab 
If x > 1 or y > 1 then the given inequality clearly holds. 


So letO0<x,y <1. 
By the previous inequality we have 


=I. 


pages Fe See i ee a 
X+y—-xXy xX+y-xXy xX+y-xXy x+y 
Exercise 4.2 Let a, b,c > 0. Prove Nesbitt’s inequality 


a " b ‘i Cc ae 
b+ce cta atb7~2 


Solution I Applying the Cauchy—Schwarz inequality for 
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aj=vb+c, a2=J/c+a, a3=Va+b; 


1 1 1 
b= : bo = . b3= 
Vb+e Vc+a JVatb 
gives us 
(OLGA CAE GL le Se = |S ihieiy ss 
" i - b+e cta at+b])~— 7 
1.e. 
2(at+b+c) ! : >9 
a Cc 
b+e cta a+b) 
atb+c a+b+c PDR 
b+c cta a+b ~2 
as a i b % Cc ge 323 
b+e cta a+b” 2 ~ 2° 


Equality occurs iff (b +c)? = (c +a)? = (a+b), ie. iffa=b=c. 


Solution 2 We'll use Chebishev’s inequality. 


: 1 
Assume that a > b > c; then ee eg ee 


Now by Chebishev’s inequality we get 


1 1 1 a b c 
b <3 . (4.10 
oe to(otactas)s (ott) ee 


Note that 


1 1 
cta a+b 


@to+o( p+ J=p@+o+e+a+ +o 


1 ‘ 1 4 1 ) 
x : 
b+c cta a+b 


Since AM > HM (the same thing in this case with Cauchy—Schwarz) we have 


1 1 1 
(D+ +e+a) +a +D)( + +7) 29. 


Therefore 


1 1 1 9 
b >, 4.11 
ae to(oot+oota5)e5 ( ) 


By (4.10) and (4.11) we obtain 


3 a 4 b x Cc .? : a 4 b 2 Cc ae 
, Le. ae 
b+ce cta a+b] 2 b+ce cta a+b” 2 


Equality occurs iffa =b=c. 
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Exercise 4.3 Let a, b, c,d be positive real numbers. Prove the inequality 


i 64 
b 4 Ghee 


Solution By Corollary 4.3 we obtain 


a ee (bee)? _ 64 
a boc Pie atb+c+d  a+tb+c+d’ 


as required. 


Exercise 4.4 Let a,b,c € R® . Prove the inequality 
a bb cc (atb+c) 
ay > F 
33 43 53 63 


Solution Note that 33 + 43 + 53 = 63. 
Taking 


b= V¥33, bp = V43, b3 = V3, 


by the Cauchy-Schwarz inequality we obtain 
b2 
(+3 +—+ SO +P +5) = (a+b+c), 
as required. 


Exercise 4.5 Let a, b, c be positive real numbers. Determine the minimal value of 
3a 4b Sc 
=F + . 
b+c cta a+b 


Solution By the Cauchy—Schwarz inequality we have 


3a 4b Sc 
3+4+5 
eee ae =a) 


=(a c 
b+c cta a+b 


ade ee 4 5 
=s(+0+e+a+@+))( +o tay 


> 5 (va+-v44 v5)". 


Hence 
3a 4b 5c 


V3+ 74+ V5)? — 12. 
pet et ex ee ele 
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So the minimal value of the expression is 5 (73 +/4+ /5)" — 12, and it is reached 
bte _ cta _ atb 


if and only if “> = ae e 


Exercise 4.6 Let a, b,c be positive real numbers. Prove the inequality 


e+e b4+ce +a? 


> b : 
a+b b+ec cta a see 


Solution By the Cauchy—Schwarz inequality (Corollary 4.3) we have 


e+e P42 +a 
a+b b+ec cta 
2 p2 2 2 2 2 


= =F a : F =F S ate z 
~atb b+e cta atb b+e cta 

2(a+b+c)) 
ROP ON 4 epee: 

4(ia+b+c) 

Exercise 4.7 Let a,b,c € R* . Prove the inequality 
b 
a c 1. 


+ + = 
b+2c ct2a a+2b7~— 


Solution Applying the Cauchy—Schwarz inequality we get 


a b Cc 

b+2 b 2, 2b 

(Setae ty) e + 2c) + b(c + 2a) + c(a + 2b)) 
> (a+b+c)’, 

hence 


a_,_b = (a+b+c)* 
b+2c c+2a a+2b7~ 3(ab+be+ca) 


So it suffices to show that 


(a+b+c) : 
——_—_———— > l, .e, b > 3(ab +b 
3(ab+bce+ca) — ie. (a+b+c)° > 3(ab+be+ ca) 


which is equivalent to a” + b* + c* > ab + be + ca, and clearly holds. 
Equality occurs iffa = b=c. 
Exercise 4.8 Let a, b,c be positive real numbers. Prove the inequality 


a b c 3(a+b+c) 
+ + > F 
b+1 c+1 a+i1” 3+a+bdD+e 
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Solution By the Cauchy—Schwarz inequality (Corollary 4.3) we have 


a 4 b nN Co a if b he C2 

b+1l ctl atl a(bt+l) bice+1) cath 
- (a+b+c)* 
~ a(b+1)+b(c+1+c(at 1) 

b pa 
= rere) (4.12) 
ab+bc+catat+bt+c 
Also we have 
b 2 
ab+be+ eas GAOT (4.13) 


By (4.12) and (4.13) we get 


a b c (a+b+c) 3(a+b+c) 
+ + = b 2 = - 
b+1 ctl atl” GY i aigie 3+4+atbte 


Equality occurs iffa =b=c. 
Exercise 4.9 Let a,b,c > 0 be real numbers such that ab + bc + ca = 1. Prove the 
inequality 
a’ as b? 4 ce - V3 
b+e cta atb~ 2° 


Solution By the Cauchy—Schwarz inequality we have 


pg = \Goedaredaeaye@sbed: 
b+c cta a+tb ‘ ae 7 a mis 


Le. 
a b? ee a+b+c 
bee Gig AoE a : (4.14) 
Furthermore 
(atb+cP =a? +b? +c? + 2(ab + be + ca) > 3(ab + be +. ca) =3 
Le. 
atb+c> v3. (4.15) 


Using (4.14) and (4.15) we obtain the required inequality. 
Equality occurs iff a= b=c =1/J/3. 


Exercise 4.10 Let a,b,c be positive real numbers such that abc = 1. Prove the 
inequality 
a i b i Cc 4 
at+bt+c4t b4+ct+at) c+tat+bt7 
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Solution By the Cauchy—Schwarz inequality we have 
a _ a(a? +2) - a(a? + 2) 
at+b4+ct (atbt+ct)(a3+14+1)7~ @+b2 402)?" 


Similarly we get 


b b(b> +2) c c(c? + 2) 
< and < , 
b+ct+at~ (a2 +b2 +c?) ctat+bt~ (a24+b2 +c?) 


Hence 


a Ss b ii c oth +h+2atbto) 
at+b4+c4  b+ct+a* ctat+b*— (a? + b? + c?)2 


’ 


and we need to prove that 
(Ee ee Sa PH He $2G+5+ 0) 
which is equivalent to 
a’b? + b?c* +. c?a? >Satbtec. 


By the well-known inequality a7b? + b?c? + c*a* > abc(a +b +c) and abc = 1, 
we have 


ab +b? + ca*>abclatb+c)=atbte, 


as required. 


Exercise 4.11 Let a, b,c be positive real numbers such that a + b+ c= 1. Prove 
the inequality 


(a + b)*(1 + 2c) (2a + 3c) (2b + 3c) > 54abe. 

Solution The given inequality can be rewritten as follows 
2 c c 
(a+ b)°(14+2c)(2+3- camry > 54c. 
a 
By the Cauchy—Schwarz inequality and AM > GM we have 
(2+35) 2436) = (2+ 3c Ve (2+ 6c ) (2(a +b) + 6c)” 
a by Jab) ~ a+b} ~—— (a+b? 


_ Q—c)+6c)? — 4(1 + 2c)? 
~  (atb2 (a+b)? * 


Then we have 


A(1 + 2c)? 


2 c c 2 
(a+b) +20 (2432) (2435) > +02 +20 


=4(1 + 2c), 
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and it remains to prove that 
3 c 3 27¢ 
4(1+ 2c)? >54c, ie. (14+2c)° > ay 


By the AM > GM inequality we have 
(495s (2 4520 ‘sa tly 
Cc — = —--+27c) >2/----- c=—, 
ae ay mee 


as required. 
: : 3 1 
Equality occurs iffa =b=3%,c=q. 


Exercise 4.12 Let a,b,c,d,e, f be positive real numbers. Prove the inequality 
b d 
ie Faded sg. 
b+c ct+td dt+e e+f fta a+b 


Solution By the Cauchy—Schwarz inequality we have 


a 4 b 2 c 4 d 4 e 4: f 
b+c ct+td d+e e+f fta a+b 
a b? C2 a e- Ff 


= qbisad bow eles eas een fa+ fb 
a (a+b+c+d+t+e+t fy 
~ab+ac+be+bd+cd+ce+de+df+ef+teat fat fb 


(4.16) 


Let 
S=ab+ac+bce+bd+cd+ce+de+df+ef+ea+ fa+ fb. 
Then 
W=(at+b+c+d+et+ fy 
(4B? 4+Ce 4a? +674 f? +2ad+2bd+2cf). (4.17) 
Also we have 
a* +b? +e7 4d? +e? + f? +2ad + 2be + 2cf 
=(a+d)?+(b+e)? +(c+ fy’ 
QM>AM | 2 
> gatbtetdtet fy. (4.18) 
Using (4.17) and (4.18) we get 
28=(at+b+c+d+e+ fy 


—(4+B?4+c+4+d?+e74+ f? + 2ad + 2bd + 2cf) 
1 
S€atbte+d+et fy —zatbtetd+et fy 


2 
=zatbtc+d+et fy, 
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(at+b+c+dt+e+ fy . 

5 Zz 

Finally from (4.16) and (4.19) we obtain the required inequality. 
Equality occurs iffa=b=c=d=e=f. 


3. (4.19) 


Exercise 4.13 Let a,b,c € R™ such that aH "ea WES as 
inequality 


a > 1. Prove the 
ctat+l 


a+b+c>ab+bc+ca. 


Solution We'll use the Cauchy—Schwarz inequality. 
We have 


1 de atb+c? 
atb+17 (at+tb+c)?’ 


(atb+D(atb+c*)>(atbtc)’, ie. 


Analogously 
1 b+c+a’ 1 c+at+bh 
< and < : 
b+ce+17 (a+b+c)? ctat+17 (a+b+c) 


By the given condition we have 


1 1 1 atb+C4+b4+ct+a+et+at+eh 
= - tt = 
at+b4+1 b+c+1 ctat+l (a+b+c) 


1.e. 


’ 


Watbte)>(atb+c—-(@’+b* +c’) 
& atb+c>ab+bc+ca. 
Exercise 4.14 Let a, b, c be positive real numbers such that ab+bc+ca = 3. Prove 
the inequality 


a(b?+c*)  b(c?+a*)  c(a? +a”) 
a2+be b2 +a c2 +ab 


Solution Let x = a(b” + c’), y= b(c? + a’) and z= c(a? + b?). 
Then we have 


x a(b? +.c?)(b+c) a(b? +c) 
OF = 3.2 2442) 2 : 
yz b(c* +a“) + c(a* + b*) a~+bc 
Analogously we get 
y b(c? +a’) Zz c(a2 +a?) 
cig b2 +ca = Pra cad ) c2 +ab 


By Corollary 4.5 and the previous identities we have 
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a(b?+c*)  b(c? +a’) c(a? +a”) 


a2 +be b? +a c2 +ab 
aps pe ea = ty ys aah be ea) = 5. 
Vz Z+x x+y 


Exercise 4.15 Let x, y, z > 0 be real numbers. Prove the inequality 
Vert lt yy+lt+v24+1> /6a+y+2). 


Solution According to Corollary 4.4 we have 


Vet ltyytltv24+1>/atytz7+9. (4.20) 


Applying AM > GM we deduce 


(x+y +z)? 4+9>2,/9@ +y +z)? =6(x + y +2). (4.21) 


From (4.20) and (4.21) we get the required inequality. 
Equality occurs if and only ifx =y=z=1. 


Exercise 4.16 Let a,b,c € R* . Prove the inequalities 
(1) 2(a8 + b8) > (a3 + 5°) (a5 + bP); 
(2) 348 +08 +8) > (P4043) +b +05). 


Solution (1) Let a > b. Then a? > b3 and a? > b°. 
Due to Chebishev’s inequality we have 
(a? + b°)(a@? +b”) < 2(a® + b*). 
(2) Similarly to (1). 


Exercise 4.17 Let a,b and c be the lengths of the sides of a triangle, and a, 6, y 
be its angles (in radians), respectively. Let s be the semi-perimeter of the triangle. 
Prove the inequality 


b+e cta a+b 12s 
+ a = : 
a B y A 


Solution Without loss of generality we may assume that a < b < c. Then clearly 
a<B<y,at+b<atc<b+candt<i<}. 
Now by Chebishev’s inequality we have 


(a+ 40+ +e+a(T +54) 

a py 

1 1 

5 ta+b-), 
y 


<x(O+o2 Hera, 
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i.e. 
wee ee SHS (S45 +5). (4.22) 
a B y 3\a 8B 
Using (4.22) and AM > HM we obtain 
wee ae (se Gt syed. 9 _ Bs 
a B y ~ 3\oa B yj” 3 a@+Pry Ff 


Equality occurs iffa =b=c. 


Exercise 4.18 Let a,b,c,d € R* . Prove the inequality 
e+h+e at+h+da e+e+d bP+cec+d 
a+b+c a+b+d a+c+d b+c+d 
Sear fc ad. 


Solution Without loss of generality we may assume that a > b >c >d. Then 
clearly a >b*>c>d?. 
We'll use Chebishev’s inequality, i.e. we have 
(atbt+cj\a?+b* +c?) <3 +b? +03) 
Oth +e a+b te? 


a+bt+c ~ 3 
Similarly we get 
+b +d @+P+a @P+e+d @P+e+d 
at+tb+d ~— 3 ; atctd — 3 : 
bP+cec+d PP tet+d? 
obte+d ~ 3 
After adding these inequalities we get the required inequality. 
Exercise 4.19 Let a}, a2,...,d, € Rt such that aj + az +--+ a, = 1. Prove the 
inequality 
a) a2 an n 
ee ees > . 
ae ras TF - Ona 


Solution Without loss of generality we may assume that aj > a2 >--- > ay. 
Then 
1 1 1 


= Bore 
2-a,” 2-a 


Now by Chebishev’s inequality we have 


1 1 1 
(ar tant ban) ( Sa ttt) 
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hence 
at ie a2 aati an zs 1 4. 1 dsnaad 1 
2-a; 2-a 2-a, n\2-a, 2-a@M 2-day 
1 n n 
> : => # 
~n 2n—(ay+a.+-:-+a,) 2n-1 
Equality occurs if and only if aj = a2 =--- =a, =1/n. 


Exercise 4.20 Let a, b,c, d be positive real numbers such thata+b+c+d=4. 
Prove the inequality 
1 os 1 a 1 & 1 a 1 
ll+a2 114% 114+c?  114+d?~ 3° 


Solution Rewrite the given inequality as follows 
1 1 1 1 1 1 1 1 


11+a? 12° +b? Dt lite io” Wad 12 =9 
1.e. 
eal. Pel...) . eal 
fa Wee se wea 
1.e. 
a+l1 b+1 c+1 d+1 
(a Diet Dap te Dirate rer 


Without loss of generality we may assume thata>b>c>d. 
Then we have 
a+l1 b+1 c+1 d+1 
> > > : 
ll+a?~ 114+b?~ 114+c? ~ 114d? 
Now inequality (4.23) is a direct consequences of Chebishev’s inequality. 
Equality occurs if and only ifa=b=c=d=1. 


a-—-1>b-—1>c-—1>d-1 and 


Chapter 5 


Inequalities Between Means (General Case) 


In Chap. 2 we discussed mean inequalities of two and three variables. In this section 
we will develop their generalization, i.e. we’ll present an analogous theorem for an 


arbitrary number of variables. 


These inequalities are of particular importance because they are part of the basic 


apparatus for proving more complicated inequalities. 


Theorem 5.1 (Mean inequalities) Leta, a2,..., dn be positive real numbers. 


The numbers 


2) 2 
py eee Py elles ee 
n n 
n 
GM = 2/a\a2---a, and HM=— i i 
Giana ay 


are called the quadratic, arithmetic, geometric and harmonic mean for the 


numbers a1, a2, ..., An, respectively, and we have 
QM > AM > GM > HM. 


Equalities occur if and only if a, = a2 =-:-: =p. 


Proof Firstly, we'll show that AM > GM, i.e. 


arate: +a 


ul 
= V/d1a2++* dy. 


n 


Let 


qj : 
xj = ————.,_ fori=1,2,...,n. 


FA, a2 Fe “An ; 
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(5.1) 


(5.2) 
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Then x; > 0 for each i = 1,2,...,n and we have 
XpXQ+++Xy, = 1. 


Inequality (5.1) is equivalent to 


a\ a2 an 


+ Se ———_— 
Ma, AQ***An —— 2/A,AQ+** An AVA, a2 +++ An 


i.e. to 


Xp tx2+-+- +X, >n, when x1x2---xX, =1, (5.3) 


with equality if and only if xj] =x2=---=x,=1. 

We'll prove inequality (5.3) by induction. 

For n = 1, inequality (5.3) is true; it becomes equality. 

If n = 2 then x1x2 = 1 and since x; + x2 > 2,/x1x2 we get xj + x2 >2. 

Hence (5.3) is true, and equality occurs iff x; = x2 = 1. 

Let assume that for n = k, and arbitrary positive real numbers x1, x2,..., xg such 
that x1x2---x~, = 1, we have xj + x2 +---+ x, =k, with equality if and only if 
XS XQ St HX 1. 

Letn =k+1 and x1, x2,...,Xx41 be arbitrary positive real numbers such that 


X{X2+ Xe = 1. 


If x) = x2 =-+-=Xx41 = | then inequality (5.3) clearly holds. 

Therefore, let us assume that there are numbers smaller then 1. Then clearly, 
there are also numbers which are greater then 1. 

Without loss of generality we may assume that x; < | and x2 > 1. 

Then, for the sequences x1x2,x3,...,%%4+1 Which contain k terms we have 
(x1X2)xX3-+++Xk41 = 1, and according to the induction hypothesis we have that 
X4X2 +X3 +--+ + xK41 => k, and equality occurs iff xjx2 = x3 = +--+ =xR41 = 1. 

Now we have 


Xt xQ +++ + XK S xx. $43 4+-+- + X41 +14 G2 - DU — x1) 
>k+1+@2-D0-x)2k+1, 


with equality if and only if x}x2 = x3 =-+- = x41 = 1 and (x2 — INU — x1) = 0, 
Le. iff x; SXQS SHS XH FH 1. 
So, due to the principle of mathematical induction, we conclude that (5.3) is 
proved. 
Thus by (5.2) we have Vaasa a Vaan Sees Vaan ie. 
a, =aQ2>:::=a4y. 


Hence we have proved (5.1), and we are done. 
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We’ ll show that GM > HM, i.e. 


n 
VO102 ++ An = zeigt rw 
a a2 an 
By AM => GM it follows that 
1 1 1 1 1 1 n 


a Rat >n." bs = ‘ 
a, a2 an a\ a2 an af a1 a2°**an 


i.e. we have 
F n 
V4142°+*An 2 Fy T 
a tia tT an 
and clearly equality holds if and only if x = a == i, Le. a) =d2=-++: =p. 


It is left to be shown that OM > AM, i.e. 


a 5 ATA +O 


n n 
We'll use the Cauchy—Schwarz inequality for the sequences (a1, a2,...,d,) and 
(,1,..., 1). 

So we have 


(a as Rea 0 12 pa 1 gy iy hee 


& naptapt-+an)> (ai t+agt--tan) 


n 


ap +ayt+---+a2 > (ater sa)’ 
4 n 


jee ae , Utat-+4n 
n = n ; 


Equality holds if and only if ¢ = % =---= “, ie. ay =a =-+- =ay. 
Exercise 5.1 Let a,b, c,d € R* such that abcd = 1. Prove the inequality 

a+b’ +c? +d? +ab+ac+ad+be+bd+cd > 10. 
Solution Since AM > GM we have 


e+e 4+0e4d?+ab+ac+ad +bce+bd+cd > 10 Vasbic5d5 = 10. 


Equality holds if and only ifa=b=c=d=1. 
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Exercise 5.2 Let a,b,c € R™. Prove the inequality 
(atb+cP>atb> +c) +24abc. 
Solution We have 
(atb+cP=a4+b+c + babe +3(a*b+a°c+b2at+b?c+c7a+c7b) 
>O+bh +c + babe +3-6V abo = a> +b? +03 + 24Aabe. 
Equality holds if and only ifa=b=c. 


Exercise 5.3 Let k € N, and a), a2, ..., dy be positive real numbers such that a; + 
az +--++ ad, = 1. Prove the inequality 


—k —k —k k+1 
a, +a, +---+4, Sy) 


Solution Since AM > GM we have 
- a +a2+-+-+an _ 1 


a/a}a2**+an < = 
n n 
or 
11 1 
n< Fe eat a 
a, a2 an 
Hence 
—k —k —k 
a, + ay ape Seo a 
n ’ 
1.e. 
a as + oa anh 


as required. 


Exercise 5.4 Let a,b, c,d ¢ RT. Prove the inequality 
a® + b® +. c° +. d®° > abcd(ab + be + cd + da). 


Solution We have 
1 
a®+ 58484 d= 5 (24° 4 Db? et Py (Op 40> 4 a> eg®) 


4(0e° 494° 4+ 9° 4:55): 4(0d" + 99° + b° +c). 
Since AM > GM we have 


6 6 1. 6 6 6 6 1 p64 p64 6 6 
2a oO +d iG +a°+b “ +c°+d 2 SF 12p 12,646 = abcd. 
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Similarly we get 
2b° + 2c® + d® + a® 
6 
2c® + 2d® + a® + b® 
6 


> b*c?ad, 


> cd? ab 


and 
2d® + 2a® + b® + c® 
6 


> d*a*be. 


Adding the last four inequalities we obtain the required inequality. 


Equality holds if and only ifa =b=c=d. 


Exercise 5.5 Let x, y, z > 2 be real numbers. Prove the inequality 


(y? + x)\(z3 + y)(x? +z) > 125xyz. 


Solution We have 


y+xd4ytxaytytytytx25,/y4x. 


Analogously 


2 +y> Oey zy and x°+z > SV x4z, 


Multiplying the last three inequalities gives us the required inequality. 
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In this subsection we will consider characteristic examples in which we can use 


incorrectly the inequality AM > GM. Namely, a possible major route for the proper 


use of this inequality (the means inequalities) will be the fact that equality in these 
inequalities is achieved when all variables are equal. These points at which equality 
(all their coordinates are equal) of a given inequality is satisfied are called points 


of incidence. It is also important to note that symmetrical expressions achieve a 


minimum or maximum at a point of incidence. 


Exercise 5.6 Let x > 0 be a real number. Find the minimum value of the expression 


1 
Pe ie 
x 


Solution Since AM > GM we have 


1 1 
xX+—-—>2,/x--=2, 
x x 


with equality iff x= +4, ie.x=1. 
Thus min{x + +} =2. 
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Exercise 5.7 Let x > 3 be a real number. Find the minimum value of the expression 


1 
x+-. 
x 


Solution In this case we cannot directly use the inequality AM > GM since the point 
x = | doesn’t belongs to the domain [3, +00). 
We can easily show that the function f(x) =x + i is an increasing function on 


[3, +00), so it follows that min{x + +}=3+4= 2. 


Now we will show how we can use AM > GM. 

Since we have equality in AM > GM if and only if all variables are equal, we 
deduce that we cannot use this inequality for the numbers x and 1 at the point of 
incidence x = 3 since 3 4 i 

Assume that AM > GM is used for the couple (3, ) such that at the point of 
incidence x = 3, equality occurs, ic. = = i. 

So it follows that a = x? = 3? =9. 

According to this we transform x + + as follows 


felt Ae AO See 4 822 8 cl 
——- # = . x= % = 7 
oo oe a Ve ee a 3 


Exercise 5.8 Let a, b > 0 be real numbers such that a + b < 1. Find the minimum 
value of the expression 


1 
A=ab+—. 
2 a 


Solution If we use AM > GM we get 


1 | 1 
A=ab+ — >2,/ab. — =2, 
ea ab 


and equality occurs if and only if ab = +, ie.ab=1. 
But then we have a+ b> 2J/ab = 2, contradictinga+b< 1. 
If we take x = 4,, then we have x = + > wp > 5 =4. 
Thus we may consider an equivalent problem of the given problem: 
Find the minimum of the function A = x + i, with x > 4. 
Point of incidence is x = 4. 
So we have 7 = i, from which it follows that w = x? = 16. 
Then we transform as follows 


ty ee ee ee ne eee eee 
SO GG eee pe Gee 1G = ae ae 


Equality holds if and only if x = 4,i.e.a=b= 1/2. 
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Exercise 5.9 Let a,b,c > 0 be real numbers such thata + b+c < 3. Find the 
minimum value of the expression 


1 1 1 
A=atb+c+—+-—4+-. 
a boc 


Solution If we use AM > GM we get 


1 1 1 6 1 
A=a+b+c+-—+-—+4+-26,/abc-— =6, 
a bee abc 


with equality if and only ifa =b=c=1. 

But thena+b+c=3> 3, a contradiction. 

Since A is a symmetrical expression on a, b and c we estimate that min A occurs 
ata=b=c,ie.ata=b=c=1/2. 


7 aes 1 
Therefore for a point of incidence we have => = 55 = 55 =Q=b0=c=1/2, 


and it follows that a = a = 4. 
Now we have 


A +b+ eae ey ea een Wee oe ae ae 
=a _ _ -—-=>{a 
: a bee . 4a 4b 4c a Cc 


> 6Iabc : ie aca 442 
— (4a)(4b)(4c) 4\a bc) 4 
3 9 27 ~=(1 15 


Sob —. >3 -— =e, 
SOG qupep ae app OD 


So minA = 3, fora=b=c=1/2. 


Exercise 5.10 Let a, b, c be positive real numbers such that a + b+ c = 1. Find the 
minimum value of the expression 


1 1 1 
abe+—-+-4+-. 
a bee 


Solution By the inequality AM > GM we get 


1 1 1 4 1 11 
abe+—-+—-+->4,/abc--—--—- -=4, 
a b ec abe 


with equality if and only if abc = i = : — i. from which we easily deduce that 
a=b=c=1andthena+b+c=3,acontradiction sincea+b+c=1. 
Since abc + 1 + : + : is symmetrical with respect to a, b and c we estimate that 


the minimal value occurs when a = b=c,i.e.a=b=c=1/3,sincea+b+c=1. 
1 1 


= = 2s) : : eee ee 
Let abc = = ap = ae from which we obtain a = Gbe = 81. 
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Therefore let us rewrite the given expression as follows 


ee Se ee We ee ee) cee (5.4) 
ek Ee 8 eae a Ble Oe Be 


By AM > GM and AM > HM we have 


ee eee eee (5.5) 
Ore ie Oh Be NN” Bie Bib Bie OF 
and 

11 9 

es (5.6) 


By (5.4), (5.5) and (5.6) we have 


1 1 1. 4 
abe+—-+-+-2 + = 
a boc 
with equality if and only ifa=b=c= i 


Exercise 5.11 Let a, b,c,d > 0 be real numbers. Find the minimum value of the 
expression 


a ae b 4 Cc 4 d DCE Are? 
b+c+d ctd+a d+a+b a+b+t+e a b 
at+tb+d a+b+ec 
+ + : 
Cc d 
Solution Let us denote 
‘7 a ai b 4 c 4 d PEOre greed 
~b+ce+d ctd+ta d+at+b a+b+ce a b 
atb+d a+b+c 
+ + 
Cc d 


If we use AM > GM we get A > 8, with equality iff 


a : b 7 c - d _b+ce+d c+d+a 
b+cet+td ct+d+a dt+tatb atb+c ab 
a+b+d a+b+c 
= Cc = d , 


1.e. 
a=b+c4d, b=c+d+a, c=d+a+b and d=a+b-ec. 


After adding the last identities we deduce a+b+c+d=3(a+b+c+d), ie. 
3 = 1, acontradiction. 
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Since A is a symmetrical expression with variables a, b,c, d, it follows that the 
minimum (maximum) will occur at the point of incidence a =b=c=d > 0. 

Supposea=b=c=d>0. 

We have 


a _ b _ C _ d ud 
b+tc+td ct+dta dtat+b atbt+c 3 


and 
b+tetd c+d+a _ atb+d a+b+ec _ 3 


—. “= — ’ 


aa ab ac ad a 


1.e. 7 = 3, and it follows that a = 9. 


Therefore 
= a b c d b+ct+d 
=ppeld Hae) eee (aeeae 9a 
c+td+a a+b+d a+b+ec 
a Ob . 9c = 9d 
cs c+d+a ee) 


9 a b Cc d 


38 

23 SO+2+2424242)= ae 
Exercise 5.12 Let a,b,c > 0 be real numbers such that a ++ b+ c= 1. Find the 
maximum value of the expression A = Jatb+/b+eot+ Je+a. 


Solution Since AM > GM we have 


Jat+b=VJ(a+b)-1-1< 


@tb+14+1  a+b+2 
3 = : 


Similarly 


Thus it follows that 


at+b4+2 b+c+2 cta+2 2(a+b+c) 8 


with equality iffa+b=b+c=c+a=l,ie.a=b=c=1/2. 
But thena + b+c=3/24 1, a contradiction. 
Since A is symmetrical expression in a,b,c, we estimate that the minimum 
(maximum) will occur at the point of incidence a= b=c,i.e.a=b=c=1/3. 
Clearlya+b=b+c=c+a=2/3. 
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Since AM > GM we have 


3 ; 23 iE ‘e atb+3+ 3 4/9 3(a+b)+4 
ver 4) ss ¥4sV4 3 4 9 


Similarly we get 


Sines, wes and age ae 
=a 9 2G a 


Adding the last three inequalities gives us 


as fa (COTO +4 Motors Seva) 


9 9 9 
a ee ae 


So max A = 18, and it occurs iff a+b = b+c =c+a =2/3,ie.a=b=c=1/3. 


Exercise 5.13 Let a,b, c be positive real numbers such that a + b + c = 6. Prove 
the inequality 


Jab + bc + J/be+ca+ JSca + ab <6. 


Solution I Since we have a symmetrical expression we estimate that the maximum 
value of */ab + bc + Vbc+ca + J/ca+ab will occur at the point of incidence 
a=b=c=2 and then clearly we have ab + bc = 8. 

By the inequality AM > GM we get 


V(ab + bc): 8-8 
Spa hea were 8 =< (Seo). 


Similarly we obtain 


1/0 8+8 1 b)+8+8 
oerea = 7 cree - ) and Year ab = (Sa 7 ) 


Adding the last three inequalities gives us 


Jab +bce+Sbe+ca+/ca + ab < 


(eee (5.7) 


4 3 


Since ab + be + ca < “40° = 12 by (5.7) we get 


1 /24+ 48 
abr be + Voce a+ Year ab = 7 ; )=6 


Equality occurs if and only if ab+ be = bc+ca=ca+ab=8,ie.a=b=c=2. 
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Solution 2 The given inequality is equivalent to 


Jb(atc)+ Veh +a) + Vale +b) <6 


Vb —b) + Vc(6—c) + Va(6—a) <6. (5.8) 
Since at the point of incidence a = b= c =2 we have 2a = 6—a=4 by AM > GM 
we deduce 


J2a-(6—a)-4 22 
6p = 2a c a) ee are 


Analogously we obtain 


b+10 10 
VoO=B) = —— and oS — 3) = 


After adding the last three inequalities we get 


at+tb+ce+30. 36 
6 ~ 6 


V/b(6— b) + Wc —c) + Va(6—a) < =6. 


Equality occurs if and only ifa=b=c=2. 


Exercise 5.14 Let a, b,c be positive real numbers such that a* +b? +c? =3. Prove 
the inequality 


Va2-+be+Vb2 +ca+ Vc2 + ab < 30/2. 


Solution Since we have a symmetrical expression we estimate that the maximum 
value will occur at the point of incidence a = b = c = 1. Then we have a” + be = 2. 
By the inequality AM > GM we get 


f2ahen 1 (a? +be+4 

3 2 a 3 5) 

a’ +be===-vVa Fb) F-3= (Ft), 
V4 4 


3 


Similarly we obtain 


1 (vb 4 1 (ct +ab+4 
(+a (~*S**) a J2+ab <= (*2"*), 


V4 3 14 3 
Adding the last three inequalities gives us 
1 
Vaz +be+Vb2+cat+Vc2 tab < 5 (7 +b? +c+ab+be+cat 12) 
3/4 
1 


18 j 
2(a* + b? +c?) +12) = —— = 3V2. 
aya en Bala 


Equality occurs if and only ifa=b=c=1. 


Ss 


60 5 Inequalities Between Means (General Case) 


Exercise 5.15 Let a, b, c be positive real numbers such that a* +b? +c? =3. Prove 
the inequality 


V5a2 + 4(b +0) +34 V5b2 + 4(c +a) +34 V5e2+4(a+b) +3 <6. 


Solution At the point of incidence a = b = c = 1 we have 5a* + 4(b+c) +3 = 16. 
By the inequality AM > GM we get 


Va? + 4(b +c) +3) - 168 
8 


V5a2+4(b +c) +3= 


1 
< yy Ga’ +4 +0) +343: 16) 


_ 5a*+4(b+c) +51 
= 5 ; 
Similarly we obtain 
5b7 +4 51 
5 Cer ere ty ea oor 
and 
5c? + 4(a+b) +51 
V5c2 44a +b) +3<—— o ) 


Adding the last three inequalities gives us 


W5a2 + 4(b +c) +3 + V5b2 + 4(c +a) +34 V/5c2 +4(a +b) +3 


e 5(a7 +b? +c?) + 8(a+b+c) +153 
= 32 : 


Since a? +b? +c? =3 we have a+ b+c < /3(a2 + b2 +c?) =3, and by the last 
inequality we obtain 


V5a2 +. 4(b +0) +3 + V5b? + 4(c +a) +34 V5c2 +4(a +b) +3 


~ 5:3+8-34153 _ 192 
= 32 ~ 32 


=6. 


Equality occurs if and only ifa=b=c=1. 


Chapter 6 
The Rearrangement Inequality 


In this section we will introduce one really useful inequality called the rearrange- 


ment inequality. This inequality has a very broad and easy use in proving other 
inequalities. 


Theorem 6.1 (Rearrangement inequality) Let aj < az <-:- <a, and bj < 
bz < +++ < by be real numbers. For any permutation (x\,x2,...,Xn) of 
(a1, d2,..., a) we have the following inequalities: 


aby + agb2 +--+ + nbn = xb, + x2b2 + +--+ Xnbn 
> dnb) + an—1b2 +--+ + aybn. 


In case when aj < a2 <--- <a, and bj < bo <--- < by there is a simple nec- 
essary and sufficient condition for equality in either of the inequalities. The left in- 


equality becomes equality only if (x1, x2,...,%,) matches (a, a2,...,@,), and the 
right inequality becomes equality only if (x1, x2, ...,X,) matches (dn, @n—1,.--, 1). 
Corollary 6.1 Let a, a2,...,@, be real numbers and let (x, x2,..., Xn) be 
a permutation of (a1, 2, ..., An). Then 


Oh i yee 2 
ay + ay +--+ + ay 2 1X] + 42X2 +--+ + AnXn. 


Exercise 6.1 Let a, b and c be positive real numbers. Prove Nesbitt’s inequality 


a ae b 7 Cc << 
b+ce cta a+tb7~2 
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Solution Without loss of generality we may assume that a > b > c. Then clearly 


1 1 1 
> > : 
b+ece” cta at+b 


By the rearrangement inequality we deduce 


am 2 i. Cc s aa Cc iy a 
b+ce cta a+b” b+ce cta a+b 


and 
Gite SO Ee, 2 iy ey Ss 
b+c cta a+b” b+ce cta a+b 
Adding the last two inequalities gives us 


> a o b as Cc = a Ey b 4 Cc se 
or : 
b+ce cta atb)~— b+c cta atb™” 2 


Exercise 6.2 Let a) < a) <--- < dy and bj < bp < --- < by be two sequences of 
real numbers and let (c1, c2,..., C,) be a permutation of (b1, bo, ..., by). Prove that 


(a, — by)? + (a2 — by)? +++ ++ (Gn —bn)* < (a1 —c1)* +(@2—€2)? ++ + Gn — en)’. 


Solution Note that bf +. b3 +--+ b2 =citch+--+c%. 
So it suffices to prove that 


acy +doc2 +:+++ + ancy < ayb, +anb2 +-+++anby, 


which is true due to the rearrangement inequality. 


Exercise 6.3 Let a1, a2, ..., @, be different positive integers. Prove the inequality 
ay a an 1 1 
stot ta2lt+it ten. 
12 22 n2 2 n 
Solution Let (x1, x2,...,X,) be a permutation of (a1, a2,...,@,) such that x; < 
XQ S0°° SX. 
Then clearly x; >i foreachi = 1,2,...,n and a > oa SS +. 


By the rearrangement inequality and the previous conclusion we obtain 


1 


a a a x x Xx, 2 n 1 
tte te tte te lt ote tyaltotee ta 
n 2 n 2 n 


12 22 n2~ 12 2 
Exercise 6.4 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


a(b+c—a) +b’ (c+a—b)+c*(a+b—c) <3abce. 
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Solution Without loss of generality we may assume that a > b > c. Then very easily 
we can verify that 


c(a+b—c)>b(c+a—b)>a(b+c-—a). 
Applying the rearrangement inequality we obtain the following inequalities 
a(b+c—a)t+b'(c+ta—b)+c’(atb—c) 
< ba(b+c—a)+cb(c+a-—b)+ac(a+b—c) 
and 
a’(b+c—a)+b*(cta—b)+cC(a+b—c) 
<ca(b+c—a)+ab(c+a—b)+bc(a+b—c). 


Adding the last two inequalities gives us the required result. 


Exercise 6.5 Let a, b,c be real numbers. Prove the inequality 
eLpPre > a’b + b'c4+cha. 


Solution 1 Without loss of generality we may assume that a > b > c, and then 
clearly a+ > b+ > c* (since the given inequality is cyclic we also need to consider 
the case when c > b > a, which is analogous). 

Now by the rearrangement inequality we get the required inequality. Equality 
occurs iffa=b=c. 


Solution 2 Since AM > GM we obtain the following inequalities: 
CLE tO 4a +h > 5a‘b, 
P+b+b+b°+0c° > 5b'e, 

C++ +0 +a > Scra, 


and adding the previous three inequalities yields required inequality. Equality occurs 
iffa=b=c. 


Exercise 6.6 Let a,b,c be positive real numbers such that abc = 1. Prove the in- 
equality 
1 if 1 ‘p 1 S 3 
a(b+c) bB(c+a) (at+b)~ 2 


Solution Without loss of generality we may assume that a > b> c. 
Let x = i y= és = i. Then clearly xyz = 1. 
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We have 
1 1 1 x? y> z 
5 To Sy = + + 
av-(b+c) b’(c+a) ce(at+b) I/ytl/z I/z+l/x 9 1/x+1/y 
2 2 v2 


x y Zz 
= =p + : 
ytzr zZ+x x+y 


Since c <b<awehavex <y<z. 
So clearly x +y<z+x<y+zand 4 x = <<. 


ea _ 


ty 
Now by the rearrangement inequality we get the foliowing inequalities 


2 2 2 
x z x z 2x 
a : Z + se tieh , 
YZ ZX KXry YZ ZX xX+ry 
2 2 2 
x y Zz = XZ yx zy 


+ 2 + + : 
YZ ZX KXry Yre ZX xX+ry 


So we obtain 


1 1 1 
Gant 3 b3(c +a) = (a =) 


2 2 2 
x Zz 
=2: + z ao ) 
you Z 2X KY 
gy yz ZX XZ yx zy 


ea alk a + a ai 
YZ ZX KXry YreZ ZX xKX+ry 
H=x+y+72>3¥rxyz=3, 


as required. 
Exercise 6.7 Let a, b, c be positive real numbers. Prove the inequality 


e+e BP+ar +b? 
+ + 


>2(a+b+c). 
b Cc 


Solution Since the given inequality is symmetric, without loss of generality we may 
assume that a > b > c. Then clearly 


a’>b?>c* and eas 
cba 
By the rearrangement inequality we have 
2 2 2 
b 1 1 1 1 1 1 
+—+ -—+b?.—4¢?.—>a*.—+b?-- +c. =atbt+e (6.1) 
boc b c a c 
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and 


2 os 2 

b i 1 i 1 1 1 
Fe © ng? 4 42. > ag? 4-42. =atbte. (62) 
b Cc a b a b Cc 


Adding (6.1) and (6.2) yields the required inequality. 
Equality occurs if and only ifa=b=c. 


Exercise 6.8 Let x, y, z > 0 be real numbers. Prove the inequality 


2 2 2 2 2 2 
X G X vs 
y DF 


0. 
yz Z+X x+y ~ 


ie y a ee y? 
Solution We need to prove that oe eee tT ee = ee ee + an 
Without loss of generality we may assume that x > y > z(since the given in- 
equality is cyclic we also will consider the case z > y > x). 
Din Diss 1D als L 1 
Then clearly x* > y 2 Zz and peg ee = Sea 
By the rearrangement inequality we have 


x2 y? 2 - 2 x2 4" 


+ + = ae , 
YZ ZX XFY Yrz@<e Zrx xXtry 


as required. 
Dis. 52. 2 1 1 1 
>y> >y> SS 
If we assume that z > y > x, then z ZY 2s and pg ee = at 
By the rearrangement inequality we obtain 


2 2 2 
x z 1 1 1 
ae =7": +x?. +y?. 
YrZ ZrxX x+y x+y yrzZ Z4Kx 

1 1 1 
>. +x?. +y?- 
yrZ ZX x+y 
2 g2 y? 


= + : 
yr zZ+x x+y 
Equality occurs if and only if x = y =z. 


Exercise 6.9 Let x, y, z be positive real numbers. Prove the inequality 


: a ae 
— 4-2 4" satytz. 
YE ZX XY 


Solution Since the given inequality is symmetric we may assume that x > y > z. 
Then 
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By the rearrangement inequality we have 


3 3 3 
x z 1 1 1 
a a 
yz ZX xy yZ ZX xy 
I 1 t x. ee 
oh hg eo, (6.3) 
xy ye zx z x 
We will prove that 
Py 2 
T—+tT tT extytre. (6.4) 
y z x 
Letx >y>z. 
Then x? > y? > z” and = es t > i (since inequality (6.4) is cyclic we also need 


to consider the case z > y > x). 
By the rearrangement inequality we obtain 


x2 -y2 gg? 
$+—4+—>—4+—4+—=x+y+z. 
yo x x yg 


The case when z > y > x is analogous to the previous case. 
Now by (6.3) and (6.4) we obtain 


Ds ee 
— 42 4" sxt+y4z. 
YE <X XY 


Equality occurs if and only if x = y =z. 


Exercise 6.10 Let a, b, c,d be positive real numbers such thata+b+c+d=4. 
Prove the inequality 


a’be + bcd +. c*da + d’ab <4. 
Solution Let (x, y,z,t) be a permutation of (a,b,c,d) such thatx > y>z>t. 
Then clearly xyz > xyt > xzt > yzt. 
By the rearrangement inequality we obtain 
x-xyzty-xyt+z-xet+t-yzt>a*be+b’cd+c*da+a’ab. (6.5) 
Since AM > GM we deduce 


(xy +xz+ yt + zt)” 


xX-xyz+y-xyt+z-xzt+t-yzt=(xy+zt)(xz+ yt) < : 
(6.6) 
Since 

(tytz+ty? _ 
ge 


xytxztytt2=(4+2+H)< 4 


6 The Rearrangement Inequality 67 
by (6.6) we deduce that 
X-xyz+ty-xyt+z-xzt+t- yet <4. 
Finally by (6.5) we obtain 
a’bc + b*cd +.c7da + d°ab <4, 
and we are done. 


Equality holds iffa =b=c=d=1ora=2,b=c=1,d=0 (up to permuta- 
tion). 


Chapter 7 
Convexity, Jensen’s Inequality 


The main purpose of this section is to acquaint the reader with one of the most 
important theorems, that is widely used in proving inequalities, Jensen’s inequality. 
This is an inequality regarding so-called convex functions, so firstly we will give 
some definitions and theorems whose proofs are subject to mathematical analysis, 
and therefore we’ll present them here without proof. 

Also we will consider that the reader has an elementary knowledge of differential 
calculus. 


Definition 7.1 For the function f : [a,b] — R we'll say that it is convex on 
the interval [a, b] if for any x, y € [a, b] and any a € (0, 1) we have 


flax + Ud —a)y) saf(x)+ (1 —a@) f(y). (7.1) 


If in (7.1) we have strict inequality then we’ll say that f is strictly convex. 

For the function f we’ll say that it is concave if — f is a convex function. 

If the function f is defined on R, it can happen that on some interval this function 
is a convex function, but on another interval it is a concave function. For this reason, 
we will consider functions defined on intervals. 


Example 7.1 The function f(x) = x? is convex on R, moreover f(x) =x” is con- 
vex on R for even n. Also f(x) =x” is convex on R*™ for n odd, and it is concave 
on R-. 

The function f(x) = sinx on (z, 277) is convex, but on (0, 7) it is concave. 


Now we will state a theorem that will give a criterion for determining whether 
and when a function is convex, respectively concave. 
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Theorem 7.1 Let f : (a,b) > R and for any x € (a, b) suppose there exists 
asecond derivative f(x). The function f (x) is convex on (a, b) if and only if 
for each x € (a, b) we have f" (x) = 0. If f(x) > 0 for each x € (a, b), then 
f is strictly convex on (a, b). 


Clearly, according to Definition 7.1 and Theorem 7.1 we have that the function 
f (x) is concave on (a, b) if and only if f” (x) < 0, for all x € (a, b). 


Example 7.2 Consider the power function f : Rt + R* defined as f (x) = x”. For 
the second derivative we have f(x) = a(a — 1)x%~*, and clearly f(x) > 0 for 
a>lora <Oand f”(x) <0 for0 <a <1. So f is (strictly) convex for a > 1 or 
a <Oand f is (strictly) concave for0 <a <1. 


Example 7.3 For the function f :R— R, f(x) =In(1+e*) we have f'(x) = a 


and f"(x) = ey? > 0 for x € R, and therefore f is convex on R. 


x 


Example 7.4 For the function f : Rt > Rt, fx) =( + x)z for a # 0 we have 
f(x) =(@ — 1)x*7 00 + x%)a , from where it follows that for a < 1 the function 
f is strictly concave and for a > 1 the function f is strictly convex. 


Theorem 7.2 Let f\, f2,..., fn be convex functions on (a, b). Then the func- 
tion cy fy +¢2 fo+---+n fy is also convex on (a, b), for any cj, €2,..-,Cn € 
(0, 00). 


Theorem 7.3 (Jensen’s inequality) Let f : (a,b) — R be a convex function 
on the interval (a,b). Letn € N and a, 2, ..., yn € (0, 1) be real numbers 
such that oj, +a2+--:+a, = 1. Then for any x1, x2, ...,Xn € (a, b) we have 


(Yes) See.) 
1 =! 
1.e. 


F(a x1 + 2X2 + +++ + OnXn) S01 f (x1) +02 f (x2) + +--+ On f (Xn). (7.2) 


Proof We'll prove inequality (7.2) by mathematical induction. 
For n = 1 we have a; = | and since f (x1) = f (x1) we get f(aix1) =a1 f (x1), 
so (7.2) is true. 
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Let n = 2. Then (7.2) holds due to Definition 7.1. 
Suppose that for n = k, and any real numbers a1, a@2,..., ax € [0, 1] such that 
a) +a2+---+ ax =1 and any x1, x2,...,x% € (a,b), we have 
fix ++ + OKxXK) So f(r) +++ +o fx). (7.3) 
Let n =k + 1, and let a1,a2,...,a%41 € [0,1] such that a} + a2 +--+ + 
Akt1 = 1. 
Let x1, x2,...,Xk41 € (a, b). 
Then we have 
OLX] + OQK. H+ + Ogg iXk+1 
= (X] +++ + ORXK) + ORE IXEFI 
a) a2 Ok 
= (= a4( xp+ rate tag) acute 
1 — ayy 1 — O41 1— ay 
(7.4) 
Let 
oa OK 
Xp + XQ ++ HX = V4 
1 — oy 1 = O41 1 — oy 
Then since x1, x2,...,Xx% € (a, b) we deduce 
ay a2 OK 
YkH1 = x1 + X2 +++ + ———_Xk 
1— a4 1 = OK41 1 aK41 
ie b+ 2 beet a 
1— aK) 1 aK41 1 aK41 
b b 
— (a +a + +++ + 0%) = ———(I — 41) =D 
1— apy 1— agit 
Similarly we deduce that yz41 >a. 
Thus yx+1 € (a, dD). 
According to Definition 7.1 and by (7.4) we obtain 
f(x +++ FORE + OK K+) = FCC = oe Vet + ORI X41) 
S (1 = op) f Ons) + Osi f Geen. (7.5) 
By inequality (7.3) and since 
a a a 
d ots a Bea He es Es | 
L—apy1 = 1 ary 1 ons 
we obtain 
(onl a2 Ak 
fomn=s{ a+ phic 
1— oy 1 — O41 1 — oK41 
QA) a2 
<—— fi) + Sl) + fa faa Xx). (7.6) 
1 — ast 1— ag 1- 
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Finally according to (7.5) and (7.6) we deduce 


f(ayxy Hee Foe xe) So f (01) +--+ Fae f (req). 


So by the principle of mathematical induction inequality, (7.2) holds for any 
positive integer n, any a1, 02,...,@, € [0, 1] such that aj +-a2+---+a, = 1, and 
arbitrary x1, X2,...,%n € (a,b). 


Remark If f is strictly convex then equality in Jensen’s inequality occurs only for 
Xp = XQ = = Xp. 


If the function f(x) is concave then in Jensen’s inequality we have the reverse 
inequality, i.e. 


f(x +++ + OnXn) = 1 f1) +++ + On f An). 


It is important to note that Jensen’s inequality can also be written in the equivalent 
form: 

If f : 1 > Ris convex on J, x1, x2,...,%, € J and m,,mz,..., mn > 0 are real 
numbers such that m; +m2+---+m, > 0. Then 


myixi +m2x2 +t mnXn\ _ mi fr) + m2 f (x2) + Fin f On) 
my +m2+---+mMy my +m2+---+mMy : 


Example 7.5 Consider the function f(x) = —Inx, on the interval (0, +00). For 
the second derivative we have f’’ (x) = = > 0, which means that f(x) is a strictly 
convex on x € (0, +00). : 


By Jensen’s inequality for a, = a2 =-:-=Q,_, = ‘, and x; € (0,+00),i = 
1,2,...,n, we obtain 
(tet ts) (SA 8) 
In < 
n n 


n 


Inxy + Inxg +--+ +1nx, (He) 
<In 
n 


mn iti en(Steinte), 


n 


Xp +X. + Xn 
n ’ 


VX1X2 +++ Xn S 


which is the well-known inequality AM > GM. 


Example 7.6 Let us consider the function f(x) = x. Since f’(x) = 2 > 0 it fol- 
lows that f is convex on R. Then by Jensen’s inequality 


2 my f (x1) +m f (x2) +--+ +n f (Xn) 
~ my +m2+-+-+mn 


(“ee 
my +m2+++*+My 
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we obtain 


2 
(™ +m2Xx2+--- amen Z myx, +mzx3 + +++ + mnx; 


my + M2 + ++ Mp mM, + Mz ++++ +My 


i.e. 
(xy +mgx2 +--+ + MX)” S (xT + MyXZ +++ FM X_) (My + mz +++ ++ My). 
By taking m; = ae — i fori = 1,2,...,” in the last inequality, we obtain 
(ayb1 + agba + +++ + nbn)” < (aj +43 +--+ + a; (bj +5 +++ + bp), 
which is the well-known Cauchy—Schwarz inequality. 
On this occasion we will present Popoviciu’s inequality, which will be used in the 
same manner as Jensen’s inequality. But we must note that this inequality is stronger 


then Jensen’s inequality, i.e. in some cases this inequality can be a powerful tool for 
proving other inequalities, where Jensen’s inequality does not work. 


Theorem 7.4 (Popoviciu’s inequality) Let f : [a,b] — R be a convex func- 
tion on the interval (a, b]. Then for any x, y,z € [a, b] we have 


(54342), Pe 


3 


Proof Without loss of generality we assume that x < y < z. 
If y < “3% then SO < Ee <7 and SE zc PH cz, 


3 2 3 
Therefore there exist s, ¢ € [0, 1] such that 
OE ef OEE) 6 oti 8) and (7.7) 
2 3 
+Z X+Y+Z 
= = ; )rtea-o, (7.8) 


Summing (7.7) and (7.8) gives 


LEV ee Vm Ze : 
A 


from which we obtain s + t = 3. 
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Because the function f is convex, we have 


(=) iss (; =3**) +(1—s)f@), 


(2) er f(**) +(1-DF@ 


and 


x+y 1 1 
ae a ae ae . 
r( 5 ) <5 f+ 5/0) 
After adding together the last three inequalities we obtain the required inequality. 
The case when ae < y is considered similarly, bearing in mind that x < 
xtz ~ xtytz x+y+z 
2 =" 3 aa 


< 


y+z 
2 


and x < 


Note If f is a concave function on [a,b] then in Popoviciu’s inequality for all 
x,y,z €[a, b] we have the reverse inequality, i.e. we have 


(FS) i. POFFO ELE 


(CPA AE) 


Theorem 7.5 (Generalized Popoviciu’s inequality) Let f : [a,b] > R bea 
convex function on the interval [a,b] and aj, a2,..., a, € [a, b]. Then 


f(ai) + faz) + +--+ fGn) +n(n — 2) f@ 
x — W)C) (2) ee Fn), 


_— ay+ag+::+dn a 1 6 j 
where a = 93 and bi = — we aj for alli. 


Theorem 7.6 (Weighted AMV—GM inequality) Leta; € (0,00),i=1,2,...,n, 
and a; €[0, 1],i=1,2,...,n, be such that a, +a2+---+a,=1. 
Then 


Gas a" < ajay tana. +--+ + andn. (7.9) 
Proof For the function f(x) = —Inx we have f’(x) = —+ and f(x) = oa ie. 


f(x) > 0, for x € (0, 00). 
So due to Theorem 7.1 we conclude that the function f is convex on (0, 00). 
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Let a; € (0, 00),i = 1,2,...,n, anda; € [0, 1],i = 1,2,...,n, be arbitrary real 


numbers such that aj +a@2+---+a, = 1. 
By Jensen’s inequality we deduce 


Sa (Soa = (S01) < Y > aj f (ai) = -~\ a; In aj 
i=l i=1 i=l 


i=1 


as required. 


Note By inequality (7.9) for aj] = a2 =--- =a, = i. 
AM > GM. 


Exercise 7.1 Let a, 6, y be the angles of a triangle. Prove the inequality 


3/3 


sina sinf siny < i 


Solution Since a, B, y € (0, 77) it follows that sina, sin B, siny > 0. 
Therefore since AM > GM we obtain 


3/3 : : sina + sinB + siny 
sina sinf siny < ; 


3 


Since f(x) = sinx is concave on (0, 2), by Jensen’s inequality we deduce 


sina + sin 6B + siny —atBpty v3 
3 < sin 3 =a 


Due to (7.10) and (7.11) we get 


fo V3 oe ae 3/3 
y ones 4 SHG SEL? Sin ys 
Equality occurs iff a = B = y, ie. the triangle is equilateral. 


Exercise 7.2 Let a, b,c € R™. Prove the inequalities: 


(1) 4(a3 +b?) > (a+b); 
(2) 93 +b? +3) > (atb+o). 


& —In(ajay +ara2 +--+ aya) < —a, Ina, — a2 naz —---— ay, nay 
S ayina; +a2lnaz+---+ ay, Ina, < In(ajay + ava2 + --- + andy) 

coe Ina}!a;? ---a?" < In(ajay + aga2 +--+ + andy) 

° ay ay? -+-an" < ajay + ana2 +++ + and, 


we obtain the inequality 


(7.10) 


(7.11) 
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Solution (1) The function f(x) = x? is convex on (0,+00), thus from Jensen’s 
inequality it follows that 


(4 ) Ze ; & Aa +b3)> (+b). 


(2) Similarly as in (1) we deduce that 


& 9(024+b4+c)>atbt+o)’. 


a+b+c a ee 
3 ~ 3 


Exercise 7.3 Let a; > 0,i = 1,2,...,n, be real numbers such that a) +a@2+---+ 
dy = 1. Prove the inequality 


Solution If we take a; = si =1,2,...,n, by the Weighted AM—GM inequality 
we get 


1 1 1 1 1 1 
a at Gn ay + a2+::+-+ —A, =n, 
ay a, An a1 a2 An 
i.e. 
Lesa ey, 2 yen 
n Ld n* 


Exercise 7.4 Find the minimum value of k such that for arbitrary a, b > 0 we have 
Ja+JSb<kVa+b. 


Solution Consider the function f (x) = </x. 

We have f’(x) = 14-3 and f"(x) = 5x73 < 0, for any x € (0, co). Thus 
f (x) is concave on the interval (0, 00). 

By Jensen’s inequality we deduce 


5 f(a) + sfo<s(S) 


Va+vb _ 3/a +b 
2 = 2 


& a+ b= Varo V4. Sa+b. 


Therefore Kmin = /4, and for instance we reach this value for a = b. 
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Exercise 7.5 Let x, y, z > 0 be real numbers. Prove the inequality 


Vee+14yy+liv2e+1s/6G4+y+2). 


Solution Consider the function f(t) = Vt? + 1,t> 0. 
Since f"(t) = J > 0, f is convex on [0, co). 


(V?+1)3 


Therefore by Jensen’s inequality we have 


Ver 41+ /y+14+v2241 (se ee 
3 = 3 , 


Vx?t 1+ /y2+tltv24+1>V/at+ytz)? +9. (7.12) 


From the obvious inequality ((x + y + z) — 3)? > 0 it follows that 
(x+y +z) +9> 6(x+y +2). (7.13) 


By (7.12) and (7.13) we obtain 
VeP+1tVy+ltv24+1e/@t+yt+z?4+9> /6a+y+2). 
Equality occurs if and only ifx = y=z=1. 


Exercise 7.6 Let x, y, z be positive real numbers. Prove the inequality 


xX ae a2 Zz x 
ao es >4( ‘ a ) 
Zz x y X+yY yrz Z+x 


Solution Consider the function f(x) =x + 1. 

Since f’(x) =1— * and f”(x) = 5 > 0 for any x > 0 it follows that f is 
convex on Rt. 

Now by Popoviciu’s inequality we can easily obtain the required inequality. 


Chapter 8 
Trigonometric Substitutions and Their 
Application for Proving Algebraic Inequalities 


Very often, for proving a given algebraic inequality we can use trigonometric sub- 
stitutions that work amazingly well, and can almost always lead the solver to a 
solution. 

Using such substitutions, a given inequality may simplify to the point, where 
the final part of the proof will be only routine, and will need previous results (usu- 
ally Jensen’s inequality and elements of trigonometry). Therefore it is necessary to 
possess a knowledge of trigonometry. 

We will give some basic facts that must be known and which are of benefit when 
Jensen’s inequality is being used. Namely, the function sinx is concave on (0, 7), 
the function cosx is concave on (—7/2, 1/2), hence also on (0, 7/2), tanx is con- 
vex on (0, 7/2), while the function cotx is convex on (0, 7/2). 

Furthermore, without proof (the proofs are “pure” trigonometry, and some of 
them can be found in standard collections of problems in mathematics at secondary 
level) we will give several trigonometric identities relating the angles of a triangle, 
which the reader should certainly know. 


Proposition 8.1 Let a, 8, y be the angles of a given triangle. Then we have 


the following identities: 

Ij: cosa+cosB+cosy = 1 +4sin & -sin§ - sin ¥ 
In: sina + sinB + siny =4cos $ - cos 4 -cos 4 

Iz: sin2a + sin26 + sin2y =4sina -sinB -siny 


I4: sin? « + sin* B + sin* y = 2 + 2cosa - cos B - cosy 


Ir. cin? av 2 B oO) IP sty Ours ee Den 
T,: sin 7 + Sin Zz + Sin 7 +2sin 5 -sin5- sins = 
Is: tan 2 -tan8 +tan§ -tan} +sin4 -sin¢ =1 
Ig: tana + tan 6 + tany = tana - tan - tany 


A a B ee a B ie 
Tj: cot > + cot 5 + cot 5 = cot 5 - cot 5 - cot 5. 
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Proposition 8.2 Let a, 8, y be arbitrary real numbers. Then we have: 


Ig: sina + sinB + siny —sina+6+y)=4sinS is sin 
Io: a hae Me a re tanele ieee, COS se - COS vie 


Now we will give several inequalities concerning the angles of a given triangle, 
which will be used in proving inequalities by using trigonometric substitutions, and 
which are of great importance. The method of introducing certain substitutions and 


knowledge of these inequalities are the essence of this way of proving algebraic 
inequalities. 


Proposition 8.3 Let a, 8, y be the angles of a given triangle. Then we have 
the following inequalities: 


Ni: sina+sin6+siny < Bee No: sina -sinB -siny < 38 

a fey ak ein Bak ein Ze > tin@. dim2 cin! < 
N3: sin> +sin5 + sins <5 Ng: sins: sins: sins <¢ 
Ns: CE Re sy< 3 No: cosa -cos B - cos V<% 

; ¥ < 3v3 5 B v2 BS 
N7: Bae ano ess) Ns: cos $ - ne eo 7 
No: sin*a + sin? 6 + sin* y < <3 No: sin? % + sin? 5 ee, 
Nj1: cos? a + cos? B + cos” >} Ny2: cos? + cos? 8 +cos? ¥ < ? 

iy D) 2 igen Ah 


M3: tan + tan 4 + tan¥ > ce Nia: cot ¥ + cot $ + cot ¥ > 3/3 
N15: cota + cotB +coty > V3. 


Proof N\: The function sinx is concave on the interval (0, 2), thus from Jensen’s 
inequality we obtain 


sina + sin 6 + siny _ fatboy 0 J3 
3 < sin ie = si 


3/3 


© sina+sinB+siny < > 


N2: Since sinx > O for any x € (0, 7) we can apply the inequality AM > GM, 
and we obtain 


: ; . sina + sin 6 + siny 3 yy, V3 4 3/3 
sina-sinf-siny < 3 < ae ear as 


N3: Similarly as in the proof of Ni we have 


sin? + sin5 + sin4 1 
2 2 2 <sin a+Bt+y Be aie 
3 6 6 2 
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or 


_@ , PB . y 3 
sin sin sin < —, 
2 " 2 ci 2 2 
since the function sinx is concave on (0, 7/2). 
Na: Similarly as in proof of Nz and since AM > GM we have 


- a i, B % y 
sin 5 + sin 5 + sin 5 Na 1 


JJsin& sin «sin < <n, 
2, 2 2 3 2 


Ns: Since a+ 6B =z — y it follows that 
cosy = —cos(a + 6B) = —cosacos 6 + sina sin B. 
Thus 
3 — 2(cosa + cos B + cosy) = 3 — 2(cosa + cos B — cosa cos 6 + sina sin B) 
= sin? a + sin? B —2sinasinB + 1 + cos” a 
+ cos” B —2cosa —2cos8 +2cosacos B 

= (sina — sin B)* + (1 -—cosa — cos B)” >0, 

which is equivalent to 
cosa+cosB+cosy < 


No: Since cos(a + 6) = —cosy, we have 


1 
cosa cos Bcosy = 5 (coslee + B)+cos(a — B))cosy 


1 1 cos’ y 
= 7 (cosa — B)—cosy)cosy = 5 cos(a — B)cosy — 5 


<a i cos(a — B)\?  cos?(a — B) 
= 5 (cosy 2 )+ 8 


2(qy — 
Zz cos*(a — B) a es 
= 8 ~ 8 
N7: Since a, B, y € (0, 77) it follows that a/2, 6/2, y/2 € (0, 2/2). 
The function cos x is concave on the interval (0, 7/2). 
Thus by Jensen’s inequality we get 


cos + cos 4 + cos ¥ a+tpt+y x V3 
< cos =cos— = 


3 - 6 6 ae 
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cos — acdsee + cos Y < 3V3 
2; 2 Deo 
Ng: Since a, B, y € (0, 77) it follows that a/2, 8/2, y/2 € (0, 7/2), i.e. 


cosa, cos B, cosy > 0, 


so we can apply AM > GM to conclude that 


B Y 
a cos*#+cos&+cos*% Nz /3 
Joos cos F cos” < 2 7 bes 


from which it follows that 


. . Ss 
2 2 27” 8 
No: By identity [4 and inequality Ng we obtain 
be), ree) ae) 1 9 
sin’ a + sin® 6B + sin® y =2+2cosa-cosB-cosy <2+2.- ras 


No: By I, we have that 


20 .5B .95¥y 51 oe IB oY 
2 sin — - =: ~=1, 
sin 5 + sin 5 + sin ) + 2sin 5 sin 5 sin °) 
Le. 
OE cee a ea gs ee ee 
2, 2 2 2; 2 2 
According to Nq: sin $ - sin : - sin < and the previous identity we obtain 
2 ol 1B = 2° 3 
1 =-,. 
n 5) + sin a sin? - > 8 ri 
N11: We have 


Ne 
cos* a + cos” B + cos” y = 3 — (sin? w + sin’ B + sin? y) S35 <a 


N12: We have 


3. 9 
cos? % cos? E + cosh =3 (sin? $ +s? 5 sin? 2) 3 — lee 


Nj3: Since tanx is convex on the interval (0, 2/2), by Jensen’s inequality we 


deduce 


tan $ * + tan& + tant a+B+y se 
> tan = tan >= 


1 
3 = 6 6 S78. 
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1.e. 


a B Y 
t t t >v3. 
an = +tan > +tan >> V3 


N4: Due to the convexity of cotx on (0, 7/2) by Jensen’s inequality we obtain 


cots + oot + cot 5 Seo OY 5a 


6 


Ms: Firstly we have 


cosa cos6 cosasinf+sinacosf  sin(a+f) 


cota + cot 6B = — : = : : eae : . 
P sina sin sina sin B sing sin B 


(8.1) 


Also 


1>cos(a — 6) =cosacos f + sina sin Bf, (8.2) 


cosy = —cos(a + 8) = —cosacos 6 + sina sin B. (8.3) 


Adding (8.2) and (8.3) gives us 


2sinasinB <1+ cosy 
<& 2sinasinf sin(a + B) < (1+cosy)sin(a + B) 
& 2sinasinfBsiny < (1+ cosy) sin(a + B) 


2 sina sin B siny 2 (1+ cos y) sin(a + B) 
sinasinB(1+cosy) ~~ sinasinB(1+ cosy) 
2siny _ Sina + B) 
l+cosy ~ sinasinB 


(8.4) 
Therefore 


(8.1) sin(a+B) | cosy e® 2siny cosy 


sina sin 8 siny ~ l+cosy — siny 


_ 5 (five eoey a 


cota + cot B + coty 


~ 9 (1+ cosy) siny 
_ 1 3 sin? y + (1+ cosy)” 
~% (1+cosy)siny 


1 2,/3 sin? y(1 + cosy)? 9/3 
> = — 
=5/ (1+ cosy) siny ) 


as required. 
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Proposition 8.4 Let a, 8, y be the angles of an acute triangle. Then 


Nie: tana + tanB + tany > 3/3. 


Proof Since the triangle is acute it follows that a, B, y € (0, 2/2). The function 
J (x) = tanx is convex on (0, 2/2), so by Jensen’s inequality we obtain 


tana + tan B + tany > Stn ST EFY 


=3tan 2 = 3V3. 


Furthermore, we’ll give two theorems that will be the basis for the introduction of 
trigonometric substitutions. 


Theorem 8.1 Leta, 8, y € (0,7). Then a, B and y are the angles of a trian- 
gle if and only if 


a 
tan fie cee sete teen nd 
2 z 2 2 2 D 


Proof Let a, 6, y be the angles of an arbitrary triangle. Then a + 6B + y = 7, i.e. 
y_z_ at+p 
as 


mn) 
Therefore 
1 cot*cot2—1 1—tan% tan 2 
tan = tan( AP) =cor($ +5) = Z 2 = 2 2 
2 2 2 De 2 cot ¢ + cot tan * + tan 4 


S tan & tan +tan 4 tan + tan 5 tan 7 =1. 


Conversely, let us suppose that for some a@, B, y € (0, 7) we have 


B B Y 


t us t +t t id +t z t 
an — tan an — tan an — tan 
2 2 2 2 2 p) 


= (8.5) 


Ifa = 6 =y then 3tan* $ = 1, and since tan 5 > 0 we get tan 5 = Frie.a= p= 


y = 60°, from which it follows thata + B+ y =m, i.e. a, 6 and y are the angles 
of a triangle. 

Without loss of generality let us assume that a 4 B. 

Since 0 <a+ 6 < 27 it follows that there exists y; € (—7r, 7) such thata + B+ 
y=. 

Then by the previous part of this proof we must have 


B 


tan ei tan — + tan B tan ¥ 
2 2 2 


1 a Yl 
tan — tan 
2 > 2 


>=. (8.6) 


8 Trigonometric Substitutions and Their Application 85 


We’ ll show that y = yj, from which it will follow thata + 6+ y =7,1e. a, 6 and 
y are the angles of a triangle. 
If we subtract (8.5) and (8.6) we get 


Y Y1 ‘ 
tan— =tan—, Le. 
2 2 


¥— Yi 


5 =kx, forsomek>0,k €Z. 


But |>"|<4+4<4+4=1, s0 it follows that k = 0, ie. y = yj, and the 


proof is finished. 


Theorem 8.2 Leta, 8, y € (0,7). Then a, B and y are the angles of a trian- 
gle if and only if 
Y a B Y 


sin” 5 +sin? E+ sin? 5) 9 2S UH Oe 


Proof Let a, B, y be the angles of a triangle. Then we have 


se aoe ae ean 
2 2 2 2 
Es pt ae ee 
2 2 2 2 
a+ B a+B _a . B 
= cos cos +2sin — - sin — 
2 2 2, 2 
a+fB a+ Bp a—B a+ B 
= COS cos + cos cos 
2; 2 2 2 
_ 1 
= cos FF boa — 7 p a 5 (cosa: + cos B) 
{=2sin? ® + 1=<ain? 2 
= 2 2 =] sin? > ae, 
2 2 2 
1.e. 
sin? + sin? 4 sin? Y 4 25in sin E «sin % = 1, 
Conversely, let a, 6, y € (0, 7) be such that 
sin? + sin? + sin? Y 4 2sin sin E «sin % = 1, (8.7) 


We’ll show thata+6+y=7. 
Since 0 <a+ 6 < 27 it follows that there exists y; € (—7r, 7) such thata + B + 


Yi=T7. 
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Then clearly 
sin? & 4 sin? £ + sin? +2sin sin. sin 4 = 1, (8.8) 
By subtracting (8.7) and (8.8) we obtain 
(sin ; sin - ) (sin . + sin - + 2sin 5 - sin *) =0. (8.9) 
But 
sin + sin + 2sin 5 sin =sin 5 +sin 5 +0052 F cos FF 
= te a — a We 
a ree 5 saa 
ef a— Bp 
= sin — + cos : 
2 2 


Since 4 € (0, 7/2) and — € (—2/2, 1/2) it follows that 
a—p 


_Yy . Ve 4. cscs VI a , B 
— 0, Le. — —+2sin—- —>0. 
sin 5 + cos > 1.e sin 5 + sin 5 + mS a, > 


From the last inequality and (8.9) we have 


sin” =sin 4 le. y=y 
s 5) 2? ec, 1s 


Thus a+ 8+ y =7, as required. 


Now, based on these two theorems we will give basic cases, how a given algebraic 
inequality can be transformed by trigonometric substitutions. These substitutions, 
with the inequalities of Propositions 8.3 and 8.4 will be a powerful apparatus for 
proving algebraic inequalities. 


8.1 The Most Usual Forms of Trigonometric Substitutions 


Case 1. Let a, 6 and y be the angles of an arbitrary triangle. 
Let A= 75%, B= 758 andC = 3". 
Then A+ B+ C=7; moreover 0 < A, B,C < 7/2, ie. this substitution allows 
us to transfer angles of an arbitrary triangle to angles of an acute triangle. (This is 
especially important when we use Jensen’s inequality, since “Jensen” could not be 
used for the function cos x on the interval (0, 7), but only on the interval (0, 7/2).) 
Observe that we have: 


_ a wk ey 
sin — =cosA, sin — = cos B, sin — =cosC. 
2 2 2 


Note: There are similar identities for the functions cos x, tanx and cotx. 
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Case 2. Let x, y and z be positive real numbers. Then there exist triangle with 
length-sidesa=x+y,b=y+z,c=z+x. 
Clearly (x, y, z) = (s —b,s —c,s — a), where s = arbre =xtytz. 


Case 3. Let a, b, c be positive real numbers such that ab + bc + ca=1. 
Since tanx € (0,00) for x € (0, 2/2), and due to Theorem 8.1 we can use the 
substitutions 


2= tn. pie, pan 
2 2 2 


where a,f and y are the angles of a triangle, i.e. a,8,y € (0,7) and 
a+B+y=nr. 


Case 4. Let a, b, c be positive real numbers such that ab + bc + ca=1. 
Then according to Case 3 and Case I we can use the following substitutions 


a=cota, b=cotB, c=coty, 


where a, 6 and y are the angles of an acute triangle, i.e. a, B, y € (0,/2) and 
a+B+y=nz. 


Case 5. Let a, b and c be positive real numbers such that 


1 1 1 
a+b+c=abc, ie —+—+—=1. 
bce ca ab 
Then according to Case 3 we can take 
1 1 1 
=tan—, ag ene, 
a 2 b 2 c 2 
1.e. et ee pee. b= eer, 
2 2 2 


where a, 6 and y are the angles of an arbitrary triangle. 


Case 6. Let a,b, c be positive real numbers such that a+ b+ c= abc. 
Then according to Case 5 and Case I we can use the following substitutions 


a= tana, b=tanB, c=tany, 


where a, 6 and y are the angles of an acute triangle, i.e. a, 6, y € (0, 7/2) and 
a+Pt+y=maz. 


Case 7. Let a, b, c be positive real numbers such that 
a’ +b? +c? + 2abce=1. 


Note that since the numbers a, b, c are positive we must have a, b,c < 1. Therefore 
due to Theorem 8.2 we can use the substitutions 


. at _ Bb . 
a=sin—, b=sin—, c=sin — 
2 2 
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where a, 6 and y are the angles of an arbitrary triangle, i.e. a, 6, y € (0, 2/2) and 


a+Bt+y=nz. 
Case 8. Let a, b, c be positive real numbers such that 


a’ +b? +c? + 2abe = 1. 
Then according to Case 7 and Case J we can make the following substitutions 
a=cosa, b=cos f, c=cosy, 


where a, 6 and y are the angles of an acute triangle. 


Case 9. Let x, y, z be positive real numbers. 
Then the expressions: 


/ yz / ZX / xy 
(+y)@+z) VV v+204+%) V Z+x)(zZ4+y) 


with the substitutions from Case 2 become 


oe eee ye 
bc ? ca ; ab : 


where a, b, c are the length-sides of a triangle. 
But let us notice that 


a (s — b)(s —c) . Bb (s —c)(s —a) 
in : sin =,/ ; 

2 bc 2 ca 
yy [@—as—b) 
sin= = : 

2 ab 


Therefore for the given expressions we can simply make the substitutions: 


sin 5, sin B, sin (respectively), where a, 6 and y are the angles of a triangle. 


Case 10. Similarly as in Case 9, for the expressions: 


x(x +y+z) y(x+y+z) z(x+y+z) 
(xty(x+z) VY ot0D04x) VY Gtx 4+y)' 


we can make the substitutions cos oe cos B, cos E (respectively), where a, 6 and y 
are the angles of a triangle. 


Now we will give practical applications of this material, through exercises that 
will demonstrate how it works, and how useful is this apparatus, which is based on 
the aforementioned substitutions in certain cases. 
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8.2 Characteristic Examples Using Trigonometric Substitutions 


Exercise 8.1 Let x, y, z > 0 be real numbers. Prove the inequality 


(x+y)(y¥tz2)@Z+x) 
X+y+zZ 


JOD + IETS + ITV 22 


Solution The given inequality is equivalent to 


x(x + y+ 2) ‘ yaxatyt+z) a z(x+y+z) +2 
(x + y)(x +2) (y+z)(y +x) (Z+x)(z+y) 


According to Case 10, it suffices to show that 


a B v 

cos — +cos— +cos ~ > 2, 
2 2 27 

where a, 6 and y are the angles of a triangle, i.e.a, 6B, y € (0,7) anda+B+y=m7. 

Due to Case J, it remains to prove that 


sina+sinf+siny > 2, 


where a, 8 and y are the angles of an acute triangle, i.e. a, 8, y € (0,7/2) and 
at+tBp+ry=n. 

Since a € (0, 2/2] it follows that 0 < sina < 1, ie. sina > sin 
occurs if and only if aw = 7/2. 

Similarly for B, y € (0, 7/2] we conclude that 


>, and equality 


sinB > sin? and sin y= sin? y. 
Thus we have 
sina + sin + siny 
> sin? w + sin’ B+ sin? y 
l1—cos2a 1-—cos2f 
= + 
2 2 


1 
+ sin? y=1- Bicos2a + cos 2B) + sin? y 


1 
=l1- 52 C0s(oe + B)cos(a — B) +1—- cos” y 


= 2 —cos(z — y) cos(a — B) — cos* y =2+ cosy cos(a — B) — cos* y 
=2+cosy(cos(a — 8B) — cosy) = 2+ cos y[cos(a — 6) — cos(x — (a+ B))] 
=2+cosy(cos(a — 8) + cos(a + B)) =2+2cosy cosacos B > 2. 
Exercise 8.2 Let a, b and c be positive real numbers such that a+ b+c = 1. Prove 
the inequality 
a’ +b? +c" +2V/3abe < 1. 
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Solution After taking a= xy, b= yz,c = zx, inequality becomes 
eye + yz te7x2 + W3xyz <i, (8.10) 
where x, y, z are positive real numbers such that 
xy+yztezx=1. (8.11) 
Inequality (8.10) is equivalent to 


(xy + yz + 2x)? + 273xyz < 14+ 2xyz(x + y +z) 


or 
/32e+ y+. (8.12) 
By (8.11) and according to Case 3, we can take 
x=tan 5, y=tanE, z=tant, 


where a, 6, y € (0,7) anda+6+y=nTZ. 
Then inequality (8.12) is equivalent to tan 5 + tan f + tan t > V3, which is N43. 


Exercise 8.3 Let a, b,c € (0, 1) be positive real numbers such that ab + bc + ca = 
1. Prove the inequality 


4, b inf .3(l=e MP ud ae 
l-a® 1-b? 1-c?7~4 ; 


a b c 
Solution Since ab + bc + ca = | and by Case 3, we use the following substitutions 


a=tan—, pate. peta, 
2 2 2 
where a, 6 and y are the angles of a triangle. 
Since a, b,c € (0, 1), it follows that tan i tan e tan y € (0, 1), i.e. it follows that 
a, B and y are the angles of an acute triangle. 
Also we have 


a tan 5 sin 5 - cos 5 sina tana 
l—a? 1—tan?$ cosa 2cosa 2 
Similarly 
b tan B c tany 
— and = i 
1-—b2 2 1-—c? 2 


Therefore the given inequality becomes 


=e = 3 2 2 2 ) 
5 =4 


tana tanp tany 
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or 


1 1 1 
tana tan -+tany > 3( + + ). (8.13) 
tana tanf  tany 


By J¢ we have that tana + tanf + tany = tana -tanf- tany. Thus it suffices to 
show that 


(tana + tan 6 + tan yy > 3(tana tan 6 + tan 6 tany + tan y tana) 
1 
°S 5 (tana _ tan B)* + (tan 6 — tan y)? + (tany — tana)”) > 0. 
We are done. 


Exercise 8.4 Let x, y, z be positive real numbers. Prove the inequality 
z 


x y 
1 
Jee 5/6200) 2 VesDe 


Solution Rewrite the given inequality as follows 


1 1 1 
+ : + < (8.14) 
1+ / Cy ete) 1+ / Grog tet ae 
Since this is homogenous we may take xy + yz+ zx =1. 
Therefore by Case 3, we can take 
ge, pe ee. 
2 2 2 
where a, 6 and y are the angles of a triangle. 
We have 
(x+y)a+z) _ (tan $ + tan ®)(tan * + tan 4) al 
x? tan? 7 sin2 i , 
Similarly 
Y¥togy+x) 1 Z+x)(Z+y) I 
2 =—a9 ond 2 = ane ¥ 
y sin” 5 Zz sin” 5 
Thus inequality (8.14) becomes 
as sin 5 le a: 
1+ sin $ 1+ sin $ 1+sin} 
i.e. 
1 1 1 
(8.15) 


: ae ae ; a 
1+sin$ 1+sin 8 1+ sin 4 
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Since AM > HM we obtain 


1 1 1 9 
me — > . (8.16) 
1+ sin 5 1+ sin 4 1+ sin n¥ 3+sin% +sin4 +sin¥ 


According to N3, we have that sin 5 + sin 4 + sin a < 3. 
Finally, by the previous inequality and (8.16) we obtain 
1 1 1 9 
ee ae =F 2 
1+ sin 5 1+sin 1+sin5 aS 


as required. 


Exercise 8.5 Let a, b,c (a, b,c 4 1) be non-negative real numbers such that ab + 
bc + ca = 1. Prove the inequality 


a " b 4 c . 3v3 
1-—a? 1-—b2 l1-c2 7 2 


Solution Since ab + be + ca = 1 (Case 3) we take: 
a=tan—, jae and ‘ta 
2 2 2 


where a, 6, y € (0, 7) Poe ae 

Using the well-known identity — eae 7 = tana, we get that the given inequality 
is equivalent to tana + tan + tany > ole which is N16. 

Equality occurs if and only if a=b=c =1/¥V3. 


Exercise 8.6 Let a, b,c be positive real numbers. Prove the inequality 
(a* + 2)(b? +2)(c? +2) > 9(ab + be 4c). 


Solution Let a = J/2tana, b= V2 tan B, c= J2tany where a, 8, y € (0, 7/2). 
Then using the well-known identity 1 + tan? x = te iven i i 


8 2 2 2 
=9 + + , 
cos? a - cos? B - cos? y tanatanB tanftany  tany tana 


cosa cos B cos y(cosa@ sin 6 siny + sinacos B siny + sin@ sin B cosy) < - 
(8.17) 
Also since 
cos(a + B + y) =cosacos Bb cos y — cosa sin 6 siny — sinacos B siny 


— sina sin B cosy 
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inequality (8.17) is equivalent to 
4 
cosa cos B cos y (cosa cos B cosy — cos(a+ 6B+y))< 5" (8.18) 
_ atpry 


Since cosq@, cos B, cos y > 0, and since the function cos x is concave on (0, 2/2) 
by the inequality AM > GM and Jensen’s inequality, we obtain 


3 
COS a@ Foose “err eee. 


cosacos Bcosy < ( 
Therefore according to (8.18) we need to prove that 
S] 3 + 
cos @(cos” 0 — cos 30) < 9° (8.19) 


Using the trigonometric identity 
cos 30 = 4cos* 6 — 3cos@, Le. cos? 6 — cos 30 = 3cos@ — 3cos?@ 


inequality (8.19) becomes 


4 
cos* 6(1 — cos” é)< =, 
27 


which follows by the inequality AM > GM: 


3,79 19 


cos?@ cos?é 
2 2 


1 e 6 cos?@ 


3 
d cos?)) < = arg cos?6)) = 5. 


Equality occurs iff tana = tan B = tany = wo Le.iffa=b=c=1. 
Exercise 8.7 Let a, b, c be positive real numbers such that a + b+ c = 1. Prove the 
inequality 

a b abc 3/3 


<1 
page pe pa + 4 


Solution Since a+b-+c = 1 we use the following substitutions a = xy,b = yz,c = 
zx, where x, y, z > 0 and the given inequality becomes 


xy yz xyZ 3/3 
+ + <1+—_, 
xy+(yz)(zx) yz + (zx)(xy) zx + (xy)(yz) 4 


1 1 y 3/3 
<1 8.20 
a a + (8.20) 


1+y2 7 4 
where xy + yz+zx=1. 
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nae xy+yz+zx = | according to Case 3 we may set x = tan 5, y = tan a Z= 
tan 5 where a, 6, y € (0,7), anda+B+y=mz7. 
Tea inequality (8.20) becomes 


1 % 1 a tan 8 2qide 3/3 
1+tan?>  1+tan?$ 1+tan2 $ ~ 4° 
i.e. 
VY ,a@  sinB 2 3/3 
1+ —_. 
COS eee ar 5) <1+ mn 
Using the trigonometric identity cos x = 2 cos” ¥ — | the last inequality becomes 
cos 1 1 i 3/3 
yr cosa + on ve 
2 2 2 4 
i.e. 
3V3 
cosy +cosa+sinB < ey (8.21) 
We have 


cosa +cosy + sinB =cosa+cosy + sin(m — (a+ y)) 


4 cee oe 
= — —— a —— 
ee as 


1 
+ —(V3sina cosy + V3cosasiny) 
V3 


< : eae Se ae 

ae (ps a+ 

~ J/3\4 4 7 
1 

+ ——(3sin? aw + cos* y + cosa + 3 sin’ y) 
2/3 7 . 
J3 J3 


x3. 
=> + cos’ a + sin? a) + > (cos” y +sin’y) 


- 30/3 
=>. 


Chapter 9 
Holder’s Inequality, Minkowski’s Inequality 
and Their Variants 


In this chapter we’ll introduce two very useful inequalities with broad practical us- 
age: Hélder’s inequality and Minkowski’s inequality. We'll also present few variants 
of these inequalities. For that purpose we will firstly introduce the following theo- 
rem. 


Theorem 9.1 (Young’s inequality) Let a,b >0Oand p,q > 1 be real numbers 
such that 1/p+1/q =1. Then ab < = 4F = Equality occurs if and only if 
Gian 


Proof For f(x) = e* we have f’(x) = f"(x) =e* > 0, for any x ER. 
Thus f(x) is convex on (0, 00). 
If we put x = pina and y = q Inb then due to Jensen’s inequality we obtain 


x oy 1 1 
F542) <2 fe 270) 
P 4 P q 


x4y  e  @ 
> em 4S _— + 
Pp q 
In Inb 
S eltatnb < ee as ef 
Pp q 
Ina? Inb? 
e e 
Ss elnab Z +4 
P q 
aP bf 
& ab<—+—. 
q 
Equality occurs iff x = y, i.e. iff a? = b?. 
Z. Cvetkovski, Inequalities, 95 
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Theorem 9.2 (Hélder’s inequality) Let a), a2,..., dn; b1, b2,..., bn be pos- 
itive real numbers and p,q > \ be such that 1/p+1/q=1. 


Then 
il 1 
n n we ff @ q 
Yai &) (3351) 
i=1 = i=l 
Equality occurs if and only if th = =% Sono = re 


Proof 1 By Young’s inequality for 


aj i 


bj . 
a= a a —_————, j= 1,2,...,n, 


(St a?)? (7 b)4 


we obtain 
q 
ajbj 1 4a; 1 2B; (9.1) 


= Tr . 
(al) bya PYG 4 Lin BF 


Adding the inequalities (9.1), fori = 1, 2,...,n, we obtain 


View ah = 1 viet a? + l 1 “ = 1 4 1 —1 
pvt n —— i P D — 
(_a?)a( ba Pina? abe P| 


Le. 
i L 
n n P n q 
P q 
Soa = (Sat) (Soar) 
i=1 i=1 i=1 
Pp a a? 
Obviously equality occurs if and only it = of = =i a pt 


Proof 2 The function f :R* > R, f(x) =x? for p > 1 and p < 0 is strictly con- 
vex, and for 0 < p < 1, f is strictly concave (Example 7.2). 
Let p > 1, then by Jensen’s inequality we obtain 
mix? + moxh +--++myaXxn 
my +m2+-:--+mMy 


’ 


(™ ea mate 
my +m2+-++ +My ~ 


1.e. 


Se) EYE) 


i=1 = 
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1.€. 


p-l 
D 


1 
n n 7 n D 
Semis (Som) " -(Somar) 
i=1 i=1 


i=l 
Since 5 + ; = | we obtain po a ; and the last inequality becomes 
1 1 
n n q n Pp 
Soma <(Som) (Somat) 
i=l i=1 i=l 
By taking m; = bf and x; = aib; 4, fori = 1,2,...,n we obtain 


n n ; n ‘ 
So aibi < (>: i) . (s>-r] ; 
i=1 


i=l i], 


Remark For p = q = 2 by Holder’s inequality we get the Cauchy—Schwarz inequal- 


ity. 
We'll introduce, without proof, two generalizations of Hélder’s inequality. 


Theorem 9.3 (Weighted Hoélder’s inequality) Let aj, a2,...,an; bi, b2,..., 


bn3m1,M2,..., My be three sequences of positive real numbers and p,q > 1 
be such that 1/p+1/q=1. 
Then 


1 


1 
n n pf[n 7 
YS arbim; < De aan, Se ‘ 
i=1 isi j=l 


Theorem 9.4 (Generalized Holder’s inequality) Let ajj,i=1,2,...,m; j= 


1,2,...,n, be positive real numbers, and 01, a2, ..., An be positive real num- 
bers such that a, +a2+-:-+a,=1. 
Then 


A very useful and frequently used form of Hélder’s inequality is given in the next 
corollary. 
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Corollary 9.1 Let a1, a2, a3; bj, b2, b3; c1, c2, c3 be positive real numbers. 
Then we have 


(a} + a3 + a3)(b} +63 + b3)(c} + 3 +c) = (bic + agbocn + a3b303)°. 


Theorem 9.5 (First Minkowski’s inequality) Letaj,a2,...,dn3b1,b2,..., bn 
be positive real numbers and p > 1. Then 


i L A 
(S210.+09") Ge (soar) 
i=l i=l j=l 


Equality occurs if and only if 7 i= =5 =e = 


PB 


Proof For p > 1, we choose g > | such that > + 7 =lieg= pt" 


By Holder’s inequality we have 
n n 
SiG + bj)? = SiG + bi)(ai + bj)?! 
i=l i=l 


n n 
= aila; + bi)? 1 + DY dilai + b;)? 


i=1 i=l 


(8 


(Se) (> (aj voor) 


i=1 


i n $ 
= (e459) ((4"] 
i=1 i=l 


p-l 


-fms0rv)" (Es) +) 
i i=1 i=1 


1 


(3 sory) 


i=1 


sl- 


IL 


9 H6lder’s Inequality, Minkowski’s Inequality and Their Variants 99 


i.e. we obtain 


p-l 1 1 


Suen (Sasi) ((Set)+(Sa)) 
i=1 i=1 i=l i=l 


n 1-F4 n ; n ; 
= (S\@+bi)? <({SoaP) + bP 
i=l i=l i=l 


i i 1 
° (De + m") < (der) + (> it) 
i=l i=1 


i=1 


Equality occurs if and only if ki = = =---= #. (Why?) 


Theorem 9.6 (Second Minkowski’s inequality) Let aj, a2,...,4n;b1,b2,..., Dn 
be positive real numbers and p > 1. Then 


n 1 n ip * n 
(2+) +(S5) ] < ia? +P)? 
j=l 7 —t 


; ‘ ee a 
Equality occurs if and only if ip = = SS 5. 


Proof The function f : Rt > R*, fx) =(+ x")a a #0 for a > 1 isa strictly 
convex and for a < | is a strictly concave (Example 7.4). 
By Jensen’s inequality for p > 1 we obtain 


(v4 (Merten tte 7) 
mM, +M2 +++ Mn 


_m( $xP)V/P + mg(L+ xf)? +--+ tim (1 +x4)!/? 


my +m2+-::+My 


n P n P\ I/p n 
(So) + (Som < Sm? + (mjx;)?)!/?. 
i=l i=l 


i=l 
If we take m; = a; and x; = bi fori = 1,2,...,n, by the last inequality we obtain 


1 


n P n P\ > n 
(E+) +(e) J <dersont 
i=l i=l i=1 
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Theorem 9.7 (Third Minkowski’s inequality) Let a,,a2,...,a, and bi, b2, 
..., Dy be positive real numbers. Then 


8a >» Gn + 9/1 b2 +++ bn < X/ (a1 + 1) (a2 + b2) +++ (Gn + dn). 


a Cy 


Equality occurs if and only if hi-ho me 


Proof The proof is a direct consequence of Jensen’s inequality for the convex func- 
tion f(x) = In(1 + e*) (Example 7.3), with x; = In 2i, i=1,2,...,n. 


Theorem 9.8 (Weighted Minkowski’s inequality) Let a1, a2,..., dn; b1, b2, 
..-,Dn3 M1,M2,...,Mn be three sequences of positive real numbers and 
let p > 1. Then 


1 


ul il il 
(a; + b;)?m; & a?m; sR b?m; ; 
pa) 22) =e) 
ill Ill 


ill 


Equality occurs if and only if i = = SoS fe 
Remark If 0 < p <1 then in Theorem 9.5, Theorem 9.6 and Theorem 9.8 the in- 
equality is reversed. 
Exercise 9.1 Let a, b, c be positive real numbers. Prove the inequality 
3@ +B 40P> V+ +0’), 
Solution By Corollary 9.1 (or simply Hélder’s inequality) we obtain 
@+tP+A@+P+A)l+l+Y)>@ +b? +e°), 


3 +b 4+) > (a? +b? +07). 
Exercise 9.2 Let a, b,c, x,y,z € R*. Prove the inequality 


eo Pp 2 (a+b+c) 
x yz 3(x+y+z)' 


Solution By the generalized Hélder’s inequality (or simply Hoélder’s inequality) we 
have 


a b V3 1 1 
aye U+il+leaty+2? 2erb-e, 


and the conclusion follows. 


9 Holder’s Inequality, Minkowski’s Inequality and Their Variants 101 


Exercise 9.3 Let a, b, c be positive real numbers such that a + b+ c= 1. Prove the 
inequality 


(a? +b4 4 c%) (a? +9 4+. c%)(ao + bo 40%) = (Vat Vb+ Yo. 


Solution By Hélder’s inequality we obtain 


1 atb+ce a+b+c atb+c 
3 3 3 


(a? +b* +023 (a +b? 4 ch)3 (ao + bo +)3 Sa 


Since a+ b+c= 1, the conclusion follows. 
Exercise 9.4 Let a, b,c be positive real numbers. Prove the inequality 
3(a*b + b?c + c2a) (ab? + be? +. ca”) > (ab + be + ca). 
Solution By Hélder’s inequality for the triples: 
(a1,a2,43)= (11,1), (bi, ba, b3) = (ab, Vb?e, Vera), 
(C1, €2,€3) = (oa, Vb, vec) ; 
we obtain the given inequality. 


Exercise 9.5 Let a,b,c € R*™. Prove the inequality 


abc J 1 
(1+a)(a+b)(b+c)(c+ 16) ~ 81° 


Solution By Hélder’s inequality we have 


(+a)at+b)(b+c)(c+16)>(V1-a-b-c+Va-b-c- 16)4 
= 3Vabc)* = 8labe. 
Equality occurs if and only if 4 =5= - = jg be.a=2,b=4,c=8. 


Exercise 9.6 Let x, y, z be positive real numbers such that xy + yz+zx +xyz=4. 
Prove the inequality 


Vx +24 J/yt+24Vz24+2>3V3. 


Solution Let us denote x + 2=a,y+2=b and z+ 2=c. Then the condition 
xy+yz+zx +xyz =4 becomes 


abc =ab+be+ca, 
1 1 1 


~+—-4+-=1. 
a bie 
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By Holder’s inequality we have 


(Jat vb+ VO i+ 542) 2% 
a bc 


: eee Eee 
and since - + , += =1 we get 


(Ja+ Vb + Jc)? > 3°, 


Ja+Vb+ JSe>=3v3, 


as required. 
Exercise 9.7 Let a,b,c be positive real numbers such that abc = 1. Prove the in- 
equality 


b 
a re 4 c = 
JEP He xl tera a/Tha--e 


Solution Let us denote 


a b Cc 
A= + + 
JTEbhe wWKTeeta STG 


and 
B=a(7+b4+eo)+b7+ct+a)t+ce7+at+b). 
By Holder’s inequality we obtain 
A?B>(atb+c)’. 
It remains to prove that 
(atb+cy>B=Tatb+c)+2(ab+be+ca). 
Since AM > GM we deduce that 
at+tb+c>3WVabe =3, 


so it follows that 


7 2 
(@tbtcy >3@+b+ey = s@tb+ey + @tb+ey 


7 
Bg NE Ri) aby Der ca) 


=7T(a+b+c)+2(ab+bc+ca). 
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Exercise 9.8 Let a, b, c be positive real numbers such that a ++ b+ c = 1. Prove the 
inequality 


a b Cc 


+ + >1. 
Jat2b JSb+2e Ve+2a 


Solution Let us denote 


a b Cc 


= + + 
Va2b db+Ie  <é+ 2a 


and 
B=a(a+ 2b) + b(b + 2c) + c(c + 2a) =(atb+cy= 1. 
By Holder’s inequality we have 
APB>(atb+o)t, ie. AX>(atb+c)=1, 
from which it follows that A > 1. 


Equality occurs iffa=b=c= 1/3. 


Exercise 9.9 Let p > | be an arbitrary real number. Prove that for any positive 
integer n we have 


1\? 
V2 beta zn (AF J 


Solution If p = 1 then the given inequality is true, i.e. it becomes equality. 
So let p > 1. 
We take x} = 1, x2 =2,...,X, =n and y) =n, y2=n-—-1,..., y= 1. 
By Minkowski’s inequality we have 


1 I 
(l+tn)?+ +n)? +---+(+n)?)? <201? +2? +.---+n?P)?, 


n(l+n)? <2P(1? +2? +... +n?) 


or 


1\? 
ee oe ) : 


as required. 
Equality occurs iff n = 1. (Why?) 
Exercise 9.10 Let x, y, z be positive real numbers. Prove the inequality 


z 


x y 
+ a = 
x+J/a+y@+2) ytVOtD04+x) z+VJVG+y)Z+X) 
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Solution By Hélder’s inequality for n = 2 and p = q = 2, we obtain 


VEFNE+D = (WH? +)’ (VO? + W/E") 
> JE E+ JF VE= RET VD, 


Nie 


1 1 1 
J@tnata Jstyay Jxo+ J 
So it follows that 


x x = ASR 
FEJ/GSVGLD t/t Qyt/) Jetset 


Similarly 


Z < vy and 
ytVOFIDO+%)” Vat JS/yt+ Vz 
z Zz afzZ 


z+JVqtyZ+x)” Vet Jot Vz 


Adding the last three inequalities yields 


z 


x y 
+ + 
x4+JVatyat+2 ytVOt2ad0+%x) zt+tVe+y)(Z+%) 
e vat v¥tvi_, 


as required. Equality occurs iff x = y = z. 


Exercise 9.11 Let x, y, z > 0 be real numbers. Prove the inequality 


(xtxyty4+yyr+ye¢24Ve4¢a0¢2? 
>3./xy+yz+ zx. 


Solution By Hélder’s inequality we have 


xy bye tx = (x7) Peay) Py)? + C?)!7 G2) 'F@?)"8 


a (22)"/3 (zx) 1342) 3 


1/3 1/3 1/3 


< (x? try + y*)!P(y? + yz t 273 (2 4+ ex +x?) 


(xy +yzt+ zx)? < (x74 xy+ y*)(y? +yz+ 2)(z7 +x +x7). (9.2) 
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Since AM > GM and by (9.2) we obtain 


\ 3 
(Gitta tet {rey te verte) 


3 


> fx? tay ty? yt yet 2ve2 + cx $42 > (xy tye 2x), 


i.e. we have 


(txt +r 4yt24V2 42 $222 3Vay FIFE, 


as required. Equality occurs iff x = y = z. 


Chapter 10 

Generalizations of the Cauchy—Schwarz 
Inequality, Chebishev’s Inequality and the Mean 
Inequalities 


In Chap. 4 we presented the Cauchy—Schwarz inequality, Chebishev’s inequality and 
the mean inequalities. In this section we will give their generalizations. The proof of 
first theorem is left to the reader, since it is similar to the proof of Cauchy—Schwarz 
inequality. 


Theorem 10.1 (Weighted Cauchy—Schwarz inequality) Let a;,b; € R,i = 
1,2,...,n, be real numbers and let m; € R*,i = 1,2,...,n. Then we have 
the inequality 


Equality occurs iff 7 =e i 
Theorem 10.2 Let aj, a2,...,dy, and bj, b2,..., bn be two sequences of non- 
negative real numbers and c; > 0,i = 1,2,...,n, such that a > = > oce 


Gn. by = by Sig ees Dn ai bh ien- 
= and ie ee (the sequences ) and i have the same orien 


tation). Then 


n 
ye Diet Dini bi (10.1) 
mi & ENG 
1.e. 
a\b; arb rae anby S (a) + a2 +--+ +4n)(b) + bo +--+ +bn) 
C1 c2 Oy cr +c2 +++ +en ; 
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Proof In the proof we shall use the following lemma which can be easily proved 
using the principle of mathematical induction. 


Lemma 10.1 Let a), a2,...,d, be non-negative real numbers, and c; > 0, 
1—1,2.....n, such tha ==> 2 >.>. > Then 
cl C2 Cn 


Cpe in Sen 
Gil =P @Paree0 se Ge Ga 


, foranyk=1,2,...,n 


We shall prove inequality (10.1) by mathematical induction. 
For n = 1, we have equality in (10.1). 
For n = 2 we need to prove that 
aby 4 azb2 : (a1 + a2)(b1 + b2) 
Cl c2 ci +c2 


’ 


which is equivalent to (a}c2 — a2c1)(b1.c2 — b2c1) = 0. 


The last inequality holds since we have a >® and as 2, 

c2 cl c2 
Let us assume that for non-negative Pei numbers aj, d2,...,a%3b1, b2,..., bx 
and c; > 0,i = 1,2,...,k, such that 2 > @ >... > “ and 2 = 2 ep 
cl c2 Ck C2 Ck 


inequality (10.1) holds for n = k, i.e. 


a,b azb ab, aytagt:---+ta)(bh t+bo+---+b 
ed (a) + a2 K) (bi + be a) 


(10.2) 
Cl c2 Ck Cy Fest h Ck 


For n = k + 1, for non-negative real numbers a1, a2,..., @%413 01, b2,..., be41 and 
cj > 0,i=1,2,...,k+ 1 such that 


a a a b b 
ee ean eee eit and ea ee ae 
cy 2 Ck+1 cy 2 Ck+1 
we have 
ab, arb abe ani DK+1 
+ ee ee en 
Cl c2 Ck Ck+1 
ao (aj +a2+-+-+axz)(b} + bo +--+ dx) 4 +141 
~ C1 Peg ee ey Ck+1 


eure tag + api )(b1 + bo +--: + Bet) 
Cy C2 +t 1 Ce+I 


where the last inequality is true according to the case n = 2 and Lemma 10.1. 


Remark 10.1 Tf the sequences (% ) and (2 = have opposite orientation then in The- 


, < Lis 14: oe 15 
~ Die 1c 


orem 10.1 we have the reverse een ie., we have )7"_ 
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Remark 10.2 For a, > a2 >-++ >a, >0,b, > bo >--->b, >Oand0<c) <a < 
-++<c, the required condition from Theorem 10.2 is satisfied, so we also have that 


Gilt > Dein 4 * par Di 
Ci wievet , 


n 


i=l 


If in Theorem 10.2 we put a; = c;x;, bj = ci yj and m; = pols 1,2,...,n, 
i=] “! 


then clearly }~"_, m; = 1 and the following theorem is obtained: 


Theorem 10.3 (Weighted Chebishev’s inequality) Let ay < az <-:: <a; 


by < bz <--- < by be real numbers and let m,, m2, ..., myn be non-negative 
real numbers such that m, +m2+---+m,=1. 
Then 


(Ysa) (sm: = So ajbimi. 
—" Zl i=1 


Equality occurs iff a, = a2 =--:= dy, orb) = bp =--:=)y. 


Note If in the above Theorem 10.1 (Theorem 10.3) we choose my = m2 =--- = 
My (Mm, =mM2=-:-=My,= 1), we get the Cauchy—Schwarz inequality, and Chebi- 
shev’s inequality, respectively. 


Exercise 10.1 Let a1, a2, ..., a, be the lengths of the sides of a given n-gon (n > 3) 
and let s =a, +a2+---+ dy. Prove the inequality 


a, a2 a n 
n > 


v—0n, Soe a 


Solution Without loss of generality we may assume that a) > a2 >--- > a,. Then 
clearly 0 < s — 2a, <s —2a2 <---<s —2ay. 
According to Theorem 10.2 we obtain 


ay a2 An ay-1 aa-1 ay,-1 


04) 5-06 0° " ¢=oa, s—2a, s—2a) oO 
(aj +a2+---+4,)n 
~ ns — 2(a, + a2 +---+an) 
ns n 
sm—2) n—2 


Exercise 10.2 Let M be the centroid of the triangle A BC, and let k be its circum- 
scribed circle. Lett MANk = {A,}, MBNk={B,} and MC Nk = {Cj}. Prove the 
inequality 


MA+MB+MC<MA,4+MB,+MC\. 
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Solution Denote BC =a, AC =b and AB =c. Let A’, B’ and C’ be the midpoints 
of the sides BC, AC and AB, respectively. 

Without loss of generality we may assume that a < b < c, and then we may easily 
conclude that MC < MB < MA. 

Also by the power of a point we have 3MA -A’A1 = za? from which it follows 
that 


pareeeo az 2 1 1 aa 
A Ai =— =, ie. MA; =—-MA+A’A, = -MA+—. 
6MA 2 2 6MA 


Analogously we obtain 


ee eee ee 
MB,;=-=-MB+— ——* 
2 6MB 2 6MC 


So it suffices to prove the inequality 


ai 2 a 
+ + >MA+MB+MC. 
3MA 3MB 3MC 


According to Theorem 10.2 we have 


a? n b? ‘ eel. Bad Coad 3(a? + b* +c?) 
3MA 3MB 3MC 3MA 3MB 3MC” 3(MA+MB+MC) 


— @ +h 422 _ 3A" + MB’ + MC’) 
~ MA+MB+MC 7 MA+MB+MC 
>MA+MB+MC, 


as required. 


Before introducing the power mean inequality we'll give following definition. 


Definition 10.1 Let a = (aj, a2, ..., a,) be a sequence of positive real num- 
bers and r 4 0 be real number. Then the power mean M,(a), of order r, is 


defined as follows: M,(a) = (GOED 


For r = 1,r = 2,r = —1 we get M,(a), Mo(a), M_\(a), which represent the 
arithmetic, quadratic and harmonic means of the numbers a), a2,..., Gy, respec- 
tively. 

If r tends to 0 then it may be shown that M,(a) tends to the geometric mean of 
the numbers a1, a2, ..., Gn, 1.e. Mo(a) = 2/ajaz- ++ an. 

Also if r — —co then M,(a) — min{aj,a2,...,d,}, and if r — oo then 
M,(a) > max{aj, a2,..., dy}. 
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Theorem 10.4 (Power mean inequality) Let a = (aj,a2,...,dn) be a se- 
quence of positive real numbers and r 4 0 be real number. Then M,(a) < 
Ms (a), for any real numbers r <s. 


Exercise 10.3 Let a, b, c be positive real numbers. Prove the inequality 
@+b 40°) <3@ +b +c). 
Solution By the power mean inequality we have that 


M2(a, b,c) < M3(a, b,c) 


ees ees 
3 a 3 


& @407 47°) <3e +h 40). 


Definition 10.2 Let m = (m,,mz2,...,my) be a sequence of non-negative 
real numbers such that m, +m. +---+m, = 1. Then the weighted power 
mean M?" (a), of order r (r #0), for the sequence a = (a), a2,..., ay) is 


defined as M7" (a) = (ajm, + a,m2+---+ al mn)? 


Example 10.1 If mj =m 2 =--- =m, = + then M(x) = M,(x). 


,m3 = é: then 


ios) 


Example 10.2 Ifn=3,r=4; m= 5.2 = 


1 
1 1 1 4 
Mpyd=(Sattiotes.) : 


Theorem 10.5 (Weighted power mean inequality) Let a = (a1, a2,...,4n) 
be a sequence of positive real numbers, and let m = (m1, m2,..., Mn) also be 
a sequence of positive real numbers such that m, +m2+-:--+m,=1. 
Then for each r < s we have 


M;" (a) < M{"(a), 
1.é. 


i L 
(mya, + ma, +-+-++mnpa))r < (maj +ma,+---+mpa,)s. 
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Proof We shall use the fact that the power function f(x) = x% is convex for a > 1 
or a <0, and it is concave for 0 <a < 1. 

First we prove the inequality in the case r < s where both s and r are different 
from 0. 

Three sub-cases may to be considered: 1° 0 <r <s,2°r<O<s and 3°r< 
s <0. 

1°0<r<s. Since = > 1 we conclude that f(x) = xr is convex, so according 
to Jensen’s inequality: 


f (my xy + imax. +++ + mnXxn) < m4 f (x1) + m2 f (x2) +++» +n f (Xn), 


where m,; +m2+---+m,y,=1 we have 


(my xy +mpx2 +++ +p Xn)!” < mx)!" Se mx5!" pees mya!” 


For x; = a, i=1,2,...,n, from the last inequality we obtain 


(ma, + ma, +-++++ myarys!" <myaj +m2a,+---+mna,, 
Le. 


l/r 


(mah + mah +++» +myaty'/” < (mal +myzas +++» +myasy'’, 


so inequality holds in this case. 

2° r <0 <s. Then since . < 0 we have that f(x) = x? is a convex function. 
The rest of the proof in this case is the same as in case 1°. 

3°r <s <0. Then since 0 < = < 1 we have that f(x) = xr isaconcave function 
and according to Jensen’s inequality for concave functions we obtain 


(myx1 +mzx2 +++ + mpXn)*!" = my xy!” + mx)!" tee bimy xy!” 


For x; = a, i=1,2,...,n, from the last inequality we obtain 
(mai +mga5 +--+ +mpa’)’/" > mya, + ma, +--+: +mna,, 
and since r < s < 0 we obtain 


l/r 


(mal + moa) +--+ +mpa’y!!” < (maf + mas +--+ +mpas)'’s, 


The cases when some values of s and r equal 0 are covered by the fact that the 
function t > M/” (a) is a continuous function. 


Exercise 10.4 Let a,b,c € R*. Prove the inequality 


(a + 2b + 3c)? 
a2 +2b2+4+3c2 ~~ 
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,n3 = 2, n = 3 by the inequality 


AN 


Solution For m, = é m= 
My (a, b,c) < Mj'(a, b,c), 


which is true due to the weighted power mean inequality, we obtain 


a+2b+3c a2 4+2b2+3c2 (a + 2b + 3c)? 
< , Le. —~——~——_~ <6. 
6 6 a2 + 2b? + 3c? 


Exercise 10.5 Let a, b,c be positive real numbers such that a + b+ c = 6. Prove 
the inequality 


Jab + bc + JSbe+ca+ JSca + ab <6. 


Solution By the power mean inequality we have 


Jab + bet+ Vbe+ca + x/ca + ab a) 
3 - 3 ; 


Jab +be+ JSbe+ca+ J ca + ab < J/18(ab + be + ca). (10.3) 


Since ab + bc + ca < aenee? = 12 by (10.3) we obtain 


Jab + be + J/be+ca+JSca+ab < V18- 12=6. 
Equality occurs if and only ifa =b=c=2. 


Exercise 10.6 Let a, b, c be positive real numbers such that a* + b? +c? = 3. Prove 
the inequality 


Vaetbe+Vb2 +cat Ve +ab <3V2. 


Solution By the power mean inequality and the well-known inequality ab + bc + 
ca <a? +b* +c? we have 


Vaz +be+ Vb? +ca+Ve2+ab < J9(a2+b2 +02 +ab+be+ca) 


< 18(a2 +b? +.c2) = 18-3 = 3/2. 
Equality occurs if and only ifa=b=c=1. 


Exercise 10.7 Let a, b, c be positive real numbers such that a* +b? +c? =3. Prove 
the inequality 


V5a2 + 4(b +c) +34 V/5b?2+4(c +a) +34 V5c2 +4(a +b) +3 <6. 
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Solution By the power mean inequality we have 


V5a2 +4(b +0) +34 V5b2 + 4(c +a) +34 V5e2+4(a +b) +3 


< [27 (5(a2 +b? + 02) + 8(a +b +0) +9). 


Since a* + b? +c? =3 we havea+b+c < /3(a2 +b? +c) =3 and therefore 


V5a2 +. 4(b +0) +34 V5b? + 4(c +a) +34 V5c2 +4(a +b) +3 


< 275-3 +8-3+9) =6. 
Equality occurs if and only ifa =b=c=1. 
Exercise 10.8 Let x, y, z be non-negative real numbers. Prove the inequality 
83 + yh +27)? = O(n? + yey? +.xz)(2? +2y). 


Solution If one of the numbers x, y,z is zero, let us say z = 0, then the above 
inequality is equivalent to 


8x? + y7)? = Oxy? or S@°+ 94 7e y= 0, 
which clearly holds. 


Equality occurs iff x = y =0. 
So let us assume that x, y, z > 0. 


Then 
De 22 2 2 2 
+2 2x + y +Z 
eyz<x24> = Z ‘ 
2 2 
Similarly 
Dy? 4 x2 4 72 972 4 x2 4 y2 
ee ES a : and py ee Ee, 5 a 
Hence 


9(x? + yz) (y? + xz)(z" + xy) 


9 
< gow + y? + 22)(2y? +x? + 22)(227 + x7 + y’) 


<o(e rer eee ere 
=28 3 
9424x423 _ 9-8 (Pr +y4+2\3 
“Se 3 ~ 8 3 ; 


(10.4) 
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By the power mean inequality we have 


ae oy oes 
3 7 3 , 


2. 124 .2\3 3) 3 3X2 
(: y+) <(° arte)" (10.5) 


Finally, by (10.4) and (10.5) it follows that 


9.43 xe 24 72 3 
9(x? + ye)(y? + x2)(e? + xy) SS ( 5 ) 


~ 8 3 


2 
) = 80? ty +27). 
Exercise 10.9 Let a, b, c be positive real numbers. Prove the inequality 


b+c 
a’ b°c4 a (teeey" + . 


Solution By the weighted power mean inequality we have 


; P 2 
(a? b¢c*) aoe agrun . barbre -cathtc < Be eaenuG < Caos 
~ a+tb+c ~— 3(a+b+c) 


_at+b+e 
= 5 ? 


Exercise 10.10 Let a,b,c be the lengths of the sides of a triangle. Prove the in- 
equality 


(at+b—c)*(b+c—a)’(c+a—b) <a’. 


Solution By the weighted power mean inequality we have 


pod (Oba e (bea ay’ (etasny 
a b Cc 


1 a+b—-c b+c-a cta-—b 
a: +b- +c: =1; 


< 
~atb+c a b Cc 


(at+b—c)*(b+c—a)’(c+a—b) < ath’. 


Equality occurs iffa =b=c. 
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Exercise 10.11 Let a,b ¢ Rt andn €N. Prove the inequality 
(a + b)"(a" +b”) < ae + b*"), 


Solution By the power mean inequality, for any x, y € Rt ,n €N, we have 


x+y irre Ae 
2 ~ 2, , 


Therefore 
b n 
(a+by"(a" +b") =2" () (a +b") 


n n n ny2 
<2(* = Jor ton =r — 


2(a2" ae b2") 


<2" 
a 


=— Daa al + Bo 


Exercise 10.12 Let a,b,c ¢ R*™,n €N. Prove the inequality 


n n n 
at eorect> (2%) +(*) +(S*). 


Solution By the power mean inequality for any a,b,c € Rt andn €N, we have 


a® +b" +c" S eee 
3 z 3 : 


So it follows that 


a” +b" +b" > (ey -(4) 
3 = 3 7 


Similarly we obtain 


be +c"+c" b+2c\" c" +a" +a" c+2a\" 
> and > . 
3 < 3 3 ~ 3 


After adding these we get the required inequality. 


Chapter 11 
Newton’s Inequality, Maclaurin’s Inequality 


Let a}, a2, ..., @, be arbitrary real numbers. 
Consider the polynomial 


P(x) = (x +.41)(% +a2)> ++ (x +aq) = cox” + 1x"! +--+ + cp_1x + en. 


Then the coefficients cg, c1,..., C, can be expressed as functions of a), a2,..., 
i.e. we have 
co= 1, 
cy =a, +ag+---+ay, 
C2 = a1 a2 + 4143 +--+ + an-1dy, 
C3 = a1a2a3 + a\a2a4 + +++ + An—24n—-14n, 
Cn = 41 d2°*+ dp. 
For each k = 1,2,..., we define py, = a) = BOD oy. 
: ] 
Theorem 11.1 (Newton’s inequality) Let aj, a2, ..., dy, > 0 be arbitrary real 
numbers. Then for each k = 1,2,...,n — 1, we have 
it 
Pk-1Pk+1 & Px: 
Equality occurs if and only if a, = a2 =--: =p. 
Proof By induction. 
Z. Cvetkovski, Inequalities, 
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Example 11.1 For n = 3 we have 


Cl C3 roe C1C3 ce 
Pips<p; > 00- ey od eg 
& 3c103< c. 
i.e. 
3abc(a +b +c) < (ab+ac+hbc)’. 
Equality occurs iffa=b=c. 
Theorem 11.2 (Maclaurin’s inequality) Let a,,a2,..., a, > 0. Then 


Equality occurs if and only if aj = a2 =--- =p. 


Proof By Newton’s inequality. 


Exercise 11.1 Let a,b,c,d > 0 be real numbers. Let u =ab+ac+ad+bce+ 
bd + cd and v = abc + abd + acd + bcd. Prove the inequality 


2u3 > 27v?. 


Solution We have p2 = 4, = & and p3 = 4 = 


ee 50, 
G) G) 4 
By Maclaurin’s inequality we have 
1 1 Ne ae 
P32=P3 SO PR=P3 (z) > (3) & wu? > 27’. 
Equality occurs iffa =b=c=d. 


Exercise 11.2 Let a, b, c,d > 0 be real numbers. Prove the inequality 


Ee ggleg Meg Te ay deadly Mad 
ab ac ad be bd cd})~ 8\a b c dj) 
Solution If we multiply both sides by (abcd)* the above inequality becomes 


3 
abcd(cd + bd + bc +ad+ac-+ab) < gee +acd+abd+ abc)* 
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—— ee 3 (tet tacdsabd +abey’ 


& abcd 
— ( 6 4 
&  paspr < D3. 


The last inequality is true, due to Newton’s inequality. 
Equality occurs iffa=b=c=d. 


Chapter 12 
Schur’s Inequality, Muirhead’s Inequality 
and Karamata’s Inequality 


In this chapter we will present three very important theorems, which have broad 
usage in solving symmetric inequalities. In that way we’ll start with following defi- 


nition. 
Definition 12.1 Let x1, x2, ..., x, be a sequence of positive real numbers and 
let @1,@2,...,@, be arbitrary real numbers. 
Wetus denote F(r1,02,.4..4n =a) 9%, 6 oan and by Pley.d7, 26] 
we'll denote the sum of all possible products F (x1, x2,..., Xn), over all per- 
mutations of a, @2,..., Qn. 


Example 12.1 


T(1,0,...,0]=(n—1)!- (ay 4x2 +--+ +x), 
T[1, 2] =x2y +xy?, 


[ 
T (4, @)<:.50) = ming xy +*XR: 
T[1, 2, 1] =2x*yz+2y?xz+22’yx, — T[3, 0,0) = 200? + y? +27), 
T[2, 1, 0] =x*y +2724 ee + yetex +27y. 


Theorem 12.1 (Schur’s inequality) Let a € R and B > 0. Then we have 
T[a + 26,0, 0] + Tla, B, B] = 2T[a + B, B, 0}. 


Proof Let (x, y, z) be the sequence of variables. 
By Definition 12.1, and with elementary algebraic transformations we have 


ST [a +26,0,0]+ 57 [a,6.6]-Tla +B. 8,0] 


= x% (xP — yP)(rP — 2P) + y®(yB — xB yy — 28) + 2% (2P — xP) (28 — y). 


Z. Cvetkovski, Inequalities, 
DOI 10.1007/978-3-642-23792-8_12, © Springer-Verlag Berlin Heidelberg 2012 
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Thus the given inequality is equivalent to 
HEP — PP = 2 Ph ah yh eta? xP ich yO. 


Without loss of generality we may assume that x > y > z. 
Then clearly only the second term can be negative. 
If w > O then we have 


x7 (cP = yP (xP = oP) > 2% xP — yP (yy? = 2?) 
> y% (xP — yB)(yP — 28) 
= —y%(yP — x8)(yF — 2P), 


x (xP — yP (xP — 2) + y*(yF — xP )(y? — 2) > 0, 


and since z%(z? — x)(zb — yb ) = 0 we get the required result. 
Similarly we consider the case when a < 0. 


Let us notice that for 8 = 1 we get a special form of Schur’s inequality, which is 
very useful. Therefore we have the next theorem. 


Theorem 12.2 Let x, y, z => 0 be real numbers and let t € R. Then we have 


x'(x — yx —z)+y'(y—x)(y — 2) +2) (2 —x)(z— y) = 0, 


with equality if and only if x = y = z or x = y,z =0 (up to permutation). 


Proof Without loss of generality let us assume that x > y > z. 
Suppose that ¢ > 0. 
Then we have 


(z—x)\(z—y)=0, ie. 2(z—x)(z—y)=0 (12.1) 


and 


xi(x—2—y(y—g =! yt 4 x! — y') > 0 


“a-yw@-at+yQ-xyoy-2=0. (12.2) 
By (12.1) and (12.2) clearly we have 
rO=YeH=n+y =o =—2e2 k= ne =p eu. 
Let t < 0. Then we have 


(x-—y)\a%—z)>0 ie. x'(x—y)(x-—z)>0 (12.3) 
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and 


Z(x—z)-y'@-y=zZ@—y)—-y@—y)=(2' —y')(e— y) = 0, 


yY-xQy-gt2(e—x)@—y)=0. (12.4) 
By adding (12.3) and (12.4) we get 


w(x-y)x-z+y(¥—x)y-Dt2(z—x)(z—y) = 0. 


Equality occurs if and only if x = y = z or x = y, z= 0 (up to permutation). 


Corollary 12.1 Let x, y, z anda, b,c be positive real numbers such that a > 
b>cora<b<c. Then we have 


a(x —y)\(x-z)+bdy—-x)\(y-z) +eZ-x)eZ-y)= 0. 


Proof Similar to the proof of Theorem 12.1. 


Example 12.2 If we take a = B = | in Schur’s inequality we get 


T[3, 0,0] + 7[1, 1, 1] => 27[2, 1, 0], 


2(x3 + y + z>) + 6xyz > 2(x7y +x z+ yx + yz 4egxy zy), 


Pty tt3xyzexytxrzetyxtyztextzy. 


Note that this inequality is a direct consequence of Surdnyi’s inequality for n = 3. 


Corollary 12.2 Let x, y,z > 0. Then 3xyz+ x3 4+ y? 4+ 23 > 2((xy)3/? + 
Gz) ean) 2), 
Proof By Schur’s inequality and AM > GM we obtain 


xt yi 4234 3xyz> (x2y + y2x) + (z2y + y*z) + (x7z + 27x) 
> (xy)? + (yz)3/? + (zx)?””). 
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Corollary 12.3 Let k € (0, 3]. Then for any a, b,c € R*™ we have 


(3 —k) + k(abe)/* +a? +b* +c? > 2(ab + be + ca). 


Proof After setting x = a?/?, y = b?/3, z =c?/3, the given inequality becomes 
(3 —k) +k(xyz)/F +03 +? +23 > 2(xyy?? + (yz)? + (ex)*”), 
and due to Corollary 12.1, it suffices to show that 
(3—k)+ k(xyz)?/* > 3xyz. 
By the weighted power mean inequality we have 


3—k k ; 
Et gaya lf > 1S PR Gayzyl NEP = xyz, 


(3 —k) +k(xyz)*/* > 3xyz, 


as required. 


Definition 12.2 We’ll say that the sequence (6;)/_, is majorized by (a;)/'_,, 
denoted (;) < (a;), if we can rearrange the terms of the sequences (a; ) and 
(6;) in such a way as to satisfy the following conditions: 

(1) Bi + Bo +--- + Bp =o1 +02+--- +0 

(2) Bi = Bo=---= Bn anda, > 02 >---> Ay 

(3) Bi + Bo+---+ Bs <a; +a2+---+as forany 1<s <n. 


Without proofs we’ll give the following two very important theorems. 


Theorem 12.3 (Muirhead’s theorem) Let x1, x2,...,%n be a sequence of 
non-negative real numbers and let (a;) and (B;) be sequences of positive real 
numbers such that (B;) < (a;). Then 


T [Bi] < T[a;). 


Equality occurs iff (aj) = (6;) or x1 = x2 =---=Xp. 
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Example 12.3 Let (x, y, z) be the sequence of variables. 
Consider the sequences (2, 2, 1), (3, 1, 1). Then clearly (2, 2, 1) ~ (3, 1, 1). 
So by Muirhead’s theorem we obtain 


T[2, 2,1] < TB, 1, 1], 


1.€. 
2(x? yz +x727y + y°z?x) < 2(xP yz + yrex t+ cy), 
ie. 
xyz =p x2zy ob y?z7x = xyz a y>zx =F zyx, 
ie. 
xytyztex<x?ty?42’, 
which clearly holds. 


Theorem 12.4 (Karamata’s inequality) Let f : 1 > R be a convex func- 
tion on the interval I C R and let (a;)i_,, (bi);_,, where a,b; € 1,i = 
1,2,...,n, are two sequences, such that (aj) > (bj). Then 


FIVE GD) ee Fe eee pata WO) ste een) 


Remark If f : I — R is strictly convex on the interval J C R, and (a;) 4 (b;) are 
such that (a;) > (b;) then in Karamata’s inequality we have strict inequality, i.e. 


f(a) + f(a2)+-->+ flan) > f(b1) + f(b2) +++ + fbn). 


Also if f : I > R is concave (strictly concave) in Karamata’s inequality we have 
the reverse inequalities. 


Exercise 12.1 Leta, b, c be the lengths of the sides of a triangle. Prove the inequal- 
ity 
a(s —a)+ b>(s —b)+ ls —c) <abes. 


Solution The given inequality is equivalent to 
a’(a—b)(a—c) +b°(b—c)(b—a) +7? (c —a)(c —b) = 0, 
which clearly holds by Schur’s inequality. 


Exercise 12.2 Let a, b, c be positive real numbers. Prove the inequality 


a? b? c? ike ot 
27+ (2+ — }(2+—})(2+— ]=6+b+c)(-+—-+- }. 
be ca ab a boc 
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Solution The given inequality is equivalent to 


2abc(a? +b? +c? + 3abe a’b—ar’c—b’a—b’c—c?a c’b) 


+ (2b) + be + bat + 3a°b?c? — absc? — ab’c3 — a*b'c? — atb'c*) = 0, 


which is true due to Schur’s inequality, for variables a, b, c and ab, bc, ca. 


Exercise 12.3 Let a, b, c be positive real numbers. Prove the inequality 


a b Cc a? +be b? +ca c* +ab 
+ + = + + ; 
b+ce cta atb~” (a+b)(at+c) (b+a\(b+c) (c+a)(c+b) 


Solution The given inequality is equivalent to 


a> +b>+c3 + 3abc — ab(a +b) — bc(b +c) — ca(c +a) ~ 
(a+b)(b+c)(c+a) — 


a(a— b)(a—c)+ b(b—a)(b—c)+c(c—a)(c— b) = 0, 
which is Schur’s inequality. 
Exercise 12.4 Let a, b, c be non-negative real numbers. Prove the inequality 


a b c 1 
= 
4b? + be + 4c? ate ca hee + 4a? ab 44h ~atb+e 


Solution By the Cauchy—Schwarz inequality we have 


a b c 
+ + 
4b? + bco+4c2 4c2+ca+4a* 4a +ab+4b? 
(a+b+c) 


> ; 
~ 4a(b2 + c2) + 4b(c? + a?) + 4c(a2 + b?) + 3abe 


So we need to prove that 


(atb+c)* e 1 
4a(b2 + c?) + 4b(c? +. a”) + 4c(a2 +b?) + 3abe ~ atbt+ec’ 


which is equivalent to 


(at+b+c)> > 4a(b* + c*) + 4b(c? +a”) + 4c(a? + b*) + 3abc, 


a+b +c? + 3abe > a(b? +c”) + b(c? +a’) + c(a* +b’), 


which is Schur’s inequality. 
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Exercise 12.5 Let a, b, c be positive real numbers. Prove the inequality 
a’ +b? +7 + 2abc +1 > 2(ab + be +ac). 


Solution By Schur’s inequality we deduce 


9abc 


( c c) ( c ) = l Cc 
So it remains to pro C that 


9abc 


——  <2abc +. 
a+b+c 


Since AM > GM we have 
2abe + 1=abce +abc +1 > 3y (abc). 


Therefore we only need to prove that 3./ (abc)? > ape which is equivalent to 
a+b+c>3/abc, and clearly holds. 


Exercise 12.6 Let a, b, c be positive real numbers. Prove the inequality 


a*+be b? +ca c+ab 3 
(b+c)? (c+a)® (a+b)? ~2 


Solution To begin we’ll show that 


a*+be b* +a tab | a b é 


: 12.5 
Gime Gea Gabe bau pea aa ( ) 


We have 
a* +be a _ (a@—b)@-—c). 
(b+c)? b+te  (b+c)? ’ 


similarly we get 


b? +ca b _ (b—c)(b—a) and c* +ab c _ (c—a)(c—b) 
(c+ta)2? cta  (c+a) (a+b? a+b (a+b) 
Let 
1 1 F 1 
x= >; = —— __ an = ——<—,.. 
oeee © Bea 7 (atby 


Then we can rewrite inequality (12.5) as follows 


x(a— b)(a—c)+ y(b—c)(b—a)+z(c—a)(c—b) = 0. (12.6) 
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Without loss of generality we may assume that a > b > c from which it follows 


that x > y > z, and now inequality (12.6) i.e. inequality (12.5), will follow due to 
Corollary 12.1 from Schur’s inequality. Equality occurs iffa=b=c. 


Exercise 12.7 Let a, b,c € R™. Prove the inequality 
(a* +. 2)(b? + 2)(c? + 2) > 9(ab +ac + be). 
Solution The given inequality is equivalent to 
8+ (abc)* + 2(a*b* + b?c* +.c2a7) + 4(a? +b? +c?) = ab +ac+bce). (12.7) 
From the obvious inequality 
(ab — 1)? + (be — 1)* + (ca — 1)? = 0 
we deduce that 
6 + 2(a*b? + bc? +. ca?) > 4(ab +.ac + bc) (12.8) 
and clearly 
3(a* + b* + c*) > 3(ab +-ac + be). (12.9) 
For k = 1 by Corollary 12.2, we obtain 
2+ (abc) +a? +b* +c? > 2(ab +ac + be). (12.10) 
By adding (12.8), (12.9) and (12.10) we obtain inequality (12.7), as required. 
Exercise 12.8 Let a,b,c € R*. Prove the inequality 
at +b4+4+ct>abc(atb+o). 
Solution We have 
a+ +b+4+ct>abc(at+b+c) 
& at+bt+ct > a’be + b?ac + cab 


714,0,0] | 712.1, 
2 ~ 2 / 


T[4, 0,0] = T[2, 1, U, 


which is true according to Muirhead’s theorem. 
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Exercise 12.9 Let a, b, c be positive real numbers. Prove the inequality 


1 1 1 1 
+ + < : 
ae+b+abe B+AG+abe G+ae+abce~ abc 


Solution After multiplying both sides by 
abc(a? +b 4 abc) (b° bgt A abc)(c? dige abc), 


above inequality becomes 


3 1 1 
ak: 4,1]+27[5,2,2]+ ill, 1,1)+ 5! [3 3, 3] 


1 3 1 
< 5F[3, 3,3] + T[6, 3,0] + 5 Tlt.4 1}+ ail. 1,1]4+ 715, 2, 2], 


T[5, 2, 2] < T[6, 3, 0], 


which is true according to Muirhead’s theorem. 
Equality occurs iffa=b=c. 


Exercise 12.10 Let a, b, c be positive real numbers such that a + b+ c = 1. Prove 
the inequality 


7 
0<ab+be+ca—2abc < 7 


Solution The left-hand inequality follows from the identity 


ab+bce+ca—2abc = (a+b+c)(ab+be+ ca) — 2abc 
=a@b+ac+bhatb’c+Catcb+abe 


1 
i T[2, 1, 0] E gill. 1, 1], 


since T[2, 1,0] + gTU, 1, 1 =0. 


We have 
eee t+y+ pa 1 13,0,0]-+ 3712, 1,01 +71. 1. 1] 
5 a gg gene ns fees 


Therefore the given inequality is equivalent to 
7 


1 
T[2, 1,0] + -T[1, 1, 1] < 
[ ae [ ls5 


1 
(57150. 0) + 37[2, 1,0]+ T[1, 1, i). 


12T[2, 1,0] < 77[3, 0,0]+ 57[1, 1, 1). (12.11) 
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Muirhead’s theorem we have 
2T (2, 1,0] < 27[3, 0, 0], (12.12) 
and by Schur’s inequality for a = B = | (third degree) we get 
107 [2, 1,0] < 57[3, 0,0] + 57[1, 1, 1]. (12.13) 
Adding (12.12) and (12.13) gives us inequality (12.11), as required. 


Exercise 12.11 Let a,b,c € R™ such that abc = 1. Prove the inequality 


1 1 1 3 
=>nx. 
arx(b+c) *" b3(c +a) + (a+b) ~ 2 


Solution If we divide both sides by (abc)*/? = 1, and after clearing the denomina- 
tors, the given inequality will be equivalent to 


16 13 7 16 16 4 13 13 10 
2T T T T[5,4 T[4, 4, 4]. 
628.7) rf 1818.4] of 88D ania arid 


Now according to Muirhead’s inequality we have 


16 13 7 16 16 4 
2r| = E x] = 2715.43) |= g ]=705-4.31 


7 3°3 3° 33 
13 13 10 

aE f Bk a >T(4,4, 4]. 

3° 3. 3 


If we add the last three inequalities we obtain the required result. 
Equality occurs iffa=b=c=1. 


Exercise 12.12 (Schur’s inequality) Let a, b, c be positive real numbers. Prove the 
inequality 


a+b+c?+3abe > abt+arct+batbhc+catcb. 


Solution Since the given inequality is symmetric, without loss of generality we can 
assume thata > b>c. 
After taking x = Ina, y =1nb and z = Inc the given inequality becomes 


eF* 4 e8) 4 ek 4 ttt 4 ottytz 4 extytz 


Jy) rts 1 p47 voy 74 
Sgt eg OTE LPT eg PE LOE Lg eT 


The function f(x) = e* is convex on R, so by Karamata’s inequality it suffices to 
prove that the sequence a = (3x, 3y,3z,x +y+z,x+y+z,x+y+2Z) majorizes 
the sequence b = (2x + y,2x+2z,2y+x,2y+z,2z+x,2z+ y). 
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Since a > b > c it follows that x > y > z and clearly 3x >x+y+z> 3z. 
Ifx + y+z > 3y (the case when 3y > x + y + z is analogous) then we obtain 
the following inequalities 


3x >x+y+z>3y > 3z, 
2x+y>z2x+z7E2y+xz2+xuX>z2y+72= 272+, 


which means that a > b, and we are done. 


Exercise 12.13 Let a), a2, ..., a, be positive real numbers. Prove the inequality 
3 3 3 
a a a 
14 24...4 4 Sal +az+---+a;. 
a2 a3 1 


Solution Let x; = Ina;. Then the given inequality becomes 
ext *2 4p e3%2—%3 Bite 4 ebtn—*1 > eorl 4 e22 A iseee 4 erin, 


Let us consider the sequences a : 3x, — x2,3x2 — x3,...,3%, — x; and Db: 
2X1, 2X2,...,2Xy. 

Since f(x) = e* is a convex function on R by Karamata’s inequality it suffices 
to prove that a (ordered in some way) majorizes the sequences b (ordered in some 


way). 
For that purpose, let us assume that 


3Xm —Xm4+1 2 3Xm3 —Xm41 ZS 3Ximp —Xmpt+1 and 


2X ky Ze 2Xky Bi 2Xky » 


for some indexes m;, k; € {1,2,..., n}. 
Clearly 


3Xm, —Xm,+1 = 3Xk, —Xki4+1 = 2X ky 


and 
(3Xm, —Xm,+1) E (3Xm, —Xm7+1) Ea (3XK, Xk 4+ (3X, — Xk 41) = 2X ky + 2XxK. 


Analogously the sum of the first s terms of (a) is not less than the sum of an arbitrary 

s terms of (a), hence it is not less than (3xx, — x4,41) + EX — Xm4i) Feo + 

(3xx, — Xk,+1), which, on the other hand, is not less than 2x,, + 2x,, +++++ 2xx,. 
So a > b, and we are done. 


Exercise 12.14 (Turkevicius inequality) Let a,b,c,d be positive real numbers. 
Prove the inequality 


at +b4+4+c++d*+2abcd > eb +a tad? +b? + b2d? +7. 
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Solution Because of symmetry without loss of generality we can assume a > b > 
c>d. 

Let x = Ina, y = Inb, z = Inc, t = Ind; then clearly x > y > z >t and given 
inequality becomes 


eft 4 eA 4 Oh 4 OM 4 et tytett 4 extytett 


> etry) + e2t2) + 2th) + e2Vt2) + eth) + ect). 


The function f(x) = e* is a convex on R, so according to Karamata’s inequality 
it suffices to prove that (4x, 4y,4z,44,x + y+z+t,x+y+2z+1) (ordered in 
some way) majorizes the sequences (2(x + y), 2(x +z), 2(x+1),2(v +z), 2(y +0), 
2(z+1)) (ordered in some way). 

Clearly 4x > 4y >4zand4x >x+y+z+t>4t. 

We need to consider four cases: 

If4z>x+y+z-+1 then we can easily show that 


2 + y) 22442) 2 2y +2) 22 +1) 2 Ay +H 22 +2) 


and we can check that the sequence (4x,4y,4z,x + y+z+t,x+y+z+t,4t) 
majorize the sequence (2(x + y),2(¥ +z), 2(y +z), 24 +1), 2(y +1), 2(z +04). 

The cases whenx+y+z+1t>4z,4y>x+y+z+torx+y+z+t>4y 
are analogous as the first case and therefore are left to the reader. 


Chapter 13 
Two Theorems from Differential Calculus, and 
Their Applications for Proving Inequalities 


In this section we’ll give two theorems (without proof), whose origins are part of 
differential calculus, and which are widely used in proving certain inequalities. We 
assume that the reader has basic knowledge of differential calculus. 


Definition 13.1 For the function f : (a,b) > R we'll say that it is a mono- 
tone increasing function on the interval (a, b) if for all x, y € (a, b) such that 
x > y we have f(x) => f(y). 

If we have strict inequalities, i.e. if for all x, y € (a, b) such that x > y we 
have f(x) > f(y) then we’ll say that f is strictly increasing on (a, b). 


Similarly we define a monotone decreasing function and a strictly decreasing 
function. Therefore we have the following definition. 


Definition 13.2 For the function f : (a,b) > R we'll say that it is a mono- 
tone decreasing function on the interval (a, b) if for all x, y € (a, b) such that 
x > y we have f(x) < f(y). 

If we have strict inequalities, i.e. if for all x, y € (a, b) such that x > y we 
have f(x) < f(y) then we’ll say that f is strictly increasing on (a, b). 


Theorem 13.1 (Characterization of monotonic functions) Let f : (a,b) > R 
be a differentiable function on (a, b). 

Tf, for all x € (a,b), f'(x) = 0, then f is a monotone increasing function on 
the interval (a, b). 
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Tf, for all x € (a,b), we have f’(x) <0, then f is a monotone decreasing 
function on the interval (a, b). 

If we have strict inequalities then f is a strictly increasing, respectively, 
strictly decreasing function on (a, b). 


Theorem 13.2 Let f : [a,b] > Rand g: [a, b] > R be functions such that: 


(i) f and g are continuous on [a,b] and f(a) = g(a); 
(11) f and g are differentiable on (a, b); 
(iii) f’(x) > g/(x), for all x € (a, b). 


Then, for all x € (a, b), we have f (x) > g(x). 


Exercise 13.1 Let x, y > 0 be real numbers such that x + y = 2. Prove the inequal- 
ity 
x°y*(x? + y*) <2. 


Solution We homogenize as follows 


6 
x2 y2(x2 4 y2) < 2o(=*) & (x+y) > 32x24 y). (13.1) 


If xy = 0 then the given inequality clearly holds. 
Therefore let us assume that xy £0. 
Since (13.1) is homogenous, we may normalize with xy = 1. 
Soy= i. and inequality (13.1) becomes 


(+3) =2("+5) 
x+—) >32(x°+—). (13.2) 
Xx Xx 


Let t= (x + +), then clearly xe +4 + =t—2. 
Therefore (13.2) is equivalent to 


PS I=). 


Clearly t = (x + 4)? > 2? =4. 

Let us consider the function f(t) = t? — 32(t — 2) on the interval [4, 00). 

Since f’(t) = 3t? — 32 we have that f’(t) > 0 for all t > es > 4, i.e. it follows 
that f is increasing on [4, 00), which implies that 


fH27IAQ=0 


13. Two Theorems from Differential Calculus, and Their Applications 135 


& £=32¢-020 


& pP>32(t—2), forallt €[4,00), 
as required. 


Exercise 13.2 Let x, y, z be non-negative real numbers such that x + y+z=1. 
Prove the inequality 


7 
OS xy + ye+ 2x — dxyz S 5. 


Solution Let f(x, y,z)=xy + yz+ zx — 2xyz. 
Without loss of generality we may assume thatO<x<y<z<l. 
Since x + y +z = 1 we have 


3x<x+yt+z=l1, ie. x< (13.3) 


Wile 


Furthermore we have 


d) 
f@,y,z) =(1 — 3x)yz+xy + zx + xyz > 0, 
and we are done with the left inequality. 


It remains to prove the right inequality. 
Since AM > GM we obtain 


Dr 2 tae" 
PEN TOR pe N ae ap 


Since | — 2x > 0 we get 


1—x\? 
f@,y,2=x(y +z) + yz — 2x) <x + ( 5) ya 2x) 
_ -2x8 4x7 41 
= 7 . 
We’ ll show that 


=Oy ge I Be 7 
4 Dy 


f(Qx)= ; forall x0, 3| 


We have 


62 
fi@= as = F(; x) 20, forattx <0, 5] 
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Thus f is an increasing function on [0, a) so it follows that 


walt)? 6 
pons s(3)= 3. x lo. |. 


Exercise 13.3 Let x > 0 be a real number. Prove that x — = <In(x+ 1). 


as required. 


Solution Let us consider the functions 


2 
f@)=Inw+1) and g(x)=x- 5 on the interval [0, a), where a € R. 


We have 


1 
f@)=0=2(0) and Oar res, g(x) =1—x. 


For x € (0, «) it follows that = > 1— x, ie. 
He > es for all x € (0, @). 


According to Theorem 13.2 we have f(x) > g(x), for all x € (0, a) ie. 


x2 
Inxv+1)>x- 5 x €(0,a). 


Since @ is arbitrary we conclude that In(x + 1) > x — = for all x € (0, 00). 


Exercise 13.4 Prove that, for all 0 < x < 4, we have tanx > x. 


a 


Solution Let f(x) = tanx, g(x) =x where x € (0, 5). 
We have 


1 
f()=0=g(0) and iG)=— a, >1l=g'(x), forall x € (0,3). 
os? x 
According to Theorem 13.2, we have f(x) > g(x), i.e. tanx > x for all x € (0, a 
Exercise 13.5 Prove that, for all 0 <x < = we have tanx > x +a 


Solution Let f (x) = tanx, g(x) =x + %,x € (0, 5). 
Then f (0) = 0= g(0) and we have 


Piles 7 tt 2 ae, a 
ff @)=—~ =1+ tan x>1l+x°=g (x), forallxe{0,— }. 
cos x 2 


Thus, due to Theorem 13.2, we get f(x) > g(x), ie. tanx >x +4 * for all x € 
(0, 2). 


Chapter 14 
One Method of Proving Symmetric Inequalities 
with Three Variables 


In this section we'll give a wonderful method that will be used in proving sym- 
metrical inequalities with three variables. I must emphasize that this method is a 
powerful instrument which can be used for proving inequalities of varying difficulty 
which can’t be proved with previous methods and techniques. Also I must say that 
I respect this method so much, because it can be very valuable and workable for all 
symmetric inequalities. 

Let x,y,z¢€R*, and p=x+yt+z,g=xy+yz+7x,r =xyz. Clearly p,q, 
reR. 

Using these notations we can easily prove the following identities: 


Kh x? +y? +22 = p*—2¢ 

bh: x+y +2 = p(p? —3q) +3r 

It x?y? + y?2? +.27x? = q? —2pr 

ly: x*+y*+24 = (p? — 2g)? — 2(q? - 2pr) 

Is: (x+y)\(yt+z)(2+x)=pq-r 

Ie; @+YV+D+4+049DG42x)+40G+yW =p? +4 

Kh: wtyPote2 tt 22e +x)? + e+ 4) + y? = (p? +9) - 
4p(pq —-T) 

Ig: xy(x+y)+yz(y +z) + 2x(z +x) = pq —3r 

Io: A +x)d+y)d+z)=1+p+qt+r 

fio: d+xy)d+y+04+yd4+2+0+z)d +x) =34+2p+q 

Ky: +x) +y)? +0 +7720 +97 +04270 +2)? =6+2p4+q)- 
23+p)d+pt+qtr) 

To: Pytoatyvctx+2(e+ y) = pq —3r 

113: x33 ae y323 + 23x3 = = 3pqr = 372 

Tha: xy(x? + y?) + yz(y? +2?) +. zx(2? + x7) = p?q — 2q? — pr 

Kis: (1+x2)(1+ y2)(1 +27) = p? +9? +r? —2pr—2¢ +1 

he: A+2x)04+ y3)1 +27) = p?+q? +r? — 3pqr —3pq — 377 +37 +1. 

The proofs, as mentioned, are quite simple, and are therefore left to the reader. Also, 


we will give some inequalities which will be used later, and which should be well- 
known. 
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Some of them follow by the mean inequalities but some of them are direct con- 
sequences of Schur’s and Muirhead’s inequalities. 
We will prove some of them, and some are left to the reader. 


Theorem 14.1 Letx, y,z>Oand p=x+y+z,g=xytyz+7x,r=xyz. 
Then we have: 


NM: p?—4pqt+9r=0, No: p*—5Sp*q +4q?+ 6pr=0. 


Proof According to Schur’s inequality we have: For any real numbers x, y, 
z>0,t €R we have x(x — y)(x -—z) + W¥¥-adoy-xt2(z—x)(z-y)=0. 

For t = 1 and t = 2, we obtain the required inequalities Nj and N2, respec- 
tively. 


Theorem 14.2 Letx, y,z>0,and p=x+y+z,q=xy+yz+7x,r =xyz. 
Then we have the following inequalities: 


N3: pq —9r = 0, No: p*+3q*>4p7q, 
Na: p? > 34, No: 2p? + 9r? > Tpar, 
Ns: p> > 27r, Nu: p2q + 3pr > 4q?, 
Nevg? 22 1r-, No: gq? + 9r? > 4pqr, 
Ny: q? > 3pr, Ni3: pq? > 2p*r +3aqr. 


Ng: 2p? + 9r = 7 pq, 


Proof We have 


N3: pq = (xt y+z(xy tyzt zx) = 3. e/ xyz 34) x2 y2z2 = Or 
> pq—9 29, 

Na p?>3q & (xtytz) = 3(rytyz+zx) 
> xroy? +22 >xy+yztzx, 

which clearly holds. 

Ns: p=xtyt+z>33/xyz=30/r co p> > 2T7r, 

Nog =xy tyz+ 2x > 3) x2y2z2 = 3/7? & q?>2Tr’, 

Nq: q? = (xy + yz + zx)? = x7 y* + 22? 4 27x? 4+ Qxyz(x ty tz) 


> (xy) (yz) + (yz) (zx) + (zx) (xy) + 2xyz(x + y + 2) 
= 3xyz(x + y +z) =3pr, 
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Ng: 2p? + 9r > Tpq 
& Wtyt+z?+9xyz> Txt ytz(xy t+ yztzx) 
& 2W+tyV+P)pxytxrztyrztyxtexte’y 
& T([3,0,0] > 7[2, 1,0], 


which is true due to Muirhead’s theorem. 
Exercise 14.1 Let x, y, z > 0 such that x + y + z= 1. Prove the inequality 
1 1 1 
1+ 1+ 1+ > 64. 
x y z 


Solution Let p=x+y+z=l1,q=xy+yz+72x,r=xyz. 
Then the given inequality becomes 


(l+x)(1+y)(. +z) > 64xyz. 
Using Ig: 1 +x)1+y)0d4+z)=1+p+4q-+r we deduce 
d+xd+yd+z)=2+q+r. 
So (14.1) is equivalent to 
2+q+r>64r ie. 2+ ¢q > 63r. 
By Ns: p? > 27r we get 
1 
eet 
~ 27 
By N3: pg — 9r > 0 we get 
pq=9r, ie. g>=9r. 
Now using (14.4) we deduce that 2+ g > 2+ 9r. 
So it suffices to show that 2 + 9r > 63r, which is 2 > 54r Sr < 


clearly holds, by (14.3). 
We have proved (14.2), and we are done. 


ae 
27° 


Exercise 14.2 Let x, y, z > 0 be real numbers. Prove the inequality 


1 1 1 9 
ay tyeten( +o tae F. 


139 


(14.1) 


(14.2) 


(14.3) 


(14.4) 


which 
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Solution The given inequality is equivalent to 


A(xy + yztzxv((z+xQy tz? + etyPr(2t+e ++ yy +2) 
> Ox + y)?*(y + 2)*(2 +x). (14.5) 


Let us denote p=x+y+z,g=xy+y7+7xX,r =xyz. 
By I; and [7 we have 


(@+yP (y+ 2)°(e +x)? = (pq 1)? 
and 
ty ota? +t27@+x + C42) +y) = (p? +4) —4p(pq - 17). 
So we can rewrite inequality (14.5) as follows 
4q((p° +4)" — 4p(pq —1)) = (pq - 1) 
< 4p*q—11p’q? +497 + 34pqr —9r? = 0 
 3pq(p? —4pq + 9r) + q(p* — 5p?q +.4q° + 6pr) + r(pq — 9r) = 0. 


The last inequality follows from Nj, N2 and N3, and the fact that p,q, r > 0. Equal- 
ity occurs if and only if x = y =z. 
Exercise 14.3 Let x, y,z € R* such that x + y +z = 1. Prove the inequality 


1 i: 1 4: 1 _27 
l-xy l-yz 1l-z7 8° 


Solution Letp=x+y+z=lq=xy+yz+72x,r=xyz. 
It can easily be shown that 


2 


(—xy)d—yz)d -—zx)=1—q+pr-r 

and 

(1 —xy)(1 — yz) + (1 — yz). — zx) + (1 — zx) — xy) = 3 — 2g + pr. 
So the given inequality becomes 

8(3 — 2g + pr) <27(1—q+ pr—r’) 
& 3-—11q¢+19pr—27r? > 0. 
Since p = 1, we need to show that 
3—1lg+19r —27r? >0. 


By Ns: p? > 27r we have | > 27r, i.e. r > 27r?. 
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3-— 11g + 19r —27r7 >3- 1lg+19r-—r=3- 11g + 18r. 


So it suffices to prove that 
3—11q+18r>0. 
We have 


3—1lq+18r>0 
@~ 3-1l@wytyz+zx)+ l8xyz>0 
S I(xy+yz+zx) — 18xyz <3. 


Applying AM > GM we deduce 


Il(vy + yz+ zx) — 18xyz=xy(11 — 18z)+ llz@+ty) 


2 
ge: 
> Tae 

ae 
=! 2 (11 — 18z) + 1lz(1 — z) 
— d=z)(U—z)(1 — 18z) + 44z) 
7 4 
— 44327 — 1827 + 11 
= ; 


(11 — 18z)+ llz(x+y) 


So it remains to show that 


4z + 322 — 1823 +11 
<3 
ri < 
4 Az + 3z7 — 1827 <1 
S 1823 — 327 -—4z4+1>0 


& (3z—1)(2z+1)>0, 


which is obvious. 


Exercise 14.4 Let a,b,c € R®™ such that at + eat + ea = 2. Prove the inequality 
1 i 1 di 1 ae 
8ab+1 8be+1 8cat+1~ 


(14.6) 


Solution Let p=a+b+c,q=ab+bc+ca,r=abe. 
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: 1 1 1 _ 
Since 744 + pyq + py = 2 we have 


(atl(b+)+b+)(c+t)+(c+ Dat) =2a+ b+ (e+). 14.7) 


Using the identities J9 and Ig, identity (14.7) becomes 3+ 2p+q=2(1+ p+ 


q +r), from which it follows that 
q+2r=1. 


It can easily be shown that 


(14.8) 


(8ab + 1)(8be + 1) + (8be + 1)(8ca + 1) + (8ca + 1)(8ab + 1) = 64pr + 16g +3 


and 


(8ab + 1)(8be + 1)(8ca + 1) =512r? + 64pr + 8g +1. 


We need to prove that 


64pr + 16g +3 >512r? + 64pr + 8q +1, 


which is equivalent to 
8g +2>512r?. 
By q? > 27r? and since g = 1 — 2r we obtain 
(1 — 2r)? > 27r? 
& 8r+15r°+6r—-1<0 
& (8r—-1(r?+2r+1) <0. 
Thus 


8r—-1<0, ite r< 


Col 


Now since gq + 2r = 1, inequality (14.9) becomes 
8(1 — 2r)+2>512r* 
 512r*+16r—10<0 
© (8r—1)(64r + 10) <0, 


which follows due to (14.10). 


(14.9) 


(14.10) 


Exercise 14.5 Let x, y, z be positive real numbers such that x + y + z= 1. Prove 


the inequality 


Z—xy y—2x x-—yz 


2 
x*+xyty? x%4+xz4+22  yet+yzt22 7 
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Solution Let p=x+y+z=l1,q=xy+yz+7x,r=xyz. 
We have 


# +5949"? = 49) —ay = 2)? ey S12 2 — ay 


=1l—-—z-z-—z)-xy=1-z-za4+y)-xy=1-z-q. 
Similarly we deduce that 
xvtxezt7=l—y—q and y oot alex ey, 


According to the previous identities, 73 and [)2, by using elementary algebraic trans- 
formations the given inequality becomes 


go +q? —4q+3qr+4r+120, 


27q3 + 27q? — 108g + 27r(3q + 4) + 27> 0. (14.11) 
By MN: p? —4pq + 9r = 0, since p = 1 we get 
9r > 4q —1. (14.12) 
According to inequality (14.12) we obtain 
27g? + 27q7 — 108g + 27r(3q +4) +27 
> 27g) + 274? — 108q + 3(4g — 1)3q +4) +27 
= (3g — 1)(9q? + 24q — 15). (14.13) 


Since p = 1 due to Nj: p* > 3¢ it follows that 


(14.14) 


Wile 


qs 
Finally by (14.13) and (14.14) we obtain 
27q? + 27q? — 108q + 27r(3q + 4) + 27 = (Bq — 1)9q? + 24g — 15) > 0, 
since 3g — 1 < O and 9q? + 24q — 15 <9-§ +24- 4 —15=—6, as required. 


Exercise 14.6 Let a,b,c be non-negative real numbers such thata +b+c= 1. 
Prove the inequality 


T(ab + bc + ca) < 2+ 9abc. 


Solution Let p=a+b+c=1,q=ab+bc+ca,r=abce. 
Then according to Ng: 2p? + 9r > 7pq we have 


2+9r>7q ie. 2+9abc>7(ab+bce+ ca), 


as required. 
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Exercise 14.7 Let x, y, z => 0 be real numbers such that x + y + z = 1. Prove the 
inequality 


12(xy? + yz? + z2x2)(x? + a + 2) <xy+yz+ 72x. 


Solution Let p=x+y+z=l1q=xy+yz+72x,r=xyz. 
By I and J3 we have 


e+y+2 = p(p? -3q)4+3r=1—39¢4+3r 
and 
x2y2 4 yt? 4 2x? = g? — Apr = q? —2r. 


Clearly g < i. 
So the given inequality becomes 


12(1 —3q + 3r)(q2 —2r) <q. (14.15) 


Suppose that g > ie 
By N3: pq — 9r = 0 it follows that r < %, ie. 


O<r<5. (14.16) 
Since gq < 5 we have 
(1 —3¢+3r)r>0. (14.17) 
We'll prove that 
12(1-39434)a? <4. (14.18) 


from which, together with (14.16) and (14.17), we'll have 


12(1 — 3q + 3r)(q? — 2r) < 12(1 —3q +3r)q’ < i2( —3q+ 384? <q. 


Hence 
q\ 2 
q= i2( —3q+ aha 


& 1>12(1-37+ 2 )g 
& 1>12¢ —32q’. (14.19) 


Let f(q) = 12q — 32q?. Then f’(q) = 12 — 64g. 
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Since g > ; we deduce that f’(q) = 12— 64g < 12— %' = —4 <0, soit follows 
that f decreases on the interval [1/4, 1/3], i.e. we have 


1 


1 1 
fas f(7)=12; 3252 =3 2=1, 


and inequality (14.18) follows. 
Now let us suppose that 0 < gq < i: 
Let’s rewrite inequality (14.15) as follows 


gq = 12q7(1 — 3g) + 12r(3q* + 6g — 2) —72r’. (14.20) 
Since 
3q + (1 —3q)\" 
I24(1 = 34) =4:34(1 ~ 39) s4(“LEC= 8D 2) =i 
it follows that 
12q7(1 — 3q) <4. (14.21) 
Since 0 < q < } we get 
4 1 1 
3q° + 6q —2 537, +67 —2<0. (14.22) 


By (14.21) and (14.22) we obtain 
12q7(1 — 3q) + 12r(3q? + 6g — 2) — 72r? < 12q7(1 — 3q) <q, 


as required. 


Chapter 15 

Method for Proving Symmetric Inequalities 
with Three Variables Defined on the Set of Real 
Numbers 


This section will consider one method that is similar to the previous method of 
Chap. 14, for proving symmetrical inequalities with three variables that will be 
solvable only by elementary transformations and without major knowledge of in- 
equalities (in the sense that for some of them the student has no need to know the 
powerful Cauchy—Schwarz, Chebishev, Minkowski and Holder inequalities). 

We must note that this method is suitable for proving inequalities that are defined 
on the set of real numbers, not just on the set of positive real numbers. For this 
purpose we will first state (without proof) two theorems from differential calculus. 


Theorem Let f : 1 — R be a differentiable function on I. Then f is an 
increasing function on I if and only if f'(x) => 0 for all x € I, and f is a 
decreasing function on I if and only if f'(x) <0 forall x €T. 


Theorem Let f(x) be a continuous function and twice differentiable on some 
interval that contains the point xo. 
Suppose that f'(xo) = 0. Then: 


(1) If f" (xo) < 0, then f has a local maximum at xo. 
(2) If f” (xo) > 0, then f has a local minimum at xo. 


Let a, b, c be real numbers such thata +b+c= 1. 
According to the obvious inequality a* +b? +c? > ab+bce+ca (equality occurs 
iff a = b =c) it follows that 


l=(a+b4+c)? =a? +b? +c? + 2(ab + be + ca) > 3(ab + be + ca), 


wl 


ab+bc+ca< 
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Letab+bce+ca= Ee , (¢ => 0). We will find the maximum and minimum values 


of abc in terms of q. 
If q=0 then ab+be+ca=},ie.a=b=c=}%. 
Thus 


1 
abc = —. 
27 
If g 4 0 then 
=g" > 1 (a+b+cy 
3 30° 3 
& G=b)"4 O6=¢c7 £07 = 0, 


1 
ab+bce+ca= & @4+h4+c>ab+be+ca 


i.e. at least two of the numbers a, b, c are different. 
Consider the function 


ee ae ae 
f(x) = @ —a)(x — b)\(x —c) = x7 — x + 5% abe. 
We have 
/ 2 1-q? : l+q l-q 
f (%) =3x* —2x+ 7: WIE ZetOS a and aa 


Hence f’(x) < 0 for x2 <x < x1, and f’(x) > 0 for x < x2 or x > x1. 
For f”(x) we have 


1 
f(x) = 6x —2, ie. ft) =6( $4) -2=64>0. 


so it follows that f(x) at x; has a local minimum. 
Similarly f” (x1) = 6(454) —2=—6q <0,i.e. f(x) at x2 has a local maximum. 
Furthermore f(x) has three zeros: a, b,c. 
Then it follows that 
s(t) Cra tp 


abc <0O and 


3 Dp 
1—q\_ (1—q)?(1+2g) 
r( 3 )- 4 abc => 0. 


Hence 
1 20-2, 1—g)?(1+2 
(1+ 4q)*¢ ee ee qyd+ DQ 
27 27 


Therefore we have the following theorem. 


15 
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Theorem 15.1 Let a, b,c be real numbers such that a+ b+ c= 1 and let 


Soe 


1 
ab+be+ca= (q => 0). 


Then we have the following inequalities 


(1+4)?(1 — 24) (1 —q)*(1 + 2q) 
a abe < eee eet 


Theorem 15.2 (Generalized) Let a,b,c be real numbers such that a+b+ 
C= jp: 
ho} 
Letab+bce+ca=" st ,(q = 0) and abc=r. 
Then 


(pP+q)"(p-24) _ P= OP +24) 


27 2 
Equality occurs if and only if (a — b)(b — c)(c — a) = 0. 


Ifat+b+c= pandab+bce+ca= eae then we can easily show the following 


identities. 


1° 
2° 


24 p24 2 _ p?t2¢? 
a+b?4+c7a Pt 
a+b +c = pq*+3r 
— pip?-4) 

ab(a+b)+bc(b+c)+ca(c+a)= 3 —3r 

p(p?—4") 
(a+ b)(b+cy(ct+a)= “7-3 

2. 72 
ab? +b? 4+ 2a? = Pd oa Y—2pr Ste 
ab(a2 +b) + be(b? +c?) +. ca(c? +. a2) = PPO HT) AP = aw pr 


__ nd 2,2 4 
at + bt 4 ct = PRET + Apr, 


Exercise 15.1 Let a, b, c be real numbers. Prove the inequality 


at +b4+ct>abclatb+o). 


Solution Since the given inequality is homogenous, we may assume that a + b+ 
c=l. 


Then it becomes 


—1+8q? +2q+ 


+4r>r & -148q?4+2q*+27r>0. 
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According to Theorem 15.1, it follows that it suffices to show that 


(+4) ~29) . 


—1+ 89? + 294+ 27 a 


We have 


(1 +4)°(1 — 2g) 
27 


= —14 89? +294 + (1+ 4)*(1 — 29) 


— 1489? +294 +27 


= 14897? + 294+ (14 2q +q47)(1 — 29) 
= —1+48q7 +244 + (1 — 3q? — 24) 
= 2g* + 5q? — 24° = q’(2q* — 2q +5) 


a _ 42 
_ 4 a) ge L Pg 


as required. Equality occurs iff a=b=c. 


Exercise 15.2 Let a, b,c € R. Prove the inequality 
4 4 rc ee ee 
(a+b)°+(b+c)"+(c+a)" = gla +b* +c"). 


Solution Since 
(a+b)*+(b+c)*+(c+a)4 
=2(a4+b+4+c4)4+4(ab4+ batbc+cb+catarc) 

+ 6(a7b* + b?c* + ca’), 

the given inequality becomes 
5(at+b44+c4) 4+ 14(b+bat+bc+b+ca+arc) 
+21(a*b? + b*c? +c7a7) > 0. 
2 


After setting a+b+c=p,ab+be+ca= ie ,r =abc, due to 5°, 6° and 7° 
we deduce that the previous inequality is equivalent to 


4 252 4 2 2 2 2 
=p 8 2 2 = 
s( p*+ va + 2q +4pr) +14(2 + oe q°) pr) 


2 22 
+21(E =” apr) >0, 
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Le. 
5(—p* + 8p2q? + 24 + 36pr) + 14((p? + 2q7)(p? — 4”) — 9pr) 
+21((p? — 4°)’ — 18pr) > 0. 


If p = 0 then 10q* — 28q* + 21q* = 0, i.e. 3q* = 0, which is obvious. 
Let p £0. 
Without loss of generality we may assume that p = 1. 
So we need to prove that 


5(—1+ 8q7 + 24 + 36r) + 14((1 + 2q7)(1 — gq”) — 9r) +21((1 — q?)” — 187) > 0, 
1.e. 
3q* + 4q? + 10 — 108r > 0. 


Using Theorem 15.1, we obtain 


2 
og — 4) (+ 29) 
27 


= 3g* + 4q7 + 10 —4(1 — g)?(1 +29) 


3q* + 4q* + 10 — 108r > 3g* +4q7 + 10-1 


=4°(q —4) +24* +6>0, 
which clearly holds. 
Equality occurs if and only ifa=b=c=0. 
Exercise 15.3 Let a,b,c be real numbers such that a2 + b? + c? = 9. Prove the 
inequality 


2(a+b+c)—abc < 10. 


Solution Letta+b+c=p,ab+bc+ca= Lf abe=r. 
Then using identity 1°, the condition can be rewritten as 
2 2 
2 
G=a2+h242=2 : ce 

p? +29? =27. (15.1) 
By Theorem 15.2 we deduce 
(p +4) (p — 24) 

27 

_ 54p— p> +3pq? +2q° 
7 27 


2(a+b+c)—abc=2p—r<2p 
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_ 54p — p(p? + 24”) + Spq* +247 


27 
(15.1) 54p — 27p + 5pq? + 2q° 
Z 27 
_ 27p+5pq*+2q> — p(27+5q?) + 2q° 
7 27 7 27 


So it remains to prove that 


p(27 + 5q7) +2q° 


x <10 or p(27+5q*) < 270-29. 


We have 
(270 = 29°)? > (p(Q7+ 5q7))" 
&  27(q — 3)? (2gq4 + 124? + 49q? + 146g + 219) > 0 


as required. 
Equality occurs if and only if (a, b, c) = (2, 2, —1) (up to permutation). 


Exercise 15.4 Let a, b, c be positive real numbers. Prove the inequality 
a’ + b* +7 + 2abc +1 > 2(ab + bc + ca). 
Solution The given inequality is equivalent to 


2 2 2 
2 1- 
Potters? gd 


6r +3+4q? — p?>=0. 


If 2q => p then we are done. 
Therefore suppose that p > 2q. 
By Theorem 15.2, it suffices to prove that 


2 
peg li® (p — 2q) 


344¢7 —p*=0, 
a +3+4q°— p= 


6r +3444? 


2(p + q)*(p — 24) 
9 


& (p—3)*(2p +3) = 2q7(2q + 3p — 18). (15.2) 


+3449? — p?=0 


If 2p < 9 it follows that 2g + 3p < 4p < 18, and we are done. 
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If 2p > 9 we have 
2q°(2q + 3p — 18) < 2q7(p + 3p — 18) = 4q7 (2p — 9) 
< p’(2p — 9) = (p — 3)°(2p + 3) — 27 < (p — 3)°(2p +3), 


so inequality (15.2) is true, as required. 
Equality occurs if and only ifa=b=c=1. 


Exercise 15.5 (Schur’s inequality) Prove that for any non-negative real numbers 
a, b,c we have 


a+b+c} + 3abc > ab(a+b) + be(b +c) +.ca(c +a). 


Solution Since the above inequality is homogenous, we may assume that a + b+ 
c=. 
Then clearly g € [0, 1] and the given inequality becomes 


Vr 4g" = 12 0, 


Ifg>= 5 then we are done. 
Ifq< 5 by Theorem 15.1, we have 


24, ~ 
dd +4)°d — 2q) dye 


er Ag 1S 37 a 


l=q*(1—2q)>0, 


as required. 
Equality occurs iff (a,b,c) = (t,t, t) or (a,b,c) = (t, t,0), where t > 0 is an 
arbitrary real number (up to permutation). 


Chapter 16 
Abstract Concreteness Method (ABC Method) 


In this section we will present three theorems without proofs (the proofs can be 
found in [27]) which are the basis of a very useful method, the Abstract Concrete- 
ness Method (ABC method). 

For this purpose we’ll consider the function f (abc, ab+bce+ca,a+b-+c), as 
a one-variable function with variable abc on R, i.e. on R*. 


16.1 ABC Theorem 


Theorem 16.1 /f the function f(abc,ab + bc + ca,a +b+c) is mono- 
tonic then f achieves it’s maximum and minimum values on R when 
(a — b)(b —c)(c — a) =0, and on R™ when (a — b)(b — c)(c — a) = 0 or 
abc = 0. 


Theorem 16.2 If the function f(abc,ab + be + ca,a+b+c) is a con- 
vex function then it achieves it’s maximum and minimum values on R when 
(a — b)(b—c)(c — a) =0, and on R* when (a — b)(b — c)(c — a) = 0 or 
abc = 0. 


Theorem 16.3 If the function f(abc,ab + be + ca,a+b+c) is a con- 
cave function then it achieves it’s maximum and minimum values on RR when 
(a — b)(b —c)(c — a) = 0, and on R* when (a — b)(b — c)(c — a) = 0 or 
abc = 0. 
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Consequence 16.1 Let f(abc,ab + be + ca,a+b+c) be a linear func- 
tion with variable abc. Then f achieves it’s maximum and minimum values 
on R if and only if (a — b)(b — c)(c — a) = 0, and on R* if and only if 
(a — b)(b—c)(c —a) =0 orabc =0. 


Consequence 16.2 Let f(abc,ab +bc+ca,a+b-+c) be a quadratic tri- 
nomial with variable abc, then f achieves it’s maximum on R if and only if 
(a —b)(b—c)(c — a) = 0, and on R* if and only if (a —b)(b —c)(c —a) =0 
or abc =0. 


Consequence 16.3 All symmetric three-variable polynomials of degree 
less than or equal to 5 achieves their maximum and minimum values on 
R if and only if (a — b)(b — c)(c — a) = 0, and on R®* if and only if 
(a — b)(b—c)(c —a) =0 orabc =0. 


Consequence 16.4 All symmetric three-variables polynomials of degree less 
than or equal to 8 with non-negative coefficient of (abc)* in the represen- 
tation form f(abc,ab + be + ca,a+b+c), achieves their maximum on 
R if and only if (a — b)(b — c)(c — a) = 0, and on R* if and only if 
(a — b)(b—c)(c —a) = 0 orabc =0. 


Also we’ll introduce some additional identities which will be very useful for the 
correct presentation of this method. 
For that purpose, leta=x+y+z,b=xy+yz+7zx,c=xyz. Then we have. 


Kh: x? +y?+2% =a? —2b 

bh: e+y+23 =a —3ab+3c 

bh: x4 +y*+24 =a* —4a*b + 2b* + 4ac 

Ing PP +y? +2 =a? —5a>b + 5ab* + 5a2c — 5be 

Is: x® + y® + 2© = a® — 6a*b + 6a72c + 9a*b? — 12abe + 3c” — 2b° 

Ig: (xy)* + (yz)? + (zx)? = b* — 2ac 

I: (xy)? + (yz)? + (zx)? = b? — 3abe + 3c? 

Ig: (xy)4 + (yz)* + (zx)4 = bt — 4ab? + 2a2c* + 4bc* 

Ig: (xy)? + (yz)? + (zx)? = B° — Sabie + 5a*be? + 5b?c? — 5ac? 

Tio: xy(x + y)+ yz(y +z) + 2x(z + x) = ab — 3c 

Ty: xy(x? + y*) + yz(y? + 27) + 2x(27 + x”) = a*b — 2b? — ac 

Ti: xy(x3 + y>) + yz(y? + 23) + zx(z3 + x3) = a3b — 3ab* — ac + 5b 
lg: x*y2(x + y) + y*22Qy +2) + 22x27(2 +x) = ab* — 2a7e — be 

Ka: PVatyt+yVFn4+24+ 2x3(¢ +x) = ab) — 3a7be + 5ac* — b*c 
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Is: (x? y + y?z + 27x) (xy? + yz? + zx?) = 9c" + (a3 — 6ab)c + b* 
Th6: (x3y + yrz + ox)(xy? + yz? + 2x3) =7a2c*? + (a —5a3b + ab*)c + bt. 


Exercise 16.1 Let a,b, c > 0 be real numbers. Prove the inequality 


abc Pape Lae 
eB+h4+c03 37 at+b2+c2- 


Solution The given inequality is equivalent to the following one 
F =abc(a* + b* +c”) + ta’ LP tO +h +7) 
— (a2 +b? +0*)(ab+be+ca)>0. 
The polynomial F is of third degree so it will achieves it’s minimum when 
(a—b)(b—c)(c—a)=0 orabc=0. 


If (a — b)(b — c)(c — a) = 0,7 then without loss of generality we may assume that 
a =c and the given inequality becomes 


a*b 2_ a*+2ab 5 1 2a+b 
= (a—b) 20 
2a3+b3  3~ 2a +b? 2a*+b? 3(2a3 +b) 


& (a—b)*at+b)=0, 


which is obvious. 
If abc = 0 then without loss of generality we may assume that c = 0 and the 
given inequality becomes 


& a’ +b?+3(a—b)’>=0, 
which is true. And we are done. 


Exercise 16.2 Let a, b, c > 0 be real numbers. Prove the inequality 


e+h+c i a2+b2+c2\? 
4abc 4~\ab+be+ca) ° 


Solution Observe that by applying the previous identities the given inequality can 
be rewritten as a seventh-degree symmetric polynomial with variables a, b,c, but 
it’s only a first-degree polynomial with variable abc. 

Therefore by Consequence 16.1, we need to consider only the following two 
cases. 
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First case: If (a — b)(b — c)(c — a) = 0, then without lose of generality we may 
assume that a = c and the given inequality becomes 


2a +b? 1 0a" Hb? \? 2a3 + b3 ee Dae hee 
4a2b 4 \a2+2ab 4a2b 4— \a2+2ab 
(a — b)?(2a +b) , @- b)* (3a? + b* + 2ab) 
4a2b a (a2 + 2ab)? 


& (a—b)((2b—a)* +a*)>0, 


which is obvious. 
Second case: If abc = 0 then the given inequality is trivially correct. 


Exercise 16.3 Let a, b, c > 0 be real numbers. Prove the inequality 


1 1 1 9 
(ab + be + ca)( + + ) 


SS. 
(a+b)? (b+c)? (c+a)*/]~ 4 
Solution We can rewrite the given inequality in the following form 


f(a+b+c,ab+be + ca, abc) 
=9((a+b\(b+ce)(c+a))? 
—4(ab + be + ca)((a +b)? (b+)? + (b+ 0) (c +4)? + (ec +.a)°@+b)’) 
= k(abc)* + mabe +n, 


where k > 0 and k,m,n are quantities containing constants or a+ b+c,ab+ 
bc +ca, abc, which we also consider as constants, i.e. in the form as a sixth-degree 
symmetric polynomial with variables a, b,c and a second-degree polynomial with 
variable abc and positive coefficients. 

Let us explain this: 

The expression (a + b)(b + c)(c +a) has the form kabc + m so it follows that 
9((a + b)(b +c)(c +.a))* has the form k?(abc)? + mabe +n. 

Furthermore 


4(ab + be + ca)((a +b)?(b +0)? + (b+0)72(c $a)? + (c +a)? (a + b)*) =4kA, 


where k = ab+ bc + ca, and A is a fourth-degree polynomial and also has the form 
kabc+m. 

Therefore the expression of the left side of f(a +b+c,ab+bc+ ca, abc) has 
the form k(abc)* + mabc +n. 

Then the function achieves it’s minimum value when (a — b)(b—c)(c — a) =0 
or when abc = 0. 
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If (a — b)(b — c)(c — a) = 0, then without loss of generality we may assume that 
a =c, and the given inequality is equivalent to 


ah a 
4a." (a+b) 4 


& (a ?( act : Jeo 
Qa(a+b)2? (a+b)?)— 


& b(a—b)>0, 


as required. 
If abc = 0, we may assume that c = 0 and the given inequality becomes 


, re es ‘et 1 ar 
Ge 2a), ab A(a+by2) — 


~ (a—b)*(4a* + 4b? + Tab) = 0, 


and the problem is solved. 


Exercise 16.4 Let a,b,c > 0 be real numbers such that a? + b? +c? = 1. Prove the 
inequality 
a b c 


> 3. 
pete’ Pac Lab 


Solution If we transform the given inequality as a symmetric polynomial we ob- 
tain a ninth-degree polynomial with variables a, b, c, and a third-degree polynomial 
with variable abc. But, as we know, this case is not in the previously mentioned 
consequences, so the problem cannot be solved with ABC (for now). 

Therefore we’ll make some algebraic transformations. 

If we take 


then clearly xy + yz+ zx =a? +b* +c* = 1, and the given inequality becomes 


1 1 1 
+ + > 3. (16.1) 
XYV+Z yr+u wet+y 


If we transform the inequality (16.1) we’ll get a second-degree polynomial with 
variable xyz, with a non-negative coefficient in front of (xyz). 


So we need to consider just the following cases: 
If x = z then inequality (16.1) becomes 


ae >3. 
xytx x2+y7 
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2 
Since 2xy + x? = 1 it follows that y = Ls , and after using these, the previous 
inequality easily follows. 
If z = 0 then inequality (16.1) becomes 


1 1 1 . 
—+--+->3, withxy=1. 
xy x y 
1 1,1 2 : 
We have yaar ae 1+ Ja 3, as required. 


Exercise 16.5 Let a, b, c be positive real numbers such that ab+ be+ca+abc = 4. 
Prove the inequality 


1 1 1 
—-+-+4+-2>a+b+te. 
a bee 


Solution Since ab+ bce + ca + abc = 4 there exist real numbers x, y, z such that 


2x 2y 2z 


= ’ i= ’ c= ’ 
ytz Z+Xx x+y 


a 


and the given inequality becomes 


pte Z+x ag x Zz 
Up? >4( i ) (16.2) 
Z y x ytzr zZtx x+y 


Inequality (16.2) is homogenous, so we may assume that x + y+z=1,xy+yz+ 
ZX =U,XYZ=v. 

After some algebraic transformations we find that inequality (16.2) can be rewrit- 
ten as follows 


9y* + 4(1 —u)v —v? > 0. 


So, according to the ABC theorem, we need to consider just two cases: 

If z = 0 then inequality (16.2) is trivially correct. 

If y = z= 1 (we can do this because of the homogenous property) inequality 
(16.2) becomes 


x 


2 


2 2 
yee ape > 4( + ) if SS eo: 
x x+1 


which is obvious. 


Chapter 17 
Sum of Squares (SOS Method) 


One of the basic procedures for proving inequalities is to rewrite them as a sum of 
squares (SOS) and then, according to the most elementary property that the square 
of a real number is non-negative, to prove a certain inequality. This property is the 
basis of the SOS method. 
The advantage of the method of squares is that it requires knowledge only of 
basic inequalities, which we met earlier, and basic skills in elementary operations. 
Let’s start with one well-known inequality. 


Example 17.1 Let a,b,c > 0. Prove the inequality 


Cty ae > 3abc. 


Solution We have 


a+b+c 


; ((a — b)* + (b—c)* + (c—a)*) =0, 


a+bh+c —3abe= 
which is obviously true. 


The whole idea is to rewrite the given inequality in the form 
Sa(b —c)* + Sp(a—c) + S-(a — b)’, 


where Sz, S,, Sc are functions of a, b,c. 

We must mention that this method works well for proving symmetrical inequali- 
ties where we can assume that a > b > c, while if we work with cyclic inequalities 
we need to consider the additional case c > b >a. 

We will discuss symmetrical inequalities with three variables, and for that pur- 
pose firstly we’ll give three properties that we will use for the proof of the main 
theorem. 


Proposition 17.1 Let a,b,c € R. Then (a — c)* < 2(a —b)* + 2(b —c)*. 
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Proof We have 
(a—c)* <2(a—b)? +2(b—c)* 
& a*—2ac+c? <2(a? —2ab + b*) +2(b? — 2be +c) 
& a? +4b* +c? — 4ab —4be + 2ac > 0 


& (at+c—2b)*>0, 


which clearly holds. 
Proposition 17.2 Let a > b> c. Then (a—c)* > (a—b)* + (b—c)*. 


Proof We have 
(a—c)* > (a—b)? + (b=) 
& a*—2ac+c? > (a? —2ab+4 bd?) + (b* — 2bc +c”) 
7 b? +ac —ab—bc <0 
& (b-a)(b—-c) <0, 


which is true sincea > b>c. 


Proposition 17.3 Let a > b > c. Then F< > §. 


Proof We have 


& b(a-—c)>a(b-—c) & ac>be S&S ab. 


a 
b-c” b 


Theorem 17.1 (SOS method) Consider the expression S = Sa(b — c)? + 
Sp(a — c)? + Sc(a — b)?, where Sq, Sp, Sc are functions of a, b,c. 


1° If Sa, Sp, Se = 0 then S > 0. 

2° Ifa=>b>cora<b<cand Sp, Sp + Sa, Sp + Sc = 0 then S = 0. 

3° Ifa>b>cora<b<cand Sq, S., Sg + 2Sp, Sc + 2Sp = 0 then S => 0. 

4° Ifa>b>cand Sp, Sc, a7 Sp +b? Sq > 0 then S > 0. 

5° If Sa + Sp = 0 or Sp + Se = 0 or Se + Sa =O (Sa + Sp + Sc = 0) and 
SaSp + SpSe + ScSa = 0 then S = 0. 


Proof 1° If Sa, Sp, Sc = 0 then clearly S > 0. 
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2° Let us assume that a >b>c and Sp, Sp + Sq, Sp + So => 0. 
By Proposition 17.2, it follows that (a — c)? > (a — b)* + (b — c)*, so we have 


S = Sa(b —c)? + Sp(a —c)* + S-(a — by’ 
> Sa(b — c)? + S,((a — b)* + (b— c)*) + Sea — bY? 
= (b — c)?(Sq + Sp) + (a — b)? (Sp + Sc). 


Now since S, + Sq, Sp + S. = 0 it follows that S > 0. 
3° Leta > b>c and Sq, Sc, Sa + 2Sp, Se + 2Sp = 0. 
Then if Sp > O clearly S > 0. 
Suppose that S, < 0. 
By Proposition 17.1, we have that (a — c)* <2(a— b)* +2(b—c)?. 
Therefore 


S = S,(b —c)? + Sp(a —c)? + S,(a — b)* 
> Sa(b — c)” + Sp(2(a — b)* + 2(b — c)”) + Se(a — bY? 
= (b —c)? (Sq + 28p) + (a — b)? (Se + 255), 
and since Sg + 2$,, Sc + 2S, > 0 it follows that S > 0. 
4° Let a >b>c and suppose that Sp, Se, a?Sp + b*S, > 0. 


a-~c a 


By Proposition 17.3, it follows that 7—- > ¢ 
Therefore 


S=S,(b=c) + S,(@—c) +S. —b)* = S,(b— 0) + S,(a — 


2 2 
= -(S, +5,(5=*) ) > o-(5.+5,($) ) 
b-c b 


b* Sq +a? Sp 
= (b o/ = ) 


since a7 S, + b?S, > 0 we obtain S > 0. 
5° Assume that S$, + S, > 0. 
We have 


S=8,0—cy 2 Sile— oe + 8x0—bY 
= Sq(b — c)? + Sp((c — b) + (b—a))" + Sela — bY? 
= (Sp + Sc)(a — b)? + 28, (c — b)(b — a) + (Sa + Sp) (b — €)” 


2 
SaSp + SpSo + ScSa 9: 
c—b + c—b 
) Sp + Se ‘ 


Sp 
+ 
Sp + Se 


= (55+ 5.)(6 a 


>0. 


164 17 Sum of Squares (SOS Method) 


The main difficulty with using the S.O.S. method is the transformation of the 
given inequality into mentioned (S.O.S.) form. 

Every difference per rie ee ee ae Pecan «xn where a1 + a2 + 

-- +a, = Bi + Bo +---+ 6, can be written in S.O.S. form, so almost all sym- 

metrical or permutation homogeneous inequalities can be written in $.O.S. form. 
In fact there is a huge class of algebraic expressions which can be written in S.O.S 
form (the algorithm which helps to transform algebraic expressions into $.O.S. form 
is explicitly explained for example in [27]). 

Here we will introduce the reader to the simplest and most often used forms 
which are as follows: 


°° a@4+bh4+ce-—ab—be-ca= & by +(b= 2 *+(c=a)* 

2, 
2° a+b? +3 —3abe=(atbt+c)- (© stb one) 
3° a2b+b?c+ca—ab? — be? — ca? = & W400 ie ay 


A PLPL Ga e@h- Pea eg s CoG pes abbeyb c)?-+(2c+a)(c—a)? 

3 
5° ab+b3c+ ca —ab3 — be — ca =(atb+co)(& =a) non ee ne a 
6 at+ bt ecb? — Re — 2g? = Gtr arb ++)" “e ue? (c=a)? 


Exercise 17.1 Let x, y, z € R such that xyz > 1. Prove the inequality 


eae y—y? poy? 


Sty+e Prete S+xr+y2 


Solution We'll homogenize as follows 


x? — x? x? —x?-xyz x* — x?yz 


> = 
age ae a ayy ee) a er Ee) 


. xt 72 ( SS “3! ) 7 Qx* — x*(y? +27) 


_ ~ 4 2 22° 
x44 (FF )Qy2422) t+ OF +2’) 


Similarly we get 


y? -_ y? 2 ay" _ y?(z? +x?) aa 2 = 2 " 224 _ z2(x2 aa y?) 
Pae te 23s ay +x? 4 y2 ~ 2z4 +4 (x2 4+ y?)? | 


So it suffices to show that 


2 ae (ye) Qe Searle a7) 2H SO a) 


> 0. 17.1 
2x4 + (y? + 22)2 2y4 + (z2 + x?) 224 + (x2 + y2)? a ( ) 
Let x* =a, y* =b, z* =c. Then inequality (17.1) becomes 
2a*—a(b+c) 2b%—b(c+a)  2c*—c(a+b) si (17.2) 


2Qa27+(b+c)* 2b%+(c+a)* 2c2+ (a+b)? — 
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After some algebraic operations we can rewrite inequality (17.2) as follows 
) a* +a(b+c)+b* —be+c? 
(2b? + (c +. a)*)(2c? + (a + b)*) 
b? + b(a+c) +c? —ca+a’? 
(2a? + (b +.c)*)(2c? + (a + b)*) 
c+cla+b) +a? —ab+b? = 
(2a? + (b+ c)*)(2b? + (c +.a)*) ~ 


(b= ¢) 


+ (c¢—a)* 


+(a—b)* 


which is true due to the obvious inequality: if x, y € R then x? —xy + y? >0. 


Exercise 17.2 Let a, b, c be positive real numbers. Prove the inequality 


a+b?+c 8abc a 
ab+be+ca (a+b)(b+c)(c+a) ~~ 


(17.3) 


Solution Observe that 

a’ +b? +c* — (ab+be+ca)= 5 (a —b)? + (bc) +(c—a)’) 
and 

(a+b)(b+c)(c +a) — 8abe = a(b — c)? + b(c —a)* +. c(a — bd)’. 


Inequality (17.3) becomes 


a> +b*+0c? i> 8abc 
ab+bc+ca ~ (a+b)(b+c)(c +a) 
a +b +0°— (abt be+ca) _ (a+b)(b+c)(c +a) — 8abc 
ab+bc+ca a (a+b)(b+c)(c+a) 
(a — b)? + (b—c)? + (c—a)* ,, 2alb - c)? + 2b(c — a)? + 2c(a — b)” 
ab+bc+ca = (a+ b)(b+c)(c+a) 
af (at+b)(b+c)(c+a) 
e Wee ( ab+bc+ca 2a) 
a((at+b)(b+c)(c+a) 
=e a ab+bce+ca 2») 
ty yp (See 2c) 20. 
ab+bc+ca 
Let 
5, = (a+ b)(b+c)(c+a) a ee abc 


ab+bc+ca ab+be+ca’ 


166 17 Sum of Squares (SOS Method) 


b)(b b 
OR! _dpad tend = 
ab+bc+ca ab+bc+ca 
b)(b b 
6 OE) eps ee, 
ab+bc+ca ab+bc+ca 


Since inequality (17.3) is symmetric, we may assume that a > b> c. 
Then clearly 


Sp,Se>O0, te. Sp+S.>0. 


According to 2° from Theorem 17.1, it suffices to show that Sp + Sg > 0. 
We have 


b 2c? b 
ag gp pe Ok Eg 
ab+bc+ca ab+bc+ca 


as required. 
Exercise 17.3 Let a, b, c be positive real numbers such that ab+ bc+ac = 1. Prove 
the inequality 


l4tatb? 146%? 14+c?a* 5 
+ + >s. 
(a+b)? (b+c)? (c+a)?~ 2 


Solution The given inequality is equivalent to 


3 (ab + be +.ac)? +a*b* 
(a+b)? 


5 
> 5 (ab + be + ac) 


cyc 


> 5(ab+ be + ac) 


5 % 2ab(ab + bc +.ac) + (be + ca)” 
(a + b)? 


cyc 


ab bc ca 
& A(ab+bce+ca) 


ihe ae @4ay 
+2(a? +b? +c?) > 5(ab+ be +ac) 


4ab mn 4bc i 4ca ) 
(a+b)? (b+c)? (c+a) 


S (ab + be+ ea( 


+2(a? +b* +c* —ab—be—ca)>0 


(a—b)? (b-c)*  (c—a)? 
(a+b)? (b+c) —) 


+ ((a—b)? + (b—-c)? + (c—a)*) =0 


> (ab + be + ca)( 
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cy 
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ab+bc+ca 2 ab+bc+ca 
> 1 by + 41 
( (a+by Jee : ( (b+oP )e 
ab+bc+ca 5) 
1 > 0. 
a ( (oa)? Jee ws 
Let 
ab+bc+ca ab+bc+ca 
Sq = 1 -— —————_,, » = 1 — —————_§ and 
(b +c)? (ea)? 
S.=1- ab+bc+ca 
(a+b) 
Without loss of generality we may assume that a > b > c, and then clearly Sy < 
Sp X Sc. 
We have 
ab+be+ca a*+(a+b)(b—c) 
So=1 — > 0, 
(a + b)? (a+b) 
and it follows that S, > S. > 0. 
Also we have 
b+b b+b 
a’ S,+b°S, =a" jeer +p? | ee 
(c+a)? (b +c)? 


_ oo te+aa->) 


30° +(b+c)(b—a) 


(c+ a)? 


(pea? 


= a b ) 
=C (oa +(a 


»( a’ b? 
ct+ta b+ec 


, ab+be+ca 


2 ae b? ) 
mis C+a CLS? +a 


and according to 4° from Theorem 17.1 we are done. 


Equality occurs iff a = b=c= Fi 


b) 


) 


> 
(cta)(b+c) 


Chapter 18 
Strong Mixing Variables Method 
(SMV Theorem) 


This method is very useful in proving symmetric inequalities with more than two 
variables. The SMV method (strong mixing variables method) is a simple and con- 
cise method that “works” in proving inequalities that have either a too complicated 
or a too long proof. In order to better describe the given method, first we will give 
a lemma (without proof) and then we will introduce the reader to the SMV theorem 
and its applications through exercises. We should point out that this theorem is part 
of a more comprehensive method, the Mixing Variable method (MV method), which 
can be found in [27]. 


Lemma 18.1 Let (x1, x2,...,Xn) be an arbitrary real sequence. 
1° Choose i,j € {1,2,...,n}, such that x; = min{x1,x2,...,Xn},xj = 
max{x1,X2,...,Xn}. 


2° Replace x; and x; by it’s average sy (their orders don’t change). 
After infinitely many of the above transformations, each number x;,i = 
1,2,...,n, tends to the same limit x = ahaa tn 


Theorem 18.1 (SMV theorem) Let F : J C R” > R be a symmetric, con- 
tinuous, function satisfying F(a,,a2,...,dn) = F(bi,b2,...,bn), where 
the sequence (bj, b2,..., by) is a sequence obtained from the sequence 
(a1, 42,...,a,) by some predefined transformation (a A-transformation). 


Then we have FiGeh eee, tae Ce een tay i = See 


Lets us note that the transformation A can be different, i.e. A can be defined ac- 


s : 24 p2 
cording to the current problem; for example it can be defined as at Vab, cee ; 
etc. 
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Exercise 18.1 Let a, b, c > 0 be real numbers. Prove the inequality 


a is b 4 c io 
b+ce cta at+tb7~2 


Solution Let f (a,b,c) = + + xS. 
We have 
a+b a+b 
,b, : ; 
f(a, b,c) r( 5 5 :) 
_ 4a de b de Cc a+b 4 a+b 4 Cc 
~ b+e cta a+b a+b+2c a+b+2c a+b 
a b 2(a+b) —_ a?+ca?+cb* +b? — 2abc — ab? — a*b 
~b+e cta atb+2c_ (b+c)(a+c)(a+b+ 2c) 
(18.1) 


Since AM > GM we obtain 
e+a+b3 : a+b3 +b? 
3 3 
+ ca? +cb* > a*b + ab? +2abc. (18.2) 


at+ca*+ch?+p= 


From (18.1) and (18.2) it follows that 


b b 
F@,b,0 (SF _ 1c) 20, 
i.e. 
b b 
farozH(S _ .c). 


Therefore by the SMV theorem it suffices to prove that f(t, t,c) > 3. 
We have 


t & t qs 
t+ece tte 2t7~ 2 


3 
ft,toz> +  2¢—c)*>=0, 


which is obviously true. 
Equality occurs if and only ifa=b=c. 


Exercise 18.2 (Turkevicius inequality) Let a, b, c,d be non-negative real numbers. 
Prove the inequality 


debt et a 4 abed eC er PC CO. 


Solution Without loss of generality we may assume thata > b>c>d. 
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Let us denote 
f(a,b,c,d) =a +04 4+.c4 4 d* + 2abed — a?b* — bc? — 7d? 
SPa ee ahd 
=at+b++ct+d* +2abed — a*c? — b?d? — (a? +c?) (b? +d’). 
We have 
f (a,b, c,d) — f (Jac, b, Jac, d) 
=at+bt+c44d4 4+ 2abed — a’? — bd? — (a? +.¢7)(b? +d’) 

— (ac? +b4 +.a?c? +. d* + 2abed — a*c? — bd? — 2ac(b* + d’)) 
=a*+ct—2a*c? — (b? + d*)(a* +c? + 2ac) 
=@-°Y-@+a@)a-c) =@-o' (atc -@ +4’) =0. 

Thus 
f (a,b, c,d) = f(Jac, b, Jac, d). 


By the SMV theorem we only need to prove that f(a, b, c,d) => 0, in the case when 
a=b=c=t>d. 
We have 


FGELLDS0 = Bh +e pordase ear! -. de hord=3re. 


which immediately follows from AM > GM. 
Equality occurs iff a= b=c=d ora=b=c,d=0 (up to permutation). 


Exercise 18.3 Let a,b, c,d be non-negative real numbers such that a+b+c+t+ 
d =4. Prove the inequality 


(14+ 3a)14+ 3b) 4+ 3c) + 3d) < 125+ 13labcd. 
Solution Let us denote 
f(a, b,c,d) = (1+ 3a) 4+ 3b) + 3c) + 3d) — 13labcd. 


Without loss of generality we may assume thata >b>c>d. 
We have 


f(@,b,¢.d) (Seo. a) 


2 2 
2 Z 
=9(1+3b)(1 +30)(ac- ere )- 131d (ac — ore ) 


a) 
= 7 (131bd — 9(1 + 3b)(1 + 3d)). (18.3) 


172 
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Note that 


1 
Pees Pee, 
and clearly 


b+d) 
2 OO 


> 1 8 4 
therefore 


131bd —9(1 + 3b) + 3d) 
= 131bd —9 —27(b+d) — 81bd 


(18 


AzG 
= 50bd — 27(b+ d) —9=50bd — 27(b+ d)—9 < S0bd — 547 bd 
A) 
< 50bd —54bd = —4bd <0. 


By (18.3) and the last inequality we deduce that 


2 


2 
1.e. 


f(a,b,c,d) (Feo, Sea) <0, 


2° 2 
According to the SMV theorem it follows that it’s enough to prove that 


Flarb.evd) = ¢(F p ea) 


f(a, b,c, d) < 125, 
whena=b=c=t>d,ie. 


f(@t,t,t,d) <125, when3t+d=4. 
Clearly 3t < 4. 


We have 


FQ ht as 


& (+37 + 34—30) — 13174 = 30 = 125 
& 150¢* — 41613 + 27077 + 108¢ — 112 <0 
& (t—1)*Bt—4)(50r + 28) <0, which is true. 


Equality occurs iffa =b=c=d=1ora=b=c= 3 d =0 (up to permutation) 
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Exercise 18.4 Let a,b,c,d be non-negative real numbers such that a+b+c+ 
d =4. Prove the inequality 


16+ 2abcd > 3(ab+ac+ad+bc+bd+cd). 


Solution Without loss of generality we may assume thata > b>c>d. 
Let us denote 


f(a, b,c,d) =3(ab+ac+ad+bce+bd+ cd) —2abcd. 


a+c a+c ’ a+c at+c at+c 
=3(( * Jo+( i ) +( i Jar( * )o+oa+( ’ )a) 
at+c Z 
2ba( 5 ) (3(ab +ac+ad+bc+bd-+ cd) —2abcd) 
2 2 

=3((*) ~ac) ~2ba((*$*) -ac) 

e=ey" 
=( : ) @-2ba) (18.5) 


Also 2/bd <b+d< x(a +b-+c+d)=2, from which it follows that bd < 1. 
By (18.5) and the last conclusion we get 


pe 
(So. “*.a) f(a,b,c,d)= (=) (3 — 2bd) 


2 2 
a—e\? 
> ( 5 ) o-a20, 


(Seo. a) > f(a,b,c,d). 


i.e. it follows that 


By the SMV theorem it follows that we only need to prove the inequality 
f(a, b,c, d) < 16, in the case when a = b=c =t > d, i.e. we need to prove that 
f(t, t,t,d) < 16, when 3t +d =4. 

Clearly 3t < 4. 

Thus we have 


f(t,t,t,d) < 16 
& 97+ dt)—2d-—16<0 
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& 917 +91(4 — 3r) — 27°(4— 3t) — 16 <0 


& 2(3t—4)(t—1)?(t+2) <0, which is true. 


Equality occurs if and only ifa=b=c=d=1ora=b=c=4/3,d=0 (up to 
permutation). 


Exercise 18.5 Let a,b,c,d be non-negative real numbers such that a+b+c+ 
d = 1. Prove the inequality 


1 176 
bcd + cd b< —+ —abcd. 
abc + bed + cda+da Sata? cd 


Solution Without loss of generality we may assume thata <b<c<d. 
Let f(a, b, c,d) =abc + bed + cda+ dab — abcd Le. 


176 
f(a, b,c,d) =ac(b+d)+ ba(a +c- ye): 


Since a <b <c<d we have 
ee Ge epeeraS- 
at+c<-—(a — or 
=o 2 


from which it follows that 


> >8> . (18.6) 


We have 


Fadod (0,7 “s*) 


2 2 

27 
—ac(b+d)— (44) (« +ec- see) 
(« +c— se) (04 = (“=*)) 


176 \ (b—d)? (18.6) 
< : 
(« +c 4 ac) Z < 0 


176 
=ao(b +d) + bd(a +o a) 


Therefore 


Flarbood) = f(a? “*"). 


iC, 
2 2 
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By the SMV theorem we have 


b+c+d 


f(a,b,c,d) < f(a,t,t,t), whent= 3 


Now we need to prove only the inequality 
( eae itha+3r=1 
f(a,t,t,o< 57° with a =1. 


Let us note that 3t <a +3t=1. 
The inequality f(a,t,t,t)< os is equivalent to 


Zar? +1 < = + ee (18.7) 
~ 27 27 
After putting a = 1 — 3t by (18.7) we get (1 — 37) (41 — 1)2(11t + 1) > 0, which is 
obviously true (since 3t < 1), and the problem is solved. 
Equality occurs if and only ifa=b=c=d=1/4 ora=b=c=1/3,d=0 
(up to permutation). 


Chapter 19 
Method of Lagrange Multipliers 


This method is intended for conditional inequalities. It requires elementary skills 
of differential calculus but it is very easy to apply. We’ll give the main theorem, 
without proof, and we’ll introduce some exercises to see how this method works. 


Theorem 19.1 (Lagrange multipliers theorem) Let f (x1, x2,...,%m) be a 
continuous and differentiable function on I CR”, and let gj(x1, x2,..-,Xm) 
=0,1=1,2,...,k, where (k < m) are the conditions that must be satisfied. 
Then the maximum or minimum values of f with the conditions g;(x,,X2,..-, 
Xm) = 0,i = 1,2,...,k, occur at the bounds of the interval I or occur 
at the points at which the partial derivatives (according to the variables 
X1,%2,...,Xm) of the function L= f — See Ai gi, are all zero. 


Exercise 19.1 Let x, x2, ..., Xp be positive real numbers such that x; + .x2-+---+ 
X, = a. Find the maximal value of the expression A = 2/%1x2---Xp. 


Solution Let g =x, +x2+---+X, —a. Then Lagrange’s function is 
FH=A—)d)g = 2x1 x2-++ Xn — A(X Hx. +++ +X — A). 
For the first partial derivatives we have 


py WX X2Xn 
LS ay 


x} 


1 _ Yen 
F.., ~~ = A, 


x2 


) _ YET 
Xn Xn 


from which easily we deduce that we must have xj = x2 =--- =x, = £. 


n 
arent which is the well-known in- 


Hence max A = £, ie. 3/x1x2°**Xn < 
equality AM > GM. 
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Exercise 19.2 Let a,b,c € Rt such that a+ b+c=1. Prove the inequality 

T(ab + be + ca) < Yabc + 2. 
Solution Let 


f(a, b,c) =7T(ab + be + ca) — Yabc — 2, g(a,b,c)=at+b+c-l 


and 
L=f -—idg =7(ab+be+ca) —9abe —-2-—A(a+b+c-—1). 
We have 
aL 
i a => =7(b+c)—9Y9be, 
a 
aL 
a => ’A=T7(c+a)—9ca, 
aL 
Bue en ee SO => A=T(a+b) —Y9ab. 
Cc 
So 


7(b+c)—-9be=K=T(c+a)—-9ca | (b—a)(7—9c) =0. (19.1) 
In the same way we obtain 


(c — b)(7 — 9a) =0 (19.2) 
and 


(a —c)(7 — 9b) = 0. (19.3) 


Let us consider the identity (19.1). 
Ifa =b then if b=c we geta=b=c= 1/3, and then 
21 9 


,b,c)=T(ab+b 9abc —2= 2=0. 
f(a, b,c) (ab + be + ca) abc 9 


Ifa =b and b £c then by (19.2) we must have a = 5 =bandthena+b= > >I, 
a contradiction, sincea+b<a+b+c=l1. 

If 7 — 9c = O then we can’t have 7 — 9a = 0 or 7 — 9b = O for the same reasons 
as before, so according to (19.2) and (19.3) we must have b = c and a =c, ie. 
a=b=c=7/9, which is impossible. 

Therefore min L = 0, i.e. 7(ab + be + ca) < Yabc +2. 


Exercise 19.3 Let a,b,c € R such that a? + b* +c? + abc = 4. Find the minimal 
value of the expressiona+b+c. 
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Solution Let 


f(a,b,c)=atb+tc, (a,b,c) =a’ +b? +c? +.abe—4 


and 
L=f-—dAg=atb+c-A@?t+b? +c? +abc —4). 
We have 
ud 1-iXr Ab 0 > A : 
——S _— = [— => =, 
da . 2a+ be 
a 1-Ab-X 0 > A 
—_—_ = — —Aac= => ——, 
0b 2b +ac 
ae 1-iXr Aab=0 => A 
—=1-Ac—hab= | 4 
dc 2c+ab 
So 
: = : 2S ( b)(2 )=0 (19.4) 
Qa+tbe 2b+ac f 7 , 
In the same way we obtain 
(b—c)(2—a)=0 (19.5) 
and 
(c—a)(2—b)=0. (19.6) 


If a=b =2 then since a2 + b? + c* + abc = 4 we get c = —2, and therefore 


a+b+c=2. 
If a= b=c #2 then from the given condition we deduce that 


Ba? +ae=4 8 (a—-l1)(at2)=0, 


and thereforea =b=c=lora=b=c=-—?,1e.a+b+c=3o0ra+b+c=-—6. 
Thus minfa + b+c}=-—6. 


Exercise 19.4 Let a, b,c,d €R™ such thata +b+c+d=1. Prove the inequality 


1 176 
bc + bed b< —+ —abcd. 
abc+bcd+cda+da Sat 474 cd 


Solution Let f =abc + bed + cda + dab — abcd. 
We'll prove that 


180 


Define g =a+b+c+d-—1 and 
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176 
Bim Pe BUG BEG i COG ena ORE ae ae here al). 


For the first partial derivatives we have 


OL 


ob 


EE ee | ene ee ee 
ifort ae = He 


OL 176 
ap ae ed +da — aed — = 0, 


ke b+bd+d He bd-2X7=0 
aes a 574 =VU, 


OL 
dd 


Therefore 


=be+ Bye a A=0 
aq ee hae tab Gabe A= 0, 


176 176 
X}=be+cd+db— pq Ded = ac + ed + da — —acd 


27 


=ab+bd+d ek bd = bc +ac +ab ai b 
=a a——, abd =be+act+a ay abe: 


Since 


be+cd-+db ey d=ac+cd+d ae d 
Cc Cc 77 cad =adac Cc a 97 76 5 


we deduce that 


Similarly we get 


By solving these equations we must have a = b 


b-a(era- et) = 0. 


(b—c)(at+d =o ai \ 0 
C)\ a 7“ —V; 
co; 176 =, 
_ GO ag OE = VU, 
( \b+d ay 0 
a-—c = =0, 
27 
(a—d)(c+b ae b)=0 
a c 7° =U, 


it follows thata =b=c=d=1/4. 


=c=d,andsincea+b+c+d=1 
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Then 
FU/4, 1/4, 1/4, 1/4) = 1/27, 
and we are done. 
Exercise 19.5 Let a, b,c € R be real numbers such that a + b+ c > 0. Prove the 
inequality 


P+bh4+c <(a24+b* +c’) 4 3abc. 


Solution If we define 


a b Cc 


Vth te VeRO a 
then the given inequality becomes 

P+yp4+P<@?+y+27)y743xyz, withx?+y?+2?2=1. 
So it suffices to prove that 

at+h+e<@ +b? +c’)? +3abc, with condition a? +b? +c? = 1, 
i.e. 
a+b+ce<1+3abe, witha? +b? +c?=1. 

Let us define 


f=a+b? +c —3abe, gaa4+h?+ce-1 


and 
L=f -ag=a+bh +c —3abe—A(a? +b? +c? — 1). 
We obtain 
aL 
= 3a? — 3bc — 2Aa = 0, 
da 
aL 
ap = 3b 3ac — 2Ab=0, 
aL 
= 3c? — 3ab — 2ac =0 
0c 
1.e. 
4, — 3@ = bo) _ 36? = ae) _ 3(c* — ab) 
~ 2a ~ 2b ~ 2c OC 
Thus 


3(a? — be) _ 3(b? — ac) 
Ba = = Op 


(a — b)(ab+ be+ ca) =0. 
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Similarly we deduce 
(b—c)(ab+bce+ca)=0 and (c—a)(ab+bc+ca)=0. 


By solving these equations we deduce that we must have a = b=c or ab+ be + 
ca=0. 

Ifa=b=c then f(a,a,a)=0 <1. 

If ab + be + ca =0 then 


(atb+cy =a? +b? +c 4+2(ab+be+ca)=1, 


and sincea +b+c>0weobtaina+b+c=1. 
Therefore 


flab,c =a +b +0 —3abe = (atb+c)(a* +b? +c? —ab— be —ca) = 1, 


and the problem is solved. 


Chapter 20 
Problems 


1 Let n be a positive integer. Prove that 
1 1 _ 
1 + 55 a+ 35 32 aa Ole sz <2. 
2 Let ay =1t5tytet 1. Prove that for any n € N we have 


: “te : ot : pete : 2. 
s=+-5+-5 —< 
a; 2as 3a; naz 
3 Let x, y, z be real numbers. Prove the inequality 


xt yt 4z4> 4xyz—1. 


4 Prove that for any real number x, the following inequality holds 


gp 2 _. 5 1999 1986 1995 dG, 


5 Let x, y be real numbers. Prove the inequality 
3(x ty +1)? +12 3xy. 
6 Let a, b, c be positive real numbers such that a + b+ c > abc. Prove that at least 
two of the following inequalities 
2 3 6 2 3 6 2 3 6 
-~-+-+-26, —~+-+-26, aor +—-=6 
a boc b cea b 
are true. 


7 Leta,b,c,x,y,z> 0. Prove the inequality 


ax ay by 4 CZ _ atbtoatyts) 
at+x b+ty c+z7~ at+tb+c+x+y4z- 


Z. Cvetkovski, Inequalities, 183 
DOI 10.1007/978-3-642-23792-8_20, © Springer-Verlag Berlin Heidelberg 2012 
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8 Let a,b,c € R™. Prove the inequality 


CL NE cs A Bee ae As ie 1 
atbe b?+ac c*+ab~ be ac ab 


9 Let a,b,c,x,y,z<€R* such thata+x=b+y=c+z=1. Prove the inequal- 
ity 


1 1 1 
(abe +xye)(— +—-+ =) > 3. 
ay bz cx 
10 Let aj, a2,..., ay, be positive real numbers and let bj, b2,...,b, be their per- 
mutation. Prove the inequality 
Gi + a a ie an Saytagte:+ 
— — eee — a a eee a 
bi | bp fare m 


: ess ‘ 2 
11 Let x € R™. Find the minimum value of the expression aH. 


12 Let a,b,c € Rt such that abc = 1. Prove the inequality 


a b Cc 3 
+ + Cae 
(a+1)(b+1) (4+1)(c4+) (c+I1at+l° 4 


13 Let x, y > 0 be real numbers such that y(y + 1) < (x + 1). Prove the inequal- 
ity 


yy sx’. 
14 Let x, y €R®* such that x3 + y? < x — y. Prove that 
wty?<l. 
15 Let a,b, x, y € R such that ay — bx = 1. Prove that 
a+b tx +y?+ax+ by > V3. 


16 Let a,b,c,d be non-negative real numbers such that a? + b? + c* +d? = 1. 
Prove the inequality 


(-—a)—b)0 —c)U —d) = abcd. 


17 Let x, y be non-negative real numbers. Prove the inequality 


A(x? + y?) > (x2 + y*)003 + y3y(x* ty’). 
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18 Let x, y,z €R™ such that xyz = 1 and i + ; + ; >x-+y-+z. Prove that for 
any natural number n the inequality 


it's Sale a al 
— + 


wg ee 


is true. 


19 Let x, y,z be real numbers different from 1, such that xyz = 1. Prove the in- 


equality 
B25\7 3-y\? 3=2\7 
— 7. 
ee) ey) 


20 Let x, y, z < 1 be real numbers such that x + y + z = 1. Prove the inequality 


1 A 1 i 1 27 
l+x2  1+y? 14227 10° 


21 Let a,b,c € R®. Prove the inequality 


1 1 1 3 
+ +h ea . 
ail+b) b(+c) cUl+a)~ 1+ abc 


22 Let x, y, z be positive real numbers. Prove the inequality 
9at+b)(b+c)(c +a) > 8(at+b+c)(ab+bce+ca). 
23 Let a, b,c be real numbers. Prove the inequality 
(a* +b? +07) > 3(a%b + bc +.c7a). 


24 Let a,b,c be positive real numbers such that a? + b? +c? =3. Prove the in- 
equality 


a(bt+cot+b(ctatc(atb) <6. 


25 Let a, b,c be positive real numbers. Prove the inequality 


a mn b is Cc > 
/ sD 
b+c cta a+b 


26 Let a,b,c be positive real numbers such that a + b? +c? =3. Prove the in- 
equality 


Oe ute, eG 
b+2 ct+2 a+27 
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27 Let x, y, z be distinct nonnegative real numbers. Prove the inequality 


1 di 1 So 1 _ 4 
(x—y)? (y—z)®) (g—x)? ~ xytyz+zx" 


28 Let a, b,c be non-negative real numbers. Prove the inequality 
3(a* —a + 1)(b* —b4 1)? —c +1) > 1 +abc + (abc). 
29 Let a,b €R,a 40. Prove the inequality 
@+Pta¢2>v3. 
a a 


30 Let a,b,c € R™. Prove the inequality 


a+ b+ a 
b+e cta atb7 


31 Let x, y, z be positive real numbers such that xy + yz + zx = 5. Prove the in- 
equality 


3x? + 3y7 +2? > 10. 


32 Let a, b,c be positive real numbers such that ab + bc +ca >a+b-+c. Prove 
the inequality 


at+b+c>3. 
33. Let a, b be real numbers such that 9a? + 8ab + 7b” < 6. Prove that 
Ta+5b+ 12ab <9. 
34 Let x, y,z €R™, such that xyz > xy + yz + zx. Prove the inequality 
xyz>3(x+y+z). 


35 Leta,b,ce Rt with a? + b? + c? =3. Prove the inequality 


36 Let a,b,c be positive real numbers such that a + b+c= -<Jabc. Prove the 
inequality 


ab+bce+ca>9%(a+b+c). 
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37 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 


ae 1 Bee 1 a 1 , 27 
a+ —— c : 
a+l b+1 c+1/~ 8 


38 Let a,b,c,d €R* such that a? + b* + c* + d* =4. Prove the inequality 


a+b+c+d>ab+bc+cd+da. 


39 Let a, b,c € (—3, 3) such that 
Prove the inequality 


1 \ food 1 1 
ail Gaps See Sag gah aes 


3 


a 


Mat eat Mes 1 a 
3+a 3+b 3+4+c¢€7 


40 Let a,b,c € Rt such that a? + b* + c? =3. Prove the inequality 


1 1 1 


+ + > 1. 
at+bc+abc b+ca+bca c+ab+cab 


41 Let a,b,c € R®™ such that a + b +c =3. Prove the inequality 


Ce+e2+h BPe+RPt+e Ceat+ce+a? s 9 
ab+1 be+1 ca+1 =O 


42 Let a,b,c, d be positive real numbers such that a+b? +2 + d* =4. Prove 
the inequality 

at+b*4+3 b?4+c74+3 ce? 4+d*4+3  d?+a*4+3 3 

a+b b+c c+d d+a = 


10. 


43 Let a, b,c be positive real numbers. Prove the inequality 


1 1 1 9 
ae a5 Zz . 
ab(a+b) be(b+c)  ca(c+a)~ 2(a3 +53 +3) 


44 Leta,b,c € R* such that aVbe + b./ca + cab > 1. Prove the inequality 
a+b+c> V3. 


45 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 
b+c cta a+b 
+ + > Jat Vb+ Je+3. 
Va vb ve 
46 Let x, y, z be positive real numbers such that x + y + z = 4. Prove the inequality 


1 1 1 1 
+ + ent 
Qxy+xztyz xy+2@xz+yz  xytxz+2yz 7 xyz 
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47 Let a,b,c € R™. Prove the inequality 


48 


49 


50 


51 


52 


53 


54 


55 


56 


abc >(a+b—c)(b+c—a)(c+a-—b). 


Let a, b, c be positive real numbers such that a + b+ c = 3. Prove the inequality 


12 


abc + —————— > 5 
ab+bce+ac 


Let a, b, c be positive real numbers such that abc = |. Prove that 


(re fo(eredan 


Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 


1 1 1 1 1 1 


+ + < + + . 
l+ta+b 1+b+c l+ceta™~ 2+a 2+b 24+6€ 


Let a, b,c > 0. Prove the inequality 


100abc 


b)* | OR) ee 
(a+b) + (a+b+4c) ieee iy STG 


Let a, b,c > 0 such that abc = 1. Prove the inequality 


l+ab 1+bc Tepe 128 
l+a 1+b lt+a7 


Let a, b, c be real numbers such that ab + bc + ca = 1. Prove the inequality 


1\? i\2 1\4 
(«+;) +(o+2) +(c+2) > 16. 
b Cc a 


Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


ude lta 1+b Il+e 
a c . 
~14+b Ii1+c tI+a 


Let a, b € R™. Prove the inequality 


3 3 1 1 
2 2 

b+—){b —)|>(2 ~](2b+-)}. 
(« i +2) +a+3)>(20+5)( +3) 


Let a,b,c € R™ such that abc = 1. Prove the inequality 


a % b i Cc xi 
az4+2 b?242 (2427 
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57 Let x, y, z > 0 be real numbers such that x + y + z = xyz. Prove the inequality 
(x — DQ —De- 1) <6vV3- 10. 

58 Let a, b,c € (1, 2) be real numbers. Prove the inequality 


bJa cVb ip a/c a 
4bJc—cJa 4cJa—-aVb 4aVb—bYe™ 


59 Let a,b,c € R®™ such that a +b +c =3. Prove the inequality 


Va(b+c)+ Vb(c +a) + Vcla +b) = 3V2abc. 


60 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


JVatbe+Vb+cat+vVc+ab <2. 


61 Let a, b,c be positive real numbers such that a+ b+c+ 1=4abc. Prove that 


>2(ab+be+ca). 


e+e Ce+a ath? 
+ 
a b Cc 


62 Let a,b,c € (—1, 1) be real numbers such that ab + bc + ac = 1. Prove the 
inequality 


6v (1 —a*)(1—b*)(1—c?) < 1+ a@t+btoy. 


63 Let a,b, c,d be positive real numbers such that a? + b? + c* + d* = 1. Prove 
the inequality 


/Toato/ lb aw lew 1d 2 Wa wb wa. 


64 Let x, y, z be positive real numbers such that xyz = 1. Prove the inequality 


1 i 1 n I a! 
Gale ye) OG PI~ real Galata 2: 


65 Let a,b,c € R™. Prove the inequality 


a a a 
+ + =1 
a+(b+c) a+(b+c) a+(b+c) 


66 Let x, y,z €R™. Prove the inequality 


(xty+z)2(xry + yz+ zx)? <3? +ay t+ yy? + yzt 2°)? + 2x +x). 
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67 Let a, b,c be real numbers such that a + b+ c = 3. Prove the inequality 
Mab et ee) 38 S38 HC): 


68 Let a,b, c,d be positive real numbers. Prove the inequality 


a—b b-c cd ad ae 
b+ce ctd d+t+a a+b 


69 Let a,b,c € R® such that a + b +c =1. Prove the inequality 


a " b 2: c 2? 
(b+c0)2 (c+a)? (a+b)? 74 


70 Let a,b,c € R® such that abc = 1. Prove the inequality 


arc bia ob 3 
+ + Etat 
(b+c)(c +a) (cta)(at+b) (at+b)\(b+c)~ 4 


71 Let a,b,c > 0 be real numbers such that abc = 1. Prove that 
(a+b)(b+c)(ec+a)>4(at+b+c-—1). 


72 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


+ 3 > 2 . 
at+tb+c” ab+bc+ca 


73 Let x,y,z be positive real numbers such that x* + y* + 27 = xyz. Prove the 
following inequalities: 


1° xyz > 27 2 xytyz+zx > 27 
B°xtytz2=9 Bayt yztzx=e2at+y+z2)t+9. 
74 Let a,b,c be real numbers such that a? + b? + c? — 3abc = 1. Prove the in- 
equality 
Gee e >1. 


1 
ct 


75 Leta,b,c,d €R* such that mr aes iF i rare a a = |. Prove that 
abcd > 3. 


76 Let a, b,c be non-negative real numbers. Prove the inequality 


eee <4 COU 
3 7 8 ; 
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77 Let a,b,c, d be positive real numbers such that a ++ b+c-+d = 1. Prove that 


16(abc + bcd + cda + dab) < 1. 
78 Let a,b,c, d, e be positive real numbers such thata + b+c+d+e=5. Prove 
the inequality 


abc + bcd + cde +dea+eab <5. 


79 Let a,b,c > 0 be real numbers. Prove the inequality 


a bc atb_ bee 
+-+- 2 + +1. 
b c a b+e cta 


80 Let a,b,c > 0 be real numbers such that abc = 1. Prove the inequality 


1+ 1+ 1+—)>20+a+b+0c). 
b Cc a 


81 Let a, b,c be positive real numbers such that a+b+c> + + ; + i. Prove the 
inequality 


2 
b 2 
Bt a+b+c_ abc 
82 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 


l+ab BS suse 1l+da 
l+a 1+) l+ce l+d~ 


83 Let a,b,c € R®. Prove the inequality 


1 5 1 i 1 S 27 
b(ia+b)  c(b+c) a(e+a)~ 2Watb+c)? 


84 Let a, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


a2 b C2 3 
+ + ey 
b?—2b+3 c2—2c4+3 a?-—2a+37 2 


85 Let a, b,c be positive real numbers such that ab + bc + ca = 3. Prove the in- 
equality 
1 1 1 1 
+ + < . 
lt+a2(b+c) 14+b2(c+a) 14+c?(a+b)~ abc 


86 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


asi+bpe+bJ ite Satay +a—p <1. 
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87 Let a,b,c € R®™ such that a +b +c =1. Prove the inequality 


1-—2ab 1-—2bc 1-—2ca 
+ + >7. 


Cc a b ~ 


88 Let a, b,c be non negative real numbers such that a* + b* +c? = 1. Prove the 
inequality 

1—ab 1—ab ek 

7-3ac 7-—3ac 7—3ac~ 3° 


89 Let x, y,z €R™ such that x + y +z=1. Prove the inequality 
1 


x ZX & 
a= + <5. 
fit2 jity fate 


90 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


Sal ee a aL 
a+bce b+ca ct+tab7~ 2 


91 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


fae = (4 
+ + > 3. 
a+l c+l1 a+l 


92 Let x, y, z => 0 be real numbers such that xy + yz + zx = 1. Prove the inequality 


x y Zz 3/3 
te ae < . 
l+x2 I+y2 1422 4 


93 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 


1 1 1 3/3 
+ + > 
lta 14+b l+e7 341 


94 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 
a’ b? C J3 
+ “te = ; 
lta 14+b 1+e7 /3+1 


95 Let a,b,c €R™ such that (a+ b)(b+c)(c +a) = 8. Prove the inequality 


a+bte af a> + b? + c3 
3 7 3 ; 
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7 7 4 2 
96 Find the maximum value of 3 , where x ER, x > 1. 


NAS, 
x°42x 


97 Let a, b,c be positive real numbers. Prove the inequality 


eae Es a+b a+b+c 
ee a: + —_——__,, 
3 = 2 5 


98 Let a,b,c be positive real numbers such that abc(a + b+ c) = 3. Prove the 
inequality 


(a+b)(b+c)(c+a)>8. 


99 Let a, b, c be positive real numbers. Prove the inequality 
/ 2a i 2b i 2c 
+ EE <3. 
b+c c+a a+b 


100 Let a,b,c € R™ such that ab + bc + ca = 1. Prove the inequality 


1 fe 1 de 1 = 9 
a(at+b) b(b+c) c(c+a)7~ 2 


101 Let 0 <a <b <c < 1 be real numbers. Prove that 


108 
2 2 2 

b +b b)+c" < ‘ 
a“(b—c) (c-—b)+cU-cj< 59 


102 Let a,b,c € R™ such that a+ b+c=1. Prove the inequality 


256 
S=a‘b+bie+cla< —_. 
INE EES a9 


103 Let a,b, c > 0 be real numbers. Prove the inequality 


cea ee rn 
be cee a be aa 


104 Prove that for all positive real numbers a, b, c we have 


3 b 3 


a c 
ee EE Dae. 
a 


be" C2 
105 Prove that for all positive real numbers a, b, c we have 


I ee COR b2 2 
b2 c2— a2 “Ob Cc a’ 
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106 Prove that for all positive real numbers a, b, c we have 


a b 3 
—+—+—2>ab+bc+ca. 
b c a 


107 Prove that for all positive real numbers a, b, c we have 


5 b° 5 


a Cc 
+520 4h +e. 
a 


BB! C3 
108 Let a,b,c € R™ such that a+ b+ c= 3. Prove the inequality 
a? b3 (oa 
+ + >1 
bQc+a) c(2a+b) a(2b+c) 


109 Let a,b,c € R* and a* + b? +c? =3. Prove the inequality 


a b3 ce 


> 1. 
pad.  EEOn GOR 


110 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
1 oh 1 a 1 iad 
e4+2 642 Gb4+27 


111 Let a,b,c € R* such that a+ b+c=1. Prove the inequality 


a ea b3 te (oa ee 
ath b+c2 ce+a2 72 


112 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


1 1 1 
+ >1 
1+2a2b  14+2b2c 7 1+ 2c2a ~ 


113 Let a,b,c, d be positive real numbers such that a+ b+c+d=4. Prove the 
inequality 
a 2 b si Cc i d 5 
14+B?e 14+cd 14+d2a 1+4+a?2b7 


114 Let a, b,c, d be positive real numbers. Prove the inequality 


a? di b3 as 3 4 2 , atbtctd 
az+b2  b2+c2  c2 +d? d*+a? 7 2 ; 
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115 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


a b? C2 
> 1. 


FLOR ba Oe CLUE - 


116 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


a b? C2 


>1 
a+2b3 ae, mera ~ 


117 Let a, b,c be positive real numbers such that a? +b? +c? =3. Find the mini- 
mum value of the expression 


16 


at+b+c+————_. 
a+b+c 


118 Let a,b,c > 0 be real numbers such that a2 + b? + c? = 1. Find the minimal 
value of the expression 


1 
A=a+b+c+—. 
abc 


119 Leta, b, c be positive real numbers such that a+ b+c = 6. Prove the inequality 


Jab + be+ JSbe+ca+ JSca + ab RG +b? +2) <9. 


120 Let a,b,c € R™ such that a + 2b + 3c > 20. Prove the inequality 


1.0) A 
Sad tbter pet = 13. 


121 Let a,b,c € R™. Prove the inequality 


Gen De rane Crea 
S= 30a + 3b* + + 36 “hae > 84. 
9 ab be ca 


122 Let a,b,c € R®™ such that ac > 12 and bc > 8. Prove the inequality 


1 1 1 8 121 
S=a+b+c+2 +—-+ + = : 
ab be ca a 


123 Let a, b,c,d > 0 be real numbers. Determine the minimal value of the expres- 


sion 
2a 2b 2c 2d 
A=({1l 1 1 1 
( +=)( +2)( +=)( +=). 
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124 Let a,b,c > 0 be real numbers such that a2 + b? + c* = 12. Determine the 
maximal value of the expression 


A=aVb? +02 +bVc2 +a24+cVa2 +b. 
125 Let a,b,c > 0 such that a+ b+c=3. Prove the inequality 
(a — ab +b?) (b* — be +. c*)(c* — ca +a’) < 12. 
126 Let a, b,c be positive real numbers. Prove the inequality 
(@ Sa? $3) bh? + 3 =e +3) = @+b+0)°: 


127 Let x, y,z € R® such that x + y + z= 1. Prove the inequality 


xy zx yZ 1 
+ + = . 
VI42 JS/l+y? Vi+x2~ 10 


128 Let a,b,c € R™. Prove the inequality 
(a+b+c)® > 27(a? +b? +c*)(ab + be + ca)’. 
129 Let a,b,c € [1, 2] be real numbers. Prove the inequality 
ae+b+e < 5abc. 


130 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(=a +3 =F 4 3) e+ 3) S27. 
131 Let a,b,c € [1, 2] be real numbers. Prove the inequality 
1 1 1 
(a+b+c){|-+—+-—)]<10. 
a boc 
132 Let a,b,c € R®™ such that a+ b+c=1. Prove the inequality 
10° +b 4+0)-904+b 40) >1. 


133 Letn € N and x1, x2,..., xX», € (0, 7). Find the maximum value of the expres- 
sion 


sin xX} COS X2 + SiINX7 COS x3 +--+ + SIN X, COS X1. 


134 Let a; € [as 57, fori =1,2,...,n. Prove the inequality 


1\2 
(siner + sina +---+sina, + ) > (cosa, +cosa2 +---+cosa,). 
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135 Let a), a2,...,4n3 Ant) = 41, 4n42 = a2 be positive real numbers. Prove the 
inequality 
n 
aj — ai+2 
fay Gitl + 442 
136 Letn > 2,n €N and x1, x2,...,X, be positive real numbers such that 


1 1 1 1 
x1 + 1998 : x2 + 1998 ms Xn +1998 1998 


Prove the inequality 
AVX 1X2 +++ Xp = 1998(n — 1). 


137 Let aj, a2,...,d, € R*. Prove the inequality 
is n 
n 
Yoko = (3) + oat 
k=1 k=1 


138 Let a}, a2,..., Gp be positive real numbers such that a; + a2 +--+ +a, =n. 
Prove that for every natural number k the following inequality holds 


k-1 


k k k k-1 
a) + ay +++: +a, 2 a, 


k-1 
+ ay é 


+ os +a, 
139 Let a,b,c, d be positive real numbers. Prove the inequality 

a (a We (a a ary (Se 

a+b b+c ct+d d+a}) ~8 


140 Let x1, x2,...,x, be positive real numbers not greater then 1. Prove the in- 
equality 


an ai alt 
(1 + 1) 72 (1+ x2) +++ (1+4n) 1 2 2". 


141 Let x1, x2,..., x, be non-negative real numbers such that x; + x2 +-+-+%4n< 
5 Prove the inequality 


1 
(Les) Saar Ss Ain) eae 


142 Let a,b,c € R™ such that abc = 1. Prove the inequality 


1 1 1 
<1 
Pepa pasa eget — 
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143 Let 0 <a,b,c < 1. Prove the inequality 


Cc si b rd a sail 
7484+ 74240 74634273 


144 Let a,b,c € R®* such that abc = 1. Prove the inequality 


ab bc ca 
=f =e ak 
at+ab+bD bB+be+30 +ca+a5 


145 Let a,b,c € R®* such that a + b + c =3. Prove the inequality 


a i b? % 3 ae 
atab+bh2 b?+be+c2 c*+cata27~ 


146 Let a, b,c be positive real numbers such that a’? + b* +c? = 3abc. Prove the 
inequality 
a fe b ee Cc 9 
b2c2— 2a? ab? ~ a+b4+ec 


147 Leta, b,c, x, y, z be positive real number, and let a+ b = 3. Prove the inequal- 
ity 
x y Zz 
> 
ay + bz 7 az+ bx = ax + by ~ 


148 Let x, y, z > 0 be real numbers. Prove the inequality 


x y Zz 1 
+ + >. 
xX+2y+3z yt2z+3x z~+2x+3y~ 2 


149 Let a, b,c,d € R™. Prove the inequality 


Cc i d ce a ih b i 
a+3b b+3c c+3d d+3a7 


150 Let a, b,c, d, e be positive real numbers. Prove the inequality 


a b c d e 5 
+ + oes 
b+ce ctd dt+e e+ta a+b” 2 


151 Prove that for all positive real numbers a, b, c the following inequality holds 


a b3 3 ae +b*4+c? 
+ + ze : 
at+ab+b2 b?+be+c?  c*+ca+a? atb+c 
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152 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 
1 1 1 3 
+ 0 Et 
4a*—bce+1 4b%-ca+1 4c2-—ab+17 2 


153 Let a, b,c be positive real numbers such that 


1 1 1 
~ oe 
ape pepe eA e+az+17 


Prove the inequality 

ab+bce+ca <3. 
154 Let a,b,c be positive real numbers such that ab + bc + ca = 1/3. Prove the 
inequality 


a ED b FH Cc ss 1 
a*#—be+1 b?-—ca+1 9 c?-—ab+17at+b4+ec 


155 Let a, b, c be positive real numbers. Prove the inequality 


a b? 3 
>1 
PLeae Be Lone Lae abe ~ 


156 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
a b Cc 1 
+ + Sn 
a*+2b+3 b%+2c+3 c#+2a+37 2 


157 Let a,b,c,d > 1 be real numbers. Prove the inequality 


Va—14+Vb-14+Vce-14+Vd—-1< J/(ab+ (ed +1). 
158 Let aj, a2,...,d@, € R® such that a,az---d, = 1. Prove the inequality 
Vay + faz +-+++ fay Say +42 +++ +a. 


159 Leta, b, c be positive real numbers such that a+ b+c = 1. Prove the inequality 


aJb-+bVe-+eva <=. 


160 Let a,b,c € (0, 1) be real numbers. Prove the inequality 


Vabe+ /(—a) —b)—o) <1. 
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161 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


a+2 B42 ee 
b+2 c+2 a+2 7 


162 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 


163 Let a, b,c be positive real numbers such that abc = 8. Prove the inequality 


a-—-2 b-2 c-2 
<0. 
a+1 b+1 c+l17— 


164 Let a,b,c € R* such that a* + b? +c? = 1. Prove the inequality 
a+b+c—2abe < V2. 
165 Let x, y,z €R* such that x? + y? + z* = 2. Prove the inequality 
x+y+z<24+xyz. 
166 Let x, y, z > —1 be real numbers. Prove the inequality 


1x l+y? 1427 a 
Lp yapee Daeg © ee eye 


167 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 
(+a2)1+b2)1 +02) +a?) > (at+b+c+d)’. 


168 Let a,b,c,d €R* such that s + i + : + i = 4. Prove the inequality 


34 p3 b3 3 3 4 3 d3 3 
2 +f get +f = <Uatb+c+d)—4. 


169 Let x, y, z €[—1, 1] be real numbers such that x + y+ z+ xyz = 0. Prove the 
inequality 


Vxt l+J/ytl+vz+1s3. 


170 Let a,b,c > 0 be positive real numbers such that a + b + c = abc. Prove the 
inequality 


ab+be+ca>34+Va24+14+Vb2414Ve2+1. 
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171 Leta, b,c, x, y, z be positive real numbers such that ax + by +cz = xyz. Prove 
the inequality 


JVatb+Vb+c+Veta<xtytz. 


172 Let a, b,c be non-negative real numbers such that a* +b? +c? = 1. Prove the 
inequality 


a b Cc 3 
> bb "a2 
Pa 2a ee a vb + eve) 


173 Let a, b, c be positive real numbers. Prove the inequality 


a b C 9 
+ + = : 
(b+c)? (ct+a)? (a+b)? ~ 4a+b+c) 


174 Let x > y >z> 0 be real numbers. Prove the inequality 


2 2 2. 
Lik 

$47 ex? + y 427, 
y 


175 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


1 1 1 
< 
Dia Dee | ope 


176 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


1 1 1 


<1. 
Pigae Peele «aE 


177 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 


1 1 1 1 
>2 
ay eee. eddy 


178 Let a,b,c be non-negative real numbers such that a + b +c = 1. Prove the 
inequality 
ab i be 4 ca a 1 
ctl atl b+174 


179 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


1 m 1 % 1 <3 
(a+1)2(b+c) (b+1)2(e+a) (c€+1)2(a+b)7~ 8 


180 Let x, y, z be positive real numbers. Prove the inequality 


xy(xty—z)t+yz(ytz—x)+ex(2+x-y)= (3039? peat x): 
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181 Let a, b, c be positive real numbers. Prove the inequality 


ab(aa +b) be(b> +c?) — ca(c? +43) 
a2 +b? b2 + ¢2 c2 + a2 


> V3abc(a3 + b3 + c3). 


182 Let a, b, c be positive real numbers. Prove the inequality. 


b b 
Pr sami ane Ae > J/3abc(a+b+c). 


b+c cta a+b” 


183 Let a,b, c and x, y, z be positive real numbers. Prove the inequality 


a(y +z) + b(g+x)+e(x4+ y) > 2/ (xy + yz + 2x) (ab + be + ca). 
184 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 
e+b+c >ab+be+ca. 


185 Let a,b,c > 0 be real numbers such that a2/3 + 52/3 + c?/3 = 3. Prove the 
inequality 


PRE AE Sgr LP. 


186 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


1 1 1 
+ + 
C+atb azt+tb+c b*?+c+a7 


187 Let a,b,c € R™. Prove the inequality 


2a” 2b 2c? 
+ + Satbt+e. 
b+ce cta atb 


188 Let a, b, c be positive real numbers such that abc = 2. Prove the inequality 


e+bh+e>aV/b+c+blo+atcVatb 


189 Let aj, a2, ..., a, be positive real numbers. Prove the inequality 
1 1 
I I I I I Ro 
Teg Tag tT ie a tag te, OF 


190 Let a, b,c,d €R™ such that ab + bc + cd + da = 1. Prove the inequality 


a ai b3 ms 3 a a _ 
b+ec+td atc+d b+d+t+a b+ct+a73 
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191 Let a, x, y, z be positive real numbers such that xyz = 1 and a > 1. Prove the 
inequality 


a a a 


x y z 3 
+ oe 
y+tz ztx x+y 2 


192 Let x1,x2,...,X» be positive real numbers such that 
1 1 1 
+ +eee+ =: 
1+x4 1l+.x 1+ x, 
Prove the inequality 
JfXi + f/xo +--+ ./%, 1 1 1 
eae 2 > pp pe, 
n—1 JX, /X2 af Xi 
193 Let x1,x2,...,X, > 0 be real numbers. Prove the inequality 
Xy$x9 ++ +xn 
Say <2 xP xt) = 


194 Let a, b,c > 0 be real numbers such that a + b+ c = 1. Prove the inequality 


atb b+e +a 
b+c cta atb ~— 


195 Let a,b,c > 1 be positive real numbers such that = 


Prove the inequality 


a eee eer 
@+1° b+1 c+17~ 


196 Let a,b,c, d be positive real numbers such that a2 +b*+c2+d? =4. Prove 
the inequality 


197 Let a,b,c,d €R such that 
inequality 


1 1 1 1 1 
Ta + ab + oe + Gat ae = |. Prove the 


a m b a Cc a3 d oh e ee 
4+a* 446? 44+c2 44d? 44627 


198 Let a, b,c be real numbers different from 1, such that a+ b+c= 1. Prove the 
inequality 

Lear Tee Te 1S 

l-a? 1-b?  1-c?~ 4° 


204 20 Problems 


199 Let x, y, z > 0, such that xyz = 1. Prove the inequality 


x3 y? 2 3 


(d+y)0+2z) * (+z 4+.) - (l+x)(1+y) Pe 


200 Let a, b,c, d > 0 be real numbers. Prove the inequality 


a b Cc d 2 
+ + + aS 
b+2c+3d c+2d+3a d+2a+3b a+2b+3c7 3 


201 Let a, b,c be positive real numbers. Prove the inequality 


a+be b*+ca_ c*+ab 


>Satbte. 
b+c cta a+b ae : 


202 Let a,b >0,n €N. Prove the inequality 


a\" b\" 
(1+¢) +(1+2) See, 
b a 


203 Let a, b,c > 0 be real numbers such that a + b+ c = 1. Prove the inequality 


iy 1\2 1\*_ 100 
a+—) +{b+—) +{(c+-]) =—. 
a b Cc 3 


204 Let x, y, z > 0 be real numbers. Prove the inequality 


x y Z we 


+ <-. 
2x+y+zZ x+2y+z~2 x+y+2z7 4 


205 Let a,b,c,d > 0 be real numbers such that a< la+b<5,a+b+c< 
14,a+b+c+d < 30. Prove that 


Jat+vVb+Jce+ Vd < 10. 


206 Let a, b, c,d be positive real numbers such that a+ b+c-+d=4. Prove the 
inequality 


a i b a Cc fi d _ 8 
be+b e+e d+d atta (atc\(b+d) 


207 Let x1,x2,...,X, > Oandn € N,n > 1, such that x} + x2 +---+.x, = 1. Prove 
the inequality 


x1 Ha x2 Sasa Xn ao VAT AAT Ten 
JVl—-x, JSl—x2 WA vn—1 ; 
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208 Let n € N,n > 2. Determine the minimal value of 


5 By} 3: 
xj X45 Xn 


F ee ; 
XQ7xXZ tT Xn XLT AZ TT Xn Xp X24 +++ + Xn-1 


where x1, x2,...,X, € R™ such that x? +.x3 +++ +32 =1. 


209 Let P,L,R denote the area, perimeter and circumradius of AABC, respec- 


tively. Determine the maximum value of the expression af. 


210 Let a,b,c € R® such that a+ b+ c =abc. Prove the inequality 


1 i 1 J ie es 
Ji tae STR Stee 2 


211 Let a,b,c € R such that abc +a +c = b. Prove the inequality 


2 2 3 10 
++ <—. 
a+1 b2741 c4+17 3 


212 Let x, y,z > 1 be real numbers such that + + ; + i = 2. Prove the inequality 


Vx—1+Jy—-l+vz-1< J/x+y¥z. 


213 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


re ie oe We ae 1/2 1>6 
a b b Cc Cc a ae 


214 Let a, b,c be positive real numbers such that a + b+c+1= 4abc. Prove the 
inequalities 


1 nm 1 m 1 mee 1 ea 1 r 1 
a be afab-” xfbe-  afca’ 
215 Leta, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 


inequality 


a 4 b i Cc _ 3v3 
l+a2 1462 14+c2?7 4° 


216 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


je + bc 4 ca 252 
c+tab atbe Vb+ca7~2 
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217 Let a,b,c > 0 be real numbers such that (a + b)(b +.c)(c + a) = 1. Prove the 
inequality 


ab+bce+ca< 


Blow 


218 Let a,b,c > 0 be real numbers such that a? + b* + c? + abc = 4. Prove the 
inequality 


0<ab+bc+ca-— abc <2. 
219 Let a, b,c be positive real numbers. Prove the inequality 
a+h4+c42abc+3> (1 +al(1t+b)(1+c). 


220 Let a, b,c be real numbers. Prove the inequality 


Jat +O ~OP + (+= + VE FO Rae 


221 Let aj,a2,...,dn € R* such that )~"_, a3 =3 and )’"_, a> = 5. Prove the 
inequality 


= 3 
aqi>nr. 


222 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 

G+ta7t +b +7) = 8: 
223 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 


(a* +ab+b?)(b? +be+ 7)(c? +.ca +a”) > 1. 


224 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


b 
a if ie c 4 
V74RP 42 VI4¢C4a V7I4+a24+P? 


225 Let aj, a2,...,d, be positive real numbers such that a; + a2 +--- +a, = 1. 
Prove the inequality 


a) ea a2 ate 4 an - / on 
J1l—ay J1l—a Vl—ay, n—-1 
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226 Let a, b,c be positive real numbers. Prove the inequality 


a Es b i C a 
V 2b? +2c2 —a2 2c? 4.2a2 —b? = 2a? +. 2b? — c?2 


227 Let a,b,c be positive real numbers such that ab + bc + ca > 3. Prove the 
inequality 


a b Cc 3 
+ + >. 
Jatb JSb+ce Veta” V2 


228 Leta, b,c > 1 be real numbers such that a+ b+ c = 2abc. Prove the inequality 
V(atb+c)2 > Vab—1+ Vbe—14 Vea —1. 


229 Let tg, ty, tc be the lengths of the medians, and a, b, c be the lengths of the sides 
of a given triangle. Prove the inequality 


5 
tath + tote + tela < 4 ab +bc+ca). 


230 Let a,b,c and tg, tp, te be the lengths of the sides and lengths of the medians 
of an arbitrary triangle, respectively. Prove the inequality 


ata + btp + cte < 


3 
= Bite e+ c*), 


231 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


Sa-pb = V6 Pa b EVP He He a fa Vb We. 


232 Let P be the area of the triangle with side lengths a, b and c, and T be the area 
of the triangle with side lengths a + b,b+ c and c +a. Prove that T > 4P. 


233 Let a,b,c be the lengths of the sides of a triangle, such thata+b+c=3. 
Prove the inequality 
2 


a ee 


4abe 13 
ae 
3 7 3 


234 Let a, b,c be the lengths of the sides of a triangle. Prove that 


a3 +53 +3 + 3abe 
> max{a, b,c}. 


2 


235 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


3 
abc < a’(s —a)+ b*(s —a)+ c7(s -—a)< are: 
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236 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 4 1 i 1 , Va+vb+ Vo) 
Vat+vb-Je Vb+Je-Ja Je+Ja-Vb=  atbte 


237 Let a, b,c be the lengths of the sides of a triangle with area P. Prove that 
CLP AC > 4/3 P. 


238 (Hadwinger—Finsler) Let a, b, c be the lengths of the sides of a triangle. Prove 
the inequality 


a+b? +c >4/3P + (a—b)* + (b-c)? + (c—a)’. 


239 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 1 1 1 
= , 
8abe + (a+b—c)3 - 8abe + (b+c—a)y? gs 8abe + (c +a—b)? ~ 3abe 


240 In the triangle ABC, AC’ is the arithmetic mean of BC and AB’. Prove that 


cot” B > cota - coty. 


241 Let d;,d2 and d3 be the distances from an arbitrary point to the sides 
BC, CA, AB, respectively, of the triangle ABC. Prove the inequality 


9 PY 
z (di +43 +43) = (=) 


242 Let a,b,c be the side lengths, and hz, hy, h. be the lengths of the altitudes 
(respectively) of a given triangle. Prove the inequality 


ha thy the v3 
atb+ce 7 2° 


243 Let O be an arbitrary point in the interior of AABC. Let x, y and z be the dis- 
tances from O to the sides BC, CA, AB, respectively, and let R be the circumradius 
of the triangle AA BC. Prove the inequality 


Jit ys+ visa] & 


244 Let D, E and F be the feet of the altitudes of the triangle ABC dropped from 
the vertices A, B and C, respectively. Prove the inequality 


() (BY (Yk 
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245 Let a,b,c be the side-lengths, hg, hp, h. be the lengths of the respective alti- 
tudes, and s be the semi-perimeter of a given triangle. Prove the inequality 


246 Let a,b,c be the side lengths, hg, hp, he be the altitudes, respectively, of a 
triangle. Prove the inequality 
a i b? 4 C2 as 
he+h2  h2+h2 p24n2 — 


247 Leta, b,c be the side lengths, hg, hp, he be the altitudes, respectively, and r be 
the inradius of a triangle. Prove the inequality 


1 : 1 4 1 a8 
hg—2r hy—2r he-2r 7 r 


248 Let a,b,c; lv,lg,l, be the lengths of the sides and the bisectors of respective 
angles. Let s be the semi-perimeter and r denote the inradius of a given triangle. 
Prove the inequality 


249 Let a,b,c; lv,lg,l, be the lengths of the sides and of the bisectors of respec- 
tive angles. Let R and r be the circumradius and inradius, respectively, of a given 
triangle. Prove the inequality 


187?-V3 < alg + blp +cly <9R?. 
250 Let a,b,c be the lengths of the sides of a triangle, with circumradius r = 1/2. 
Prove the inequality 
4 p4 4 


Cc 
> 973. 
(ioe ea Se v3 


a 


251 Let a, b,c be the side-lengths of a triangle. Prove the inequality 


a a: b a Cc Si 
3a—b+c 3b-c+ta 3c-a+b~ 


252 Let hy, hp and h, be the lengths of the altitudes, and R and r be the circumra- 
dius and inradius, respectively, of a given triangle. Prove the inequality 


ha thp the <2R4+5r. 
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253 Leta, b,c be the side-lengths, and a, 6 and y be the angles of a given triangle, 
respectively. Prove the inequality 


1 1 1 1 1 1 a boc 
a{—+ +b + tel —+ >2(—-+-—+ F 
Boy y @ a £6 a Bp y 
254 Let a,b,c be the lengths of the sides of a given triangle, and a, 8, y be the 
respective angles (in radians). Prove the inequalities 


o 1 1 1 9 
1 ak pee 
o b+c—a cta—b a+b—c 6s — atb+e 
2 : + a y Sphere ae 
° te-a cta a+ c 
ge Bhena 4 chen + athe > 2. 


255 Let X be an arbitrary interior point of a given regular n-gon with side-length a. 
Let hj, h2,..., hy be the distances from X to the sides of the n-gon. Prove that 


256 Prove that among the lengths of the sides of an arbitrary n-gon (n > 3), there 
always exist two of them (let’s denote them by b and c) such that | < 7 <2. 


257 Let a1, a2, a3, a4 be the lengths of the sides, and s be the semi-perimeter of 
arbitrary quadrilateral. Prove that 


a 1 
Les oS 
aoe Pare (s — ai)(s — aj) 
258 Let n €N, and a, f, y be the angles of a given triangle. Prove the inequality 


a B 
cot” — + cot” 
2 2 


n+2 
2 


+ cot” ; >3 
259 Let a, B, y be the angles of an arbitrary acute triangle. Prove that 
2(sina + sinB +siny) > 3(cosa+cos6+cosy). 
260 Let a, f, y be the angles of a triangle. Prove the inequality 
sina + sin6+siny > sin2a + sin26 + sin2y. 
261 Let a, f, y be the angles of a triangle. Prove the inequality 


cosa + J/2(cos B +cosy) <2. 
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262 Let a, 6, y be the angles of a triangle and let ¢ be a real number. Prove the 
inequality 


12 
cosa+t(cosB +cosy) <1+ 3" 


263 Let 0 <a, B, y < 90° such that sina + sin 6 + siny = 1. Prove the inequality 
tan? w + tan? 6 + tan? y= - 
264 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 
(ltata*)(1+b+b*)(l+c+c’) = ab + be + ca). 
265 Let a,b,c > 0 such that a+b+c=1. Prove the inequality 
6 4+h4+c)+1>5(a +b? +c’). 
266 Let x, y,z¢R such that x + y+z=1. Prove the inequality 
daa) pds) Fd ec) S004 das): 


267 Let x, y, z be non-negative real numbers such that x7 + y* + z* = 1. Prove the 
inequality 


(1 — xy) — yz). — 2x) > 


1 1 1 ‘ Bee, 
268 Let a,b,c € R*™ such that a pt ee 2. Prove the inequalities: 


1 


° 1 
! 8a2+1 as 8b2+1 
° 1 1 
2 fabti + Fbepi + FeaHi 


269 Let a,b,c > 0 be real numbers such that ab+ bc+ ca = 1. Prove the inequality 


1 1 1 1 
> 
Ah Pe ea atb+c~ 


270 Let a, b,c > 0 be real numbers. Prove the inequality 


ab+4bce+ca bc+4ca+ab ca + 4ab + be _ 


6. 
a2 +be b? +ca c2 +ab o 


271 Let a, b,c be positive real numbers such that a + b+c+1= 4abc. Prove the 
inequality 


1 1 1 3 
< ‘ 
pee. pee Teg yp oR e 
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272 Let x, y,z > 0 be real numbers such that x + y + z = 1. Prove the inequality 
2s GOV 72 oD 82 1 
EVO PEAR) S ye. 


273 Let x, y,z¢R such that x + y+z=1. Prove the inequalities: 


y z ? 


l< + + : 
~l-yz l-z I1-xy7 8 


274 Let x,y,z ¢€R , such that xyz = 1. Prove the inequality 


1 1 1 2 
1 
(14+.x) * (1+ y)2 * (1+2z)2 - (+x) +y)d +z) = 


275 Let a,b,c > 0 such that a+b-+c= 1. Prove the inequalities: 


1° ab+be+ca<ae+bh3+c3 4+ 6abc 
2 &+b+c34+6abe <a +b? +c? 
3° ath 4+c? <2(a4+5> +03) + 3abce. 


276 Let x, y, z > 0 be real numbers such that xy + yz + zx + xyz = 4. Prove the 
inequality 


3(x? + y? +27) +.xyz > 10. 


277 Let a,b,c € R®. Prove the inequality 


1 
xtytotytetxtaty)< etyta. 


278 Let a,b,c €R* such that a+ b+ c= 1. Prove the inequality 


1 1 1 
—-+—+-+448(ab+be+ ca) > 25. 
a b oc 


279 Let a,b,c be non-negative real numbers such that a + b +c = 2. Prove the 
inequality 


a+b+c+abez a+b +e’. 
280 Let a, b, c be non-negative real numbers. Prove the inequality 


2(a* +b? +c?) +abce+8>5(atb+c). 
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281 Let a, b,c be non-negative real numbers. Prove the inequality 
e+h4+0e4+4a+b+c) + 9abc > 8(ab + be + ca). 


282 Let a, b,c be non-negative real numbers. Prove the inequality 


a b3 (oa 
+ + zatbte. 
b2?—be+c2 c2?-—ca+a?2  a*-—ab+b2 — 


283 Let a,b,c be non-negative real numbers such that a + b + c = 2. Prove the 
inequality 


15ab 
a+b +84 >2. 


284 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


a*+be b? +ca c2 +ab 
>ab+bce+ca. 
a(b+c) b*(e+a) c*(at+b) 


285 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
atabe bb+abe +abe_ 3 
+ + cae 
Gao? ena) “Gy = 2 


286 Let a,b,c be positive real numbers such that a‘ + b* + c+ =3. Prove the 
inequality 
1 1 1 


<1. 
dab Re Aes 


287 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(a —a+5)(b> —b? +5)(c’ —c? +5) > 125. 
288 Let x, y, z be positive real numbers. Prove the inequality 


1 1 1 9 
2 a 2 z+ 2 z= a= 
ee pe Seg chge Zee eee = (aa 2) 


289 Let x, y, z be positive real numbers such that xyz =x + y+z+2. Prove the 
inequalities 


1° xy+yztzx >2(x+y4+2Z) 


2 eit hale eee, 
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290 Let x, y, z be positive real numbers. Prove the inequality 
8 +y+o)z ty t+O+0° ++)’. 
291 Let a, b,c be non-negative real numbers. Prove the inequality 
a+bh+c+abce> Tatb+e)’ 
292 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


4 
a’ +b? +c + 3abe> 9° 


293 Let a}, a2,..., Gy be positive real numbers. Prove the inequality 
ay a3 ar 
(l+a))(+a2)---d+a,))<{1+—)]{(1l+—]---[14+— ]. 
a2 a3 a} 
294 Leta, b,c, d be positive real numbers such that abcd = 1. Prove the inequality 
1 * 1 a 1 at 1 ae 
(+a) (+b)? (+c)? (U+4+d)?7 ° 


295 Let a,b,c,d > 0 be real numbers such that a +b+c+d=4. Prove the 
inequality 


abc + bed + cda + dab + (abc)* + (bed)? + (cda)? + (dab) <8. 


296 Let a, b,c,d > 0 such thata +b+c+d=1. Prove the inequality 
148 1 
4 4,4 4 
b d — abcd > —. 
a+b +c °+ eae aee 259 
297 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
wb? webte eat <at+b+e. 
298 Let a,b,c,d > 0 be real numbers such that a+b+c+dz=4. Prove the 
inequality 


d+a@7)14+b)14+ C7) +a) >d+al+d0+e(1 +d). 


299 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


De it ede 6 . 
a bc atb+c7— 
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300 Let a, b,c be positive real numbers such that a+ b+c = 3. Prove the inequality 


food: at Bop go 8 
12} -+-4+-)>4@4+b?4c°)421. 
a bec 


301 Let a,b,c,d be non-negative real numbers such thata +b+c+d+e=5S. 
Prove the inequality 


A(a? +b* +c? +d? +e”) + 5abcd > 25. 


302 Leta, b,c be positive real numbers such that a+ b+c = 3. Prove the inequality 


1 1 1 3 
+ on 
2+a2+b? ape Tee ee 4 


303 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 


ab+bce+ca<abc+2. 


304 Let a, b,c be positive real numbers. Prove the inequality 


a bc. atb b+e ate 
een el : 
b c a b+e cta a+b 


305 Let a, b,c be positive real numbers. Prove the inequality 


Oy Eg On ee Bin 28 
e+e) @e+ae ath? ~b+e cta atb 


306 Let a, b, c be positive real numbers such that a > b > c. Prove the inequality 
2 2 2 
a-b(a—b)+ b*c(b—c)+ c’a(c — a) > 0. 
307 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


(b+c)* (c+a)? (a+b)... 
a*+be b? + ca c+ab 7 


308 Let a, b,c be positive real numbers. Prove the inequality 


atb b+c cta ab+bet+ca 
b+c cta a+b (a+b+c)* ~ 
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309 Let a, b,c be real numbers. Prove the inequality 
3(a? —ab+b*)(b* —be+ )(c? —cata’) > Ob +b +c3a?, 


310 Let a,b,c,d €R* such thata + b+c+d-+abcd =5. Prove the inequality 


Chapter 21 
Solutions 


1 Let n be a positive integer. Prove that 


1 1 1 
Lepage Pr ee 


Solution For each k > 2 we have 


1 1 1 1 
< => . 
Re kk-1) k—-1 ik 


2 Let an =1+45+4+---+4. Prove that for any n € N we have 


: + : + : Se : 2 
— ——. —. eae —— < e 
a? 2a‘ aa. na; 


Solution Note that for any k > 2 we have 


1 1 an — ap—| 1 1 
= = > 7: 
ak-1 Ak aK—1ak kagag-1 kay 


Adding these inequalities for k = 2,3,...,n we get 


1 & 1 oe 1 1 1 1 
—— mae baa < < , 
202 3a; naz 


Z. Cvetkovski, Inequalities, 
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and since a; = 1, we obtain 


1 1 1 1 2 
ee ee a ae 
ay 2az 33 na; 


3 Let x, y, z be real numbers. Prove the inequality 
xt +yt4c4> 4xyz— IL. 
Solution We have 
xt+yt tet —dxyztl 
= (x4 iF te 1+ (y4 _ 2y*z* + z4) + (2y*z? —Axyz+ 2x”) 
=? — 1)? +0? —2’)° + 202 — x) 20, 
so it follows that 
xt +yt+c4> Axyz— L: 
When does equality occur? a 


4 Prove that for any real number x, the following inequality holds 


POO? 2 (OD 21998 919 5. fg, 


Solution Denote 
2002 7 1999 ab x 1996 _ x 1995 4+1>0. (1) 
We will consider five cases: 


1° If x <0, then all summands on the left side of the inequality (1) are positive, so 
the inequality is true. 

2° If x =0, inequality (1) is equivalent to 1 > 0, which is obviously true. 

3° If0 <x <1, then (1) is 


2002 + P84 = x?) 4 dl = x) >0. 
Since 


1—-x=(1—x)\(1+x+x7)>0 and 
1—-x =(1-xtxtx7 42° 4+2x4 >0, 


we deduce that the required inequality is true. 
4° If x = 1, then (1) is equivalent to | > 0, which is clearly true. 
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5° Ifx > 1, rewrite (1) in following way 
gees pe aa 1, 


Since x > 1 we have x° > 1. 
So x99 (x3 — 1) + x9 (x — 1) + 1 > 0, and we are done. | 


5 Let x, y be real numbers. Prove the inequality 


$4 yt)? +1 = Say, 


Solution Observe that for any real numbers a and b we have 


bY? . SB 
a’ +ab+b?=(a+—) +—=0, 
2 4 
with equality if and only ifa=b=0. 
Let x, y be real numbers. Then according to the above inequality we have 


+2) 4 ee ene = a ay SG 

x = Xx = = = 1.€. 

3 cy Aedes a ale 
3x? + 3y? + 3xy +6x +6y+4>0, 


which is equivalent to 
3(a+y +1)? +12 3xy. 


Equality occurs iff x + }=y+$=0,ie.x=y=—§. a 


6 Let a, b, c be positive real numbers such that a + b+ c > abc. Prove that at least 
two of the following inequalities 


are true. 


Solution Set i =X, : =y, : =z. 
Then x, y, z > O and the initial condition becomes xy + yz+ zx > 1. 
We need to prove that at least two of the following inequalities 2x + 3y + 6z > 
6,2y+3z+ 6x > 6,27 + 3x + 6y > 6, hold. 
Assume the contrary, i.e. we may assume that 2x + 3y + 6z < 6 and 2z + 3x + 
by <6. 
Adding these inequalities we get 5x + 9y + 8z < 12. 
1l—yz 
a6 yz 
—5yz . 
Thus, 12 > ae + 9y + 8z, i.e. 


12(y +2) > 549y? +827 + 12yz S z= 1)? + Gy 422-2) <0, 


But we have x > 


which is impossible, and the conclusion follows. |_| 
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7 Leta,b,c,x,y,z > 0. Prove the inequality 


ax re by CZ _ atbtoutyty 
a+x b+y ct+z7 atb+c+x+y+z 


Solution We'll use the following lemma. 
Lemma 21.1 For every p,q,a, B > 0 we have 


pq _ «pt Bq 
p+q” (a+) 


Proof The given inequality is equivalent to (wp — Bq)* > 0. 
Now leta=x+y+z,6B=a+b-+c, and applying Lemma 21.1, we obtain 
ax (x+y+z)?at+(at+b4+c)*x 


at+x7~ (x+ty+ztat+b+c)? 


by 7 (x+y+z)?b+(atb+c)*y 
b+ty7~ (wtyt+zta+b+c) 


’ 


and 
CZ (x+ytz)?c+ (atb+c)*z 
c+z7> (xwtytzt+atbt+ec)? — 
Adding these inequalities we get the required result. a 


8 Let a,b,c € R™. Prove the inequality 


OM oie ag, ae Vit 
a@+be be+ac ct+ab~ be ac ab 


2a 


Solution Notice that ar 


< (F + 1), which is equivalent to 
b(a—c)* +c(a—b)? =0. 
Also 7 + i <3 (#4 + 2 + <), which is equivalent to 


(a—b)*+(a—c)*=0. 


Hence 


2a ee me V4 (1) 
a+be7 4\bce ac ab) 
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Analogously, we obtain 


2b eC 1 /2b ie c i, a (2) 

b2+ac7~ 4\ac ab be)’ 
2c be 1 (2c si a ” b (3) 

c+ab7~ 4\ab- be ac} 

Adding (1), (2) and (3) we obtain the required inequality. 
Equality occurs if and only ifa=b=c. a 


9 Leta,b,c,x,y,z€R* such thata+x =b+ y=c+z=1. Prove the inequality 
1 1 1 
(abe xyz) | — +o — F235 
ay 
Solution We have 


abeo+xyz=abce+(1—-ad—-—b)d-—c)=U-—b)—c)+ac+ab—a. 


So 


abe+xyz 1-c c 
al—b) a 1—b 


» abc+xyz abc+xyz 
and analogously we obtain b=) and eas 


Hence 
1 1 1 
(abe + xyz)\ — + — 
eS (one 
_ a ai b + c a3 ae Pad a eee 
“teae” Log” 16 a c b = -" o 
10 Let aj, a2,..., ay, be positive real numbers and let bj, b2,..., by, be their per- 


mutation. Prove the inequality 


ae 2 az 


a5 
ies le + sa 4a4+- “+ an. 
bz by 


2 
Solution For each x, y € R* we have © > 2x — y. 
Hence . 


N 


S28 
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After summing for i = 1, 2,..., we obtain 
a? a a? 
— +A He t+ > 2a +a2+---+ an) — (db) +b. +--+ +bn) 
by bg bn 


=a) +a7+-+-+4n, 


and we are done. 
Equality occurs if and only if aj = bj,i =1,2,...,n. 


11 Let x € R™. Find the minimum value of the expression atl ; 
Solution Denote A = x4 ; 
We have 
fe ae nce ey a (ee eee 
geet - x+1— - x+1 : 


For any a, b > 0 we have a + b > 2/ab (equality occurs iff a = b). 
Now from (1) we get A > 2-9: 
Equality occurs if and only if x = /2 —1. 


12 Let a,b,c € R®™ such that abc = 1. Prove the inequality 


a b Cc 3 
+ + Ze. 
(a+1+1) (©+1)(c+)) (e+)I(at+l 4 


Solution After expanding we get 


ab+ac+be+a+b+c> 3(abc +1) 


ab+ac+bce+a+b+c>6. 


Since 


1 1 1 
a oa a re eal 
c a 


Solutions 


1 1 1 
=(<+4a)+(5+5)+ (240) 224242=6, 
a b c 


Equality occurs if and only if }+a=;4+b=++c=liea=b=c=l. a 


we are done. 


13 Let x, y > 0 be real numbers such that y(y + 1) < («+ 1)*. Prove the inequality 


y(y-D <x’. 
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Solution If 0 < y <1, then y(y — 1) <0<x?. 


Suppose that y > 1. 
Ifx+4<y, then 


yy D=y9+D=2y s+ P= 2x45) <2 


If x + 4 > y then we have x > y— 5 >0, ie. 


: eer, ae (y-D 
EN Sg Ih rage LO aa r 


14 Let x, y €R®* such that x3 + y? < x — y. Prove that 
4° ye <i. 
Solution From x? + y* < x — y we have 
Of ¥S4 
and 


3 


O<x A Py aga ys x, 


from where we deduce that x < 1. 
ThusO<y<x<l. 
Now we have x(x + y) <1-2=2 and xy(x+ y) <2y. 
From x? + y? <x — y we obtain 


eT), 


(x+y)a?-xy+y*)<x-y © x -xyt+y'< 


x+y 
x x—ytxy(xt+ x-—y+2 x+ 
de yay hE Tipe BAGG 2 sm AD i AP I 
x+y x+y x+y x+y = 


15 Let a, b,x, y € R such that ay — bx = 1. Prove that 
a? +b? +x7 + y? +ax+ by > V3. 


Solution Let us denote u = a* + b*, v =x* + y* and w =ax + by. 
Then 


uv = (a* +b?) (x? +. y?) =a? x? +a? y* + b°x* +b’ y’ 
=ax? + bey + 2axby + oy Dy es gee 2axby 


= (ax + by)” + (ay - bx)? =w* +1. 
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From the obvious inequality (t./3 + 1)* > 0 we deduce 


302 +1 > —27/3, 


Ap LAs 3 = 4/3 7" 


41° 44> (73-1). (iG 
Now we have 
qd) 
(ut v) > 4uv =4(w? +1) > (V3 —w)’, 
from which we get u + v > /3 — w, which is equivalenttou+v+w>VJ/3. 


16 Let a,b,c,d be non-negative real numbers such that ae+bh4+c4+d2=1. 
Prove the inequality 


(l—a)(—b)G0 —c)U —d) = abcd. 


Solution We have 2cd < c2 +d? =1—a? —b?. 
Hence 


2(1 —a)(1 — b) — 2cd > 201 — a) (1 — 6) —1 +0? +b? =(1—a—by* = 0, 


(l—a)(1—b)>cd. (1) 
Similarly we get 
(1—c)(1—d) > ab. (2) 


After multiplying (1) and (2) we obtain (1 — a)(1 — b)(1 — c)C — d) = abcd, as 
required. Equality occurs iffa =b=c=d=1/2 ora=1,b=c=d=0 (upto 
permutation). a 


17 Let x, y be non-negative real numbers. Prove the inequality 
4? + yO? +y)O° + y at ty. 


Solution Since the given inequality is symmetric we may assume that x > y > 0. 
Let a,b € N. Then we have x“ > y@ and xo > ae 
Hence 


(x4 — yx? — y’)>0 
S ath 4 yee > xty? Hay? 


AHP + y9t) > (x? + y(n? + y?). (1) 
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For a = 2, b=3 in (1) we get 

20° + y) >? + yah +). (2) 
For a=5,b=4 in (1) we get 

27 +y)=@+y)at+y*). (3) 
From (2) and (3) we get 
A(x? + y?) =2-20" +9) = 2? + ya +y) =O? +y I +y)O*+ y9), 
and we are done. | 


18 Let x, y,z € Rt such that xyz = 1 and i + t + i >x-+y-+z. Prove that for 
any natural number n the inequality 

l 1 i n n n 
yn Se yn + a ey AZ 
is true. 


Solution After setting x = es y= 2 and z= e the initial condition 


1 
via eet Te 
becomes 
a b 
eS SS 
cb a 


& a@b+bhc+ca > ab? + bce? + ca” 
& (a—b)(b—c)(c—a) <0. 
Let n EN, and take A=a", B=b",C=c". 


Thena>bsSA>Banda<bsA<B,etc. 
So we have 


(A — B)(B—C)(C — A) <0 


i a ee eS 
AR OO Be” A 
ft 4.4 
o ptt aot Tee P 


19 Let x, y,z be real numbers different from 1, such that xyz = 1. Prove the in- 


equality 
g=a" ay \- 3=2\" 
— 7. 
a 
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Solution Denote A = (7= xy24 (75 Ge 2)? 7. 


We have 
ie a \ pie te 
Ae 1) BY 1S ee 
1-x l-y 1=z 
1 
Let 4 =4,75= by 
Then A = (1 + 2a)? + (1 + 2b)? + (1 + 2c)” —7, ive. 


=C. 


A= 4a? + 4b? +. 4c? + 4a + 4b + 4c — 4. (1) 


Furthermore, the condition xyz = 1 is equivalent to abc = (a — 1I)(b— 1)(c— 1), 
Le. 


a+b+c—1l=ab+bc+ca. (2) 
Using (1) and (2) we get 
A= 4a? + 4b? + 4c? + 4(ab + be + ca) = 2((a + b)* + (b +0)? + (c +.4)”), 


ie. A>0. 
Equality occurs if and only if a = b =c = 0, which is clearly impossible. 
So we have strict inequality, i.e. A > 0, ie. 


52 (Ia ¥ 3a \ 
- —7>0 
(=) (>) +() 


and we are done. |_| 


20 Let x, y, z < 1 be real numbers such that x + y + z = 1. Prove the inequality 


1 z 1 is 1 ae 
lt+x2 1l+y? 14227 10° 


Solution We'll prove that for every t < 1 we have —; [ae tn <2 (2—1f). 
The last inequality is equivalent to (4 — 3r)(1 — 3t)* > 0, which is clearly true. 
Hence 


1 1 
foe tae a eae 555 


Zu x)+Q2—y)+ @—z)) 


= 76 (x + joyce! 
= oe ea ag a 


21 Let a,b,c € R™. Prove the inequality 


1 1 1 3 
+ + > : 
al+b) bd+c) cQ+a)”~ 1+abc 


227 
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Solution We can easily check the following identities 
1+abc l+a bl +c) 1 l+abe _ 1+b c(1+a) 
; bd+c) b(l+c) l+c 


a(l+b) a+b). 1+5 


and 
1+abc l+ce a(1+b) 


ad tb) cd-ta) 1a 


Adding these identities we obtain 


1+abc 1+abc 1+abc 
ai+b) b(l+c) cU+a) 


=( l+a ae) ( 1+b 4, POO) 
~ \ad+b) Il+a b(1+c) 1+b 


1 1 
Se: < g CURONN  caeasy by a a 
c(1+a) l+c 


1 3 


1 1 
+ > : 
c(l+a)~ 1+ abc 


a(1+b) b(+c) 


Equality occurs if and only ifa =b=c=1. 
22 Let x, y, z be positive real numbers. Prove the inequality 
9(a+b)(b+c)(c+a)>8(a+b+c)(ab+be+ca). 


Solution The given inequality is equivalent to a(b—c)* +b(c—a)* +c(a—b)* = 0, 
| 


which is obviously true. Equality occurs iff a=b=c. 


23 Let a,b,c be real numbers. Prove the inequality 


(a? +b? +07)? > 3(b+ b'c4+ ca). 


Solution By the well-known inequality (x + y +z)? > 3(xy + yz + zx) for 
2 _ p2 oy 
x =a’ +bc—ab, y=b*+ca—be, z=c’+ab—ca, 
we obtain the required inequality. | 


24 Let a,b,c be positive real numbers such that a? + b* +c? =3. Prove the in- 


equality 
a(b+c)+b(c+a)+c(atb) <6. 
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Solution We'll show that 

B+) +Deta tat) <5@4+P+eY, (1) 
Inequality (1) is equivalent to 

2(a* + bt + ct) +. 4(a7b* +b? c* + ca”) 
> 3ab(a? + b*) + 3bce(b? +c”) + 3ca(c* +a”). (2) 
We have 
a‘ + b* + 4a*b* > 3ab(a* +b?) & (a—b)++ab(a—b)* =0, 


which is clearly true. 
Analogously we get 


bt + ct4 4b?c? > 3bce(b> +.c7) and ct+at+4c*a* > 3ca(c? +a’). 
Adding the last inequalities we get (2), i.e. (1). 
Finally using a? + b* + c* = 3 we obtain the required result. 


Equality holds if and only ifa =b=c. a 


25 Let a, b,c be positive real numbers. Prove the inequality 


a n b i: ¢ ) 
| 4 | >2. 
b+c cta a+b 


. > ee 2x + 
Solution We'll show that eee eet for every x, y,z€R™. 
We have 


2 
x 2x x ( 2x ) 
| > > = 
YZ xX+y+Z yrz X+yrZ 


& (etytzye4eiyt+d & (ytz-x)* 20, 


with equality iff x = y+ z. 
Now we easily obtain 


a b c 2(a+b+c) 
/ +4) +,/ = =2, 
b+e cta a+b at+tb+e 


with equality if and only ifa=b+c,b=a+c,c=a+b,ie.a=b=c=0, 
which is impossible. 


So we have strict inequality, i.e. da ar Va ar V 


tp > 2, as required. | 


a 
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26 Let a,b,c be positive real numbers such that a* + b* + c* = 3. Prove the in- 
equality 
a " b i Cc ai 
b+2 c+2 a+27 


Solution The given inequality is equivalent to 
ab? + be* +. ca” <2+ abc. 


We may assume that a > b > c (since the inequality is cyclic we must also consider 
the case c > b > a, which is analogous). 
Then we have a(b — a)(b — c) < 0 from which we have a*b + abc > ab? + ca?. 
Thus 


ab* + be? + ca” < a*b + abc + be?. 
We’ ll show that 
ab + be* aD, 
We have 
ab+be<2 6 bB-b’)<2 © (b-1)*(b+2)=0, 
which is clearly true, and we are done. 


Equality occurs iff a= b =c =1 ora =0,b=1,c = V2 (over all permuta- 
tions). a 


27 Let x, y, z be distinct non-negative real numbers. Prove the inequality 


Ds ea giee lla sept dls wnat 4 
(x—y)? (y—z)®) (z—x)? ~xy+yz4+zx° 


Solution If a,b > 0, then ap? a a + 2 ae 


The last inequality is true since 


1 ghar 4 (a* +b? —3ab)* 
(a—b)? a2 b? ab a®b?(a—by? 


Without loss of generality we may assume that z = min{x, y, z}. 
By the previous inequality for a = x — z and b= y — z we get 
1 rs 1 is 1 £ 4 
G=9? Og  Gaar" Gane az)- 


So it suffices to show that 


4 & 4 
(x—z)(y—z) ~ xy tyzt zx’ 
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i.e. 
xy +yz+zx > (x —z)(y — 2), 
i.e. 
22(y +x) =z", 
which is true since z = min{x, y, z}. a 


28 Let a, b,c be non-negative real numbers. Prove the inequality 
3(a* —at 1)(b* —b + I)(c? —c +1) > 1+ abc + (abc). 
Solution Since 
2(a* -—a+1)(b* —b4+ 1) =1+4+a7b? 4+ (a—b)* +(1—a)* (1 — by? 
we deduce that 
We Sat HO =b41) 2 1a h. 
It follows that 
3(a* -a+1)(?-b+ Die? —-c+1)= ( +a’b’)(c? -c +1), 

and it remains to prove that 

3(1 +.a7b’)(c* —c + 1) > 2(1 + abe + (abc)”), 
which is equivalent to the following quadratic in c 

(3 +a°b*)c? — (3 + 2ab + 3a*b*)c + 1+ 3a7b? > 0, 


and clearly the last inequality is true, since 3+ a*b? > 0 and D = —3(1—ab)* <0. 
Equality occurs iffa=b=c=1. | 


29 Let a,b € R,a 40. Prove the inequality 


1b 
at+h?+— >+->V3. 
a a 


Solution We have 


1 b 7 3 
2 2 2 
be+— 574+-=(b4+ —)]) +a°4+—-—. 1 
on ge hg ( =) OT 4a (1) 
Since (b + a) > 0, using (1) we get 
1 b 3 
2 2 2 
b s++- > —_. 2 
an+ Ba anor a + 73 (2) 
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Using AM > GM we have 
3 

= 9.) a2 = a/3. (3) 
From (2) and (3) we get 

1 b 

a+b? + 5+->V3. 

a a 

Equality occurs iff b + tL = 0 anda? = ren iea= +3 and b= anes a 


30 Let a,b,c € R™. Prove the inequality 
a+1 B41 e741 2 
b+c cta atb~™ 


Solution For each x € R we have x2 + 1 > 2x. 
So we have 
a+1 b?+1 ct+1_ Qa 2b 2c 
= + + ; 
b+ec cta a+b” b+ce cta a+b 


It’s enough to prove that f+ ar aes = 3, which is Nesbitt’s inequality. 


Equality occurs if and only ifa=b=c=1. a 
31 Let x, y, z be positive real numbers such that xy + yz + zx = 5. Prove the in- 
equality 

3x7 + 3y? + 2? > 10. 
Solution Using the inequality AM > GM we obtain 
Ax? +2? > 4xz, Ay* + 2? > 4yz and 2x? 4+ 2y* > Axy. 
Adding these inequalities and using xy + yz+zx =5 we get the required inequality. 

Equality occurs iff x = y=1,z=2. | 
32 Let a,b,c be positive real numbers such that ab + be + ca >a+b-+c. Prove 
the inequality 

at+b+c>3. 
Solution We have 
(atbt+cP =a? +b*4+c* +2(ab+ac+bce) 
>ab+ac+bce+2(ab+ac+ be) 
=3(ab+ac+bc)>3(a+b+c), 


from which we geta++b+c>3. | 
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33 Let a,b be real numbers such that 9a? + 8ab + 7b” < 6. Prove that 
Ta+5b+12ab <9. 
Solution By the inequality AM > GM we have 
Ta + 5b + 12ab < 1(«? + i) + 5(«? + :) + 12ab 
= Ta’ + 5b? + 12ab +3 


= 9a? + 8ab + Th* — 2a” + 4ab — 2b? +3 


=9a* + 8ab + 7b? — 2(a — b)? +3 <643=9, 
as required. Equality holds iff a = b = 1/2. a 
34 Let x, y,z € R*, such that xyz > xy + yz + zx. Prove the inequality 
xyz>3(x+y+z). 


Solution Letting + =a, 5 = b, = =, the initial condition xyz > xy + yz + zx 


L 
z 


becomes 
at+b+c<l. (1) 
We need to show that 
xyz>3(x+y+z) & 3(ab+bce+ca) <1. (2) 
Clearly 
(a+b+c)* > 3(ab+be + ca). (3) 
Now from (1) and (3) we obtain (2). | 


35 Leta,b,ce Rt with a2 + b? +c? =3. Prove the inequality 


Solution The given inequality is equivalent to 


(< be aa 
—+—+—] =9 
C a b 

ab? bec2— 2a? 


= + +2(a* +b? +c?) > 3(a27 +b? +02), 
a b2 
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i.e. 
ee be ee 4 ae) 
2 + 7 =F pb Sa +h +c’. 
Furthermore, applying AM > GM we get 
272 2.2 2.2 2.2 27,2 20 
a‘b b*c 2 b*c ca 2 a‘b ca 2 
C2 * a 2 2b", a b? ae 2 = b? oe 
After adding these inequalities we obtain 
272 2.2 22 
a‘b b*c ca 2 a) 
a2 72 + a Sa +b +c 
and we are done. | 


36 Let a,b,c be positive real numbers such that a+ b+c= -<Jabc. Prove the 
inequality 


ab+bce+ca>9%(a+b+c). 
Solution By the inequality AM > GM we have 
Vabe=a+b+c > 3Vabe, 
which implies 
abo>3°® and atb+c=~Vabe > V36 =3?. (1) 


Once more, the inequality AM > GM gives us 


ab +be+ca > 3y (abc), 


dd) 
(ab +be+ca)> > (abc =3(atb+ec)>3(at+tbt+o). 
Hence 
ab+bce+ca>9%(a+b+c), 


as required. 
Equality occurs if and only ifa=b=c=9. a 


37 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 


4. 1 bo 1 4 1 27 
a+ —— c : 
a+l b+1 c+1/~ 8 
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Solution By the inequality AM > GM we have 


a+l 1 a+l 1 3a 3 3a 3 3 
>2,| =1 and a ee cae 7 
A pV ae el md ge ga 


Adding these two inequalities we get 


Analogously we obtain 


1 3 3 
b+——>=V/b and Se 
ree an oq NS 


Multiplying the last three inequalities gives us 
1 1 1 27 27 
— ]|b > Vabc > —, 
(«+ )( + a )(e+ 4) 24 pore oe 
as required. 


Equality occurs iffa=b=c=1. a 


38 Let a,b,c,d €R* such that a? + b? +c? +d” = 4. Prove the inequality 
a+b+c+d>ab+bc+cd+da. 
Solution We have 


a+b+c+d>ab+bc+cd+da & a+b+c+d>(a+c)(b+d), 


Since AM > HM we have 


1 1 4 


> : 1 
tie Fed - ceed ) 


Applying QM > AM we have 


4 ’ 


at+b+c+d eee 
7 < = 


a+b+c+d<4. 
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Now by (1) we get 
1 1 


4 4 
1. 


+ > > — 
atc b+d~ a+tb+c+d™ 4 


Equality holds if and only ifa=b=c=d=1. 


39 Leta, b,c € (—3, 3) such that + ap +a =a tats. 


Prove the inequality 


1 


1 


1 


> 
Sa Sab Ge 


Solution By the inequality AM > HM we have 


(B+a+G+H+G+0)/ : + 


and 


1 1 


3+a 525 See 


1 1 1 
(3-a)+GB-b)+@ (55+ 5 sty)? 


1 
& (38-a+3-b4+6 ons + 


After adding (1) and (2) we obtain 


1 


9 


1 


Je 


>9 
sti)? 


1 


1 1 1 1 1 
18 >18, ie. 
(sctata)? we Gg.” Fab 


= 
3+¢ 


40 Let a,b,c €R* such that a? + b? + c? = 3. Prove the inequality 


1 


1 


1 


+ + 21 
a+bce+abce b+ca+bca c+ab+cab 


Solution By AM > HM we have: 
1 


1 1 


jiBe be” beeen Searar ares 


9 


> : 
~at+tb+ct+ab+bce+ca+t 3abec 


Using the well known inequalities: 


a+h+c>ab+be+ac and (atb+c)*>3(7 +b +c’) 


and according to a* + b? + c? = 3, we deduce 


ab+be+ca<3 


and a+b+c<3. 


235 


(1) 


(2) 


(1) 


(2) 
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Solutions 


By AM > GM we have a? +b? +c? > 3,/ (abc)? and since a? + b? +c? =3 we 


easily deduce that 
abc <1 
Now according to (1), (2) and (3) we obtain 


1 1 1 
Rice Baaben Een oe 
9 9 
> > = 
~atb+ct+ab+bc+ca+3abe 7 34+34+3 


1 


Equality occurs if and only ifa =b=c=1. 


41 Let a,b,c € R® such that a + b +c =3. Prove the inequality. 


eee Vee ce ree a? 
ab+1 bc+1 ca+1 2. 


Solution Let a, b € R™ then we have 
(a-1)°(b-1)7=0 


& a’*b* —2a*b+a’* —2ab* + 4ab —2a + b* —2b4+1>0 
& ab? +a? +b* > 2a*b 4+ 2ab* + 2a +2b—4ab—1 


& ab +a?+b* > 2a(ab4+ 1) +2b(ab+ 1) —4(ab+ 1) +3 


= (ab + 1)(2a + 2b — 4) +3. 


Hence 
27,2 2 2 
a‘b-+a*+b 3 
aS eee 0) 2b —4+ ——_. 
a © bea 
Similarly we obtain 
bc +b? 4+ 2 3 
——___—. > 2b +. 2c — 4 + —_ 
fee re eS eg 
and 
20 2 2 
3 
COO FE gy A 9 


cat+l1 cat+1 


(3) 


(1) 


(2) 


(3) 
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Adding (1), (2) and (3) gives us 


C’et+eat+h BPet+hPt+e cCear+c+a? 


ab+1 bc+1 ca+1 

3 3 3 
>4 b 12 
STO peg Ged eos 
= : + : + : (4) 
~ab+1— be+1— cat 

Applying AM > HM we obtain 
1 1 1 9 
(5) 


> : 
[ap iapbe” l+ca”~ 3+ab+bc+ca 


Using the well known inequality (a + b+c)* > 3(ab+ be +ca) anda+b+c=3 
we deduce 
ab+bc+ca <3. (6) 
Finally by (4), (5) and (6) we obtain 
2rtath Petree att+e+eg? 
+ 
ab+1 be+1 ca+1 


3 3 3 27 27 9 
> + + > > =i, 
~ab+1 be+l1 ca+1” 3+ab+be+ca~ 34+3 2 


Equality occurs iffa=b=c=1. a 


42 Let a, b,c,d be positive real numbers such that a*+b?+c* +d? =4. Prove 
the inequality 
@+h4+3 P4743 C+a4+3 d+a’?4+3 
+ + + 
a+b b+c ct+d d+a 


> 10. 


Solution Observe that for any real numbers x, y we have 
2 2 
3 
w+xyty= («+3) +220, 


equality achieves if and only if x = y =0. 
Hence (a — 1)? + (a — 1)(b— 1) + (b — 1)? = 0, which is equivalent to 


a’ +b? +ab —3a —3b+3>0, 
from which we obtain 


a* + b* +3>3a+3b—ab, 
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a* +b? +3 e ab 
a+b ~ a+b 
By AM > GM we easily deduce that 


a+b ab 
= 2 
4 ~a+t+b 


Therefore by previous inequality we get 


a2 +b*+3 a+b 
> : 


a+b = 4 
Similarly we obtain 
bP +c?7+3 b+c 7 +d7+3 c+d 
>3 ; > and 
b+c 4 c+td 4 
d* +a*+3 d+a 
>3 : 
d+a = 4 


Adding the last four inequality yields 


a*+b*4+3 bb? 4+c74+3  c?4+d?43 +a +3 at+tb+c+d 


a+b " b+e : ct+d = d+a ~— 2 i 
According to inequality QM > AM we deduce that a 
(Se eee 
4 ~ 4 

and since a* + b* +c? +d? = 4 we obtain 
atbt+ct+d <4. (2) 


By (1) and (2) we get 


@+h 43 BP4+C43 C4043 +a? +3 at+tb+c+d 
+ + + 2 
a+b b+ec ct+d d+a 2 


4 
>12-—~=10, 
2 


as required. 
Equality occurs if and only ifa=b=c=d=1. a 
43 Let a, b,c be positive real numbers. Prove the inequality 


1 1 1 9 
+ + > 
ab(a+b)  be(b+c) ca(e+a)~ 2(a7 +53 +3) 
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Solution According to the obvious inequality (a + b)(a — b) > 0 we get the in- 
equality 

a+b? >ab(at+b). 
Thus 


1 1 
= . 
ab(a+b) ~ a3+b3 


Similarly we get 


1 1 1 1 
> and > . 
be(b+c)~ b+ ca(eta)~ +a} 


After adding the last three inequalities we obtain 


1 1 1 1 1 1 
+ + Pa +f + . dad 
ab(a+b) be(b+c) ca(e+a)~ 24+ B+ G84+a3 ) 
Now since AM > HM we have 
1 1 1 9 
3 3+ gt 3273 3 343 3 3 
a’? +b b? +c c+a (a? + b’) + (b? +c?) + (c? +a”) 
9 
= —~—,— 2 
2(a3 + b3 + c3) 2) 
From (1) and (2) we get the required inequality. 
Equality holds if and only ifa =b=c. a 


44 Let a,b,c € R®™ such that aV/be + b./ca + cVab > 1. Prove the inequality 
at+bt+c> v3. 


Solution We have 


b b 
1<avVbce+b/ca+cvVab <a x tb 
b 2 
=ab+acthes @TIt 7 
Le. 
(atbtcy>3 © atbtezv3. Py 


45 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


b+ce cta a+b 
+ + > Jat vb+ JVe+3. 
Ja Vb Jc 
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Solution By AM > GM we get 


b+c ct+ta_ at+b 

Va” fe Se 

so] 99 | 2 an 

“(EN9) (E12) (ENE 


>24JVat+Vb+ Jc) > Vat+vb+Je+3Vabe 
= Ja+Vb+JSe+3. = 


46 Let x, y, z be positive real numbers such that x + y + z = 4. Prove the inequality 


1 1 1 1 
+ + < : 
Qxy+xzetyz xXy+2@z+yz xy+txz+2yz 7 xyz 


Solution By AM > HM we have that i + : > ae for any a,b €R™. 
Therefore 


1 1 1 1 1 
= < 
Qxy+xz+yz a St ae oi) 


_i(! at fe ree: 
TA\A\ xy xz A\ xy yz 


‘(2 1 Ly = 2tyts 


~ 16 Xy XZ yz l6xyz 
Similarly, 
1 pean) ae Bas 1 goers 
xy+2xz+ yz 16xyz xy +xz+2yz l6xyz 


Adding the three inequalities yields that 


1 e 1 m 1 Z {(“2*?) = 1 
2xy+xztyz xyt+2xz+yz xy+xz+2yz7 16 XYZ Seyz 


Equality occurs iff x = y=z=4/3. a 
47 Let a,b,c € R™. Prove the inequality 


abc >(a+b—c)(b+c—a)(c+a-—b). 
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Solution Settinga+b—c=x,b+c—a=y,c+a—b =z the inequality becomes 
(x+y) +z)(Z +x) = 8xyz. 


Let us assume that x < 0. Then c > a+b, and clearly y and z are positive and the 
right-hand side of the given inequality is negative or zero, but the left-hand side is 
positive, i.e. the inequality holds. 

So we may assume that x, y, z > 0. Then using AM > GM we get 


(xt y)(ytz)(z +x) = 2/xy + 2./yzZ + 2./xz = 8Bxyz 


and we are done. |_| 


48 Let a, b,c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


12 


b ————— >5 
a OT Wp be Lae ~ 


Solution Recalling the well-known inequality abc > (b+ c—a)(c+a-—b)(at+ 
b —c) (Problem 47) we obtain 


abc > (3 — 2a)(3 — 2b)(3 — 2c) 
& abc>27-18(a+b+c)4+ 12(ab+ be + ca) — 8abc 
& 3abc>4(ab+be+ca)—9 

. 4(ab + bc + ca) 


> b 3. 
abc = 3 
Therefore we have 
12 4(ab + bc +a) 12 
b > 3>8-3=5, 
COO ed pe dene — 3 ey aenae > 
where the last inequality follows since AM > GM. a 


49 Let a, b,c be positive real numbers such that abc = 1. Prove that 


(otf) (o-red)eaed) = 


Solution Since abc = 1, it is natural to take a= +, b= = c= 
Now the given inequality becomes ; 


(: 1+2)(2 1+4)( 1+2) <1 he. 
y. y zZ Zz x x 


(X+y—ZR+tx-y\y+z2—x) < xyz, 


where x, y,z > 0. 


which is true (Problem 47). Equality occurs iffa=b=c=1. | 
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50 Let a,b, c be positive real numbers such that abc = 1. Prove the inequality 
1 fs 1 is 1 “ 1 > 1 i: 1 
lt+a+b 14+b+c 1l+c+a7~2+a 24+b 24c€ 


Solution Letx =a+b+cand y=ab+ac+be. 
Clearly x, y > 3 (these are immediate consequences of AM > GM). 
Now the given inequality is equivalent to 


3+4x+y+x? 2 12+4x+y 
Qxn+y+tx2+xy~ 9+4x42y’ 


1.e. 
3x7y + xy? + Oxy — 5x? — y* — 24x —3y —27>0, 
1.e. 
(3x7 y — 5x” — 12x) + (xy* — y* — 3x — 3y) + (6xy — 9x — 27) > 0, 
which is true since x, y > 3. |_| 


51 Let a,b,c > 0. Prove the inequality 


100abc 


+ by apePACe Se 
@ ae ) ~at+tb+ce 


Solution Since AM > GM we have 
(a+b)? + (a+b+4c) = (a+b)? + (at 2¢+b+4+ 2c)? 
> 4ab + (2V2ac +2V2be)?, ie. 
(a+b)? +(a+b+ 4c)? > 4ab + 8ac + 8bce + 16cVab. 


Now 


(a+b)? + (a+b+4c)? 
abc 


,, 4ab + 8ac + 8bc + l6cV ab 


abc 


(4:88, 16 Gist) 
= a Cc 
c b ae AJab 


=8( [+542 +—4 <5) (5 + eta tate), 


Using the last inequality and AM > GM once more we obtain 


(a+b)? +(a+b+4c)? | 1 5| a2b2c 
b >8-5 & = 100, 
abe Gon er 2 B84 opr 16 


(a+b+c) 


(a+tb+c) 
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100abc 
atb+c 
Equality occurs if and only if a= b= 2c. a 


(a+b)* + (a+b+4c) > 


52 Let a,b,c > 0 such that abc = 1. Prove the inequality 


EA00e j Tee PE Foe 
l+a 1+b lta” 


Solution Since abc = 1 we have 


l+ab  abc+ab __ ab(c+1) 


l+a l+a a+l 


and similarly 


14+be bela +1) re l+ca_ ca(tb+1) 
1+b b+l1 l+ce ctl 


Now by AM > GM we obtain 


l+ab 1+bc 1+ca 2 ab(c+1) be(a+1) ca(b+1) 


lta 1+b 1+ce ati b+1 c+] 
a 3) Oe +1) be(at+1) ca(b+1) 
= a+l1 b+1 c+1l 
= 3y (abc)? = 3. 
Equality occurs iffa=b=c=1. a 


53 Let a, b,c be real numbers such that ab + bc + ca = 1. Prove the inequality 


t\? i i\7 
(«+ 5) +(o+2) +(c+2) > 16. 
b Cc a 


Solution 1 We have 


1\? 1\? i\? 
(«+ 5) +(o+2) +(c+4) 
b Cc a 
a 


sop Pep Se 4 40(S4 
=a ¢ 
a2 b2 C2 


b 


eee hole 
=a a a Cc 
a b? c2 b 
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,  ab+be+ca ,  ab+bce+ca ,  ab+bce+ca 
=a°+ + b* + — 4+ + —_—— 


a a2 b2 C2 


a bec 
#2(5 +242) 
bc oa 


b b 
a er ace S45 )43( 4 eS 
a boc a boc 


be ca ab 
a bb? 


>ab+be+ca+34+94+3=14+34+9+3= 16. 
Clearly, equality occurs iff a = b = c = 1//3. a 


Solution 2: By well-known inequality x? + y* + z* > xy + yz + zx we have 
ry iy ie I I I I 
Gab | ae Bah Se eae) Sa ae ob a | ee 
b c a b c c a 
+E ae ie 
c+—)]{a+—}, 
a b 


2 2 2 
1 1 1 a boc 
at+—) +[(b+—]) +le+—) 2abtbe+cat—+—+7+3 
c a c ab 


Using AM > GM and AM > HM we get £424 ¢>3,9/4.%.€=3 and 4+ 


1 1 9 2 OP H 
pe ea = ae cre = 1 = 9, respectively. 
By last two inequalities and (1) we obtain 


1\? ty? 1\? 
(«+;) +(o+2) +(c+2) >14+34+34+9=16, 
Cc a 


as required. 


Solution 3 By QM > AM we have 
1\? 1? Py. w@rotest te eyey 
(«+;) +(o+2) +(c+ ) 2 = pte) (1) 
c a 


By well-known (a+ b+ c)? > 3(ab + be +. ca) and ab + bc + ca = 1 we obtain 


at+b+c> v3. (2) 


21 Solutions 
According to AM > GM we have 


l=ab+bce+ca> 3v (abc)2, 


1 
>v3. 
abc 


3 


By AM > GM and previous inequality we have 


Finally by (1), (2) and (3) we get 


2, 2 2 2 
(«+ 5) +(o+2) +(c+2) GEREN) = 16, 


a 3 
as required. Equality occurs iff a = b = c = 1/V3. 


54 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 


ieee ie 1+b tIl+e 
a c : 
~1+b i1+c Il+a 
Solution We have 


l+a 1+b Il1+e 
1+b I+e Il+a 


1 1+b 1 
a ee medion ee ey eile 2 Gee cy Oe, 
1+b l+c l+a 
~@faj( 1-—_ )4@4)( t-—"_) st ed(i-—=)\-4 
ae, Pee T+e c I+a 


l+a)b (+b 1 
_ OE re eras 3 
1+) l+e l+a 


343 U+a)b U+b)ce U+oja 
= 1+b l+c l+a 


=3Vabe—-3>0 (abc>1). 
Equality occurs iffa =b=c=1. 


55 Let a,b € R™. Prove the inequality 


3 3 1 1 
2 2 

b+—- = 2 ~){2b4+ =}. 
(« + + +a+7)> (2045) +5) 
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Solution For any x € R we have x* + i > x. 
So it follows that 


pe Vi pga )e( gtpie hb ja ata : 
a i a 428 5 a Pa aad 5 


= (MABE) (etary 


~ 2 2 


AzG , 1 ob 1 
pa ats 5 5 | 


56 Let a,b,c € R®™ such that abc = 1. Prove the inequality 


a 28 b i Cc x4 
az4+2 b242 (2427 


Solution By the well-known inequality x* + 1 > 2x, Vx €R, we have 


a b Cc a b Cc 
PED PAD Gad Geis Piel eae 
3 a i b ii C 
~ O91.” tbl Wea 
i 1 1 


= +——+— =A. 
242 24+} 241 


The inequality A < 1 is equivalent to 


(eser‘)o(eed\erd)oeede3 


Le. 
re 1 i: 1 1 fs 1 ie 1 1 1 
hse <—+—4+-, 
“ab ac be abe ab ac be 
Soh | : 1 1 1 1 
which is true since 77 + 72 + ge 23 4 (57)? = 3. 
Equality occurs iffa=b=c=1. | 


57 Let x, y, z > 0 be real numbers such that x + y + z = xyz. Prove the inequality 
(«— Dy — D(iz— 1) < 6V3 — 10. 


Solution Since x < xyz we have yz > | and analogously xz > 1 and xy > 1. At 
most one of x, y, z can be less than 1. 
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Let x <1, y > 1,z> 1. Then we have (x — 1)(y — 1)(z — 1) < 0,7 so the given 
inequality holds. 
So it’s enough to consider the case when x > 1,y>1,z> 1. 
Letx -—l=a,y—1=b,z-l=c. 
Then a, b, c are non-negative and since x =a+1, y=b+1,z=c+1 we obtain 
a+1+b+1l+c+l=(a+)64+D(ct+)), ie. 
abc +ab+be+ca=2. (1) 
Let x = sabe, so we have 
ab + be + ca > 3W (abc)? = 3x’. (2) 
Combine (1) and (2) we have 
x3 43x? <abctab+be+ca=2 © (x+1)(Q*+2x-2)<0, 
so we must have x? + 2x — 2 <0 and we easily deduce that x < = 1, i.e. we get 
x <6/3-1)7 =6V3 — 10 


and we are done. |_| 


58 Let a,b,c € (1, 2) be real numbers. Prove the inequality 


b.Ja fs cVb mn a/c = 
A4bJc-—cJa 4AcJa—-aVb 4aVb—bYco™ 


Solution Since a, b,c € (1,2) we have 
4b./c — c/a > 4c — 2c = 2c > 0. 


Analogously we get 4c,/a — av/b > 0 and 4a/b — b/c > 0. 
We'll prove that 


A () 
4b./c—c.fa~ atb+c 
Since 4b./c — c./a > 0 inequality (1) is 
b(a+b+c) > Ja(4bJc — c/a) 
S&S (at+b)(b+c) => 4bJac, 
which is clearly true (AM > GM). 
Similarly we deduce that 
cb b 
(2) 


> 
4c, fa -—aJ/b~ at+b+c 
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and 
a/c 2 c 
4haVb—bfe atb+e 
Adding (1), (2) and (3) we get the required result. | 


(3) 


59 Let a,b,c €R such that a +b+c=3. Prove the inequality 


Va(b+c)+ Jb(c +a) + Vcla +b) = 3V2abc. 
Solution We have 
J/2 
Vab+ac> a ab + Jac). 
Analogously 
2 2 
Vbc+ba> vO be + Vba) and Vca+cb> 2 ea + cb). 


So it suffices to show that 


J2(/ab + Jac + bc) > 3V2abc, 


Vab+J/ac+~Vbe => 3V abe. (1) 
By AM > GM we have 


Jab + Jac + Vbc > 3W abc > 3V abe 


where the last inequality is true since 
b 
Yabo < 2" = 1, ie. abe<1. . 


60 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


Ja+be+V/b+cat+vVce+ab <2. 


Solution Sincea+b+c=1wehavea+bce=a(a+b+c)+bce=(at+b)(at+c) 
ie. 


(a+b)+(a+c) _ 2atbt+e 


Vat+be=J(a+b)at+ec)< 5 5 


Similarly we obtain 


2b 2 b 
Vb+ca< oe and V/c+ab< —. 
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After adding the last three inequalities, we obtain 


pe SLAs Sc ca 
2 2 2 
=2(a+b+c)=2. 


Va+tbe+Vb+cat+tve+ab < 


Equality occurs iffa =b=c=1/3. a 


61 Let a, b,c be positive real numbers such that a+ b+ c+ 1=4abc. Prove that 


a a? + b? 


>2(ab+be+ca). 
a b 


Solution By the well-known inequalities: 


x*+y*>2xy and 3(x2?+y? +27) > (x+y +2), 


we obtain 
Pee C+ ar 
=F +t 
a b c 
2be 2 2ab — 2((be)* + (ca)* + (ab)*) _ 2(be +. ca + ab)” 
: ae Ep OPA) (ca) GED ae ca+ab) ()) 
a b Cc abc 3abc 
We have 
(ab + be + ca)” > 3((ab)(bc) + (bc)(ca) + (ca)(ab)) = 3abc(a +b +c), 
Le. 
ab+bc+ca>/3abc(a+b+c). (2) 
Also 
4abc=a+b+ct+1 > 4Vabe 
Le. 
abc > 1. (3) 
Therefore 
(3) 
a+b+c=4abc — 1=3abc + abc — 1 > 3abce. (4) 
By (1), (2) and (4) we obtain 
Poe +a g+p? 
+ + 
a b Cc 
., (be + ca + ab)* ab + bet ca)/3abc(a +b +c) 
~ 3abc ~ 3abc 
2(ab+b J Babc)2 
3 (ab + be + ca) 3abc) apepaeees, = 


3abc 
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62 Let a,b,c € (—1, 1) be real numbers such that ab + bc + ac = 1. Prove the 
inequality 


6v (1 —a2)(1 —b*)(1— 2) < 1+ a@t+bt+o. 


Solution Since a, b,c € (—1, 1) we have 1 — a?,1—b?,1—c? >0. 
By AM > GM we get 


6V (1 —a2)(1 — b2)(1 — 2) = 2-39 — a2) — B2) (1 — ec?) 
SI y tI Sela) 


=23- (a+b? +c’)) 
=6-—2(a* +b? +c’). 
We’ ll show that 
6-27 +b’ +c?)<1+(atb+o). 
This inequality is equivalent to 


6-27? +b? +07) <1+a?+h +c? 42 


3 <3(a* +b? +c’) 


a+b +c?>1, 
which is true since a2 + b*? +c? > ab+bce+ac=1. 


Equality holds iff a= b=c= +5. | 


63 Let a,b, c,d be positive real numbers such that a? + b? + c* + d? = 1. Prove 
the inequality 


Vi- Gs PobeJl ecb ods /ata/b teeta. 


Solution First we’ll show that 


a+b+ct+d <2. (1) 
We have 
at+b+c4+d 2 ab ed? 
4 = 4 2 
1.e. 


a+b+c+d<z2. 
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Furthermore 


Jia pie se ee 1 BE CD, 1 —2a 


= ‘ 2 
Vl—-a+ Ja Vl-at+Ja ” 
By AM < QM we have 
VIS DAE 2 l-ata_ a ed 1 1 (3) 
2 2 «/2. Vl—at+Ja” J2 
Using (2) and (3) we deduce 
1 —2a 
Vl—-a—VJa ‘ 
= wf 
Similarly 
1—2b 1—2c 
V1—b—-WVb> , Vl—c—-VJc> and 
/2 /2 
1 —2d 
Vi—d-Vd> ; 
fh 
So it follows that 
Vl-a-—VJa+V1—b-Vb4+V1—c—JVe+V1—d-Vd 
gece rere 5. 
J2 
as required. | 


64 Let x, y, z be positive real numbers such that xyz = 1. Prove the inequality 


1 1 1 1 
+ + <=. 
Caer pe lee ee) eae 2 


Solution We have 


1 1 1 
= < . 
(wtl?+y?+1 24x24 y? 42x ~ 21+x4-xy) 


Similarly 


1 1 1 1 
Peel — 20 ane D24+x24+1-~ 20 
(ytl*+7-+ (l+y+ yz) (zt1)*+x-+ (l+z+ 2x) 


252 21 


So we have 


1 1 1 
+ + 
(wt1?+y24+1 (y+ )I24+224+1 0 (4+1%4+x741 


1 1 1 1 
ae 

2\l4+x+xy Iltytyz l+z+2zx 
We’ll show that 


1 1 1 
+ + 
l+x+xy Il+y+tyz 1+z+2x 


’ 


from which we’ll deduce the required result. 
We have 
1 1 1 
+ + 
l+x+xy l+tytyz 1l+z+2x 
XYZ 1 1 
= as oh 
xyz+xt+xy Ilt+ytyz 1l+z+2x 
ie 1 
= z + + z 
yetl+y ltytyz ytyzt+l 
Be oe dae = 
I+y+yz 


as required. 


65 Let a,b,c € R™. Prove the inequality 


a a a 
+ + > 1. 
a+(b+c) a+(b+c) a+(b+c) 


Solution We’ll prove that for any x, y,z € R™ we have 


x3 = x? 
PO? yeas 
x3 x? 
> 
tie re os) aa ale 8 eo 


ra ee 


> 
xe+(y+z)3 ~ (x2 + y2 427) 


We have 


° 2x*(y? ZF op (y? fog? = x(y+ zy. 


Solutions 


(1) 


(2) 
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By AM < QM we have 
Wy? +2)> (y+), 


By +2°P = +0. 
Using AM > GM and the previous result we get 


2x2(y + z)® 
2x2(y? +22) + (v2 $22)? = 24/2022 + 23 = 2 are =1G49%, 


so we prove (2), i.e. (1). 
By (1) we have 


B ns i 
@etoto VYarotes Veretre? 


2 b2 C2 


a 
=P4P +a PP tA! PEP Te 


66 Let x, y,z €R™. Prove the inequality 
(xt ytzr(xyt yet zx) < 307? + 2yt yO + yzt 2)? + ex +.x?). 
Solution We have 
2 2_3 ee 2 
x +xy ty =7atyy+7a-yr2z7atyy, 
4 4 4 
similarly 


3 3 
y+yzte> gO re and Uae tx = Te+x). 


Hence 


3 3 
3x27 +ayt yO? + yz $+ 202 4+2x4+-x%) > 3() (x +y)2(y +.2)?(z +x)? 


81 ‘ 
= 4 @ +y)(ytz(zt+x))°. 


~ 64 
We’ ll show that 


81 2 2 2 
Ga FWY + YE +X) => atyt+zaytyzt zx), 


x t+y)\(y+z(z+x)>(a+tytz)aytyz+ zx), 
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xt y(ytz(z+x)=8a+yt+zaxy+ yz+ 2x), (1) 


from which we’ll obtain the desired inequality. 
Let’s note that 


(x+y)ytzz+x)=~+y+zayt+yz+ 72x) — xyz. 
Now by (1) we get 


xt yy+tz2z+x) = 8(at+ y+z2(Z +x) + xyz), 


(+ yy +z)Z+x) = Bxyz, 
which is clearly true since 
x+y >2,/xy, y+z>2,/yz, ZX > 22x. 


Equality occurs if and only if x = y =z. | 


67 Let a, b,c be real numbers such that a + b+ c =3. Prove the inequality 
2(a7b* + b?c* +. c2a*) +3 <3(a? +b? +0’). 


Solution Without loss of generality we may assume a > b> c. 


Let’s denote u = oP and v = oF 


We easily obtaina =u+vuandb=u-—v. 
We have ab = u? — v* > c* which implies 2u? — 2c* — v? > 0. 
Now we have 


ab? + bec? + ca* = C2 (a* + b*) + ab? = C7 (2u? + 2v*) + (u? — v?)* 
= 9 (Qu? 90? — 0) 40 43? <u 42eW*. (1) 
Also 
G+ te ati + te Sor 4. (2) 
We’ ll show that 
2G" 4207 Ww?) 4333900 +e), (3) 


From a+b+c=3 we have c =3 — 2u. 
Now inequality (3) is equivalent to 


Oy LAG — lu 43 < Gu" + 33 = Duy 
& 3ut—8u34+3u7+6u—-4<0 S&S (u—1)?Bu* —2u—4) <0. 


Since 2u < 3 we easily deduce that 3u* — 2u — 4 < 0. So inequality (3) holds. 
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Combining (1), (2) and (3) we obtain the required result. 
Equality holds if and only ifa=b=c=1. a 


68 Let a, b,c, d be positive real numbers. Prove the inequality 


a aes Cue d ad ae 
b+ce ctd dt+a a+b 


Solution Applying AM > HM we have 


a-—b b-c c-—d d-a 

b+c ct+td d+a a+b 
_ate b+d ct+a  d+b 
~b+e ctd d+a a+b 


1 1 1 1 
= SS b+d 4 
ato( +a) + = (—54+=5) 
4(a+c) 4(b + d) 4=0 
~a+tb+c+d at+b+ct+d — — = 


69 Let a,b,c €R* such that a+b +c = 1. Prove the inequality 


a a b " Cc ae 
(b+c)? (c+a)* (atb)27~ 4 


Solution We'll use the following well known inequalities: 
For any a, b,c > 0 we have poe 2. + Pees > 3 (Nesbit’s) and for any x, y,z> 
0 we have 


xty+z) 
Pasig TT 5 r 
Now we obtain 
a b c a(a+b+c) b(a+b+c) cia+b-+c) 
zt zt 2— 2 2 2 
(b+c) (c +a) (a+b) (b+ c) (c+a) (a+b) 
_ a Pa b - Cc om a 
~\pte cta a+b b+c 
b Cc 


+ : 
ct+ta a+b 
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Using previous well-known inequalities we have 


a se b 4 c 
(b+c)2 (ct+a)? (a+b)? 


,! a i b ee c a a + b 4 c 

~3\b+ce cta a+b b+c cta a+b 

eit G9 

POND. Bk a 
70 Let a,b,c € R® such that abc = 1. Prove the inequality 


arc bea ob 3 
+ + AGS 
(b+c)\(c+a) (cta)\(at+b) (at+b)\(b+c)~ 4 


Solution Clearing denominators gives us 
A(a‘c +blat+clatarch+ beac+ cba) 
>3(ab+aec+batbh’c+ catch + 2abc), 
i.e. 
A(atc+btat+ cata? +b? 407) >3(@bt+actbathc+catcbt+2). 
By AM > GM and abc = | we have 
A(a*c pat cata +h" + c’) 
= (atc ae b*a) + (b+a +b 4 c’b) + (c4b deg? a‘c) + (atc Aah oe c?) 
a+ a4 Cb +e + Py et atte! 
> 3V ab} + 3V b6c3 + 3V ca} + 3V ac3 + 3V cob} + 3V a5 b5c5 
+ 3Va2b2c? 


= 3(a*b t+act+thPatbc+Ceatcbt+ 2), 


and we are done. | 

71 Let a,b,c > 0 be real numbers such that abc = 1. Prove that 
(a+b)(b+c)(c+a)>4(a+b+c-—1). 

Solution Using the identity 


(a+ b)(b+c)(c+a)=(a+b+c)(ab+be+ca)—1, 
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the given inequality becomes 


3 
ab + be + ca + ———— >4 
atb+c 


By AM > GM we have 


3 3(ab + be + ca) 3 4] (ab + be + ca)3 
ab+be+cat+ = + > 4.) ——___. 
a+b+c 3 a+b+c 9a+b+c) 


So it’s enough to show that 


(ab + be + ca)? > 9(a+tb+c). (1) 
By AM > GM and abc = 1 we get 
ab + be + ca > 3y/ (abc)? =3. (2) 
Furthermore, since (x + y + z)?> 3(xy + yz + zx), we deduce 
(ab + bc + ca)? > 3((ab)(bc) + (bc)(ca) + (ca)(ab)) =3(a+b+c). (3) 
By (2) and (3) we obtain (ab + be + ca)? > 9(a + b +c), ie. (1) is true. | 


72 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


+ 2 > . 
a+b+c” ab+bc+ca 


Solution Let x = i, y= i Z= i. Then clearly xyz = 1. 
The given inequality becomes 


3 6 
+ = . 
Xy+tyZ+7Ze xX+y+Z 


Using the well-known inequality (x + y + z)? > 3(xy + yz + zx) we deduce 


3 9 
+——___>1+——_.,. 
xy+yz+zx (eet 2) 


So it’s enough to prove that 


9 6 
1+ 5 = : 
(x+y+z) x+y4+z 
The last inequality is equivalent to (1 — ~ < a )? > 0, and clearly holds. a 


73 Let x,y,z be positive real numbers such that x* + y* + 27 = xyz. Prove the 
following inequalities: 
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1° xyz >27 

2° xytyz+zx > 27 

3° xt+y+z29 

4° xy+yztzx>2x+y+z)4+9. 


Solution 


1° Using AM > GM we get 


xyzaxr?ty*4+77>3/ (xyz)2, ie. (xyz)? > 27(xyz)’, 
which implies 
xyz > 27. 
2° By AM > GM we get xy + yz t+ 2x > 3) (xyz)? = 3V27F? = 27. 
3° By AM > GM and 1° we getx + y+ 72> 3./xyz > 3.27 =9. 


4° Note that x7 + y* +2” = xyz implies x” < xyz, i.e. x < yz; analogously y < zx 
and z < xy. 


So xy < yz- zx, ie. 27 > 1, from which we deduce that z > 1; analogously x > 1 
and y > 1. So all three numbers are greater than 1. 

Let’s denotea =x —1,b=y—1,c=z-— 1. Thena,b,c > 0 and clearly x = 
a+l,y=b+1,z=c+H+l. 

Now the initial condition x? + y? + z* = xyz becomes 


a+bh+ce+at+b+c+2=abe+ab+be+ca. (1) 


If we set g =ab+bc+ca we have 


a q\"" _ Gq)? 
CEP ee =u, a+b+c>./3q and ave < (4) = a7 


Finally by (1) and the last three inequalities we obtain 


3 3/2 
qt V3qt2<@ 4b? +c? +atb+c+2=abce+ab+be+ca< “ +4, 
ie. 

3 3/2 
Rg t2< (3q) e) 


Denote ./3q = A. Then inequality (2) is equivalent to 


A? 
At2s— @ (A —6)(A+3)?>0, 


from which we deduce that we must have ./3g = A > 6, 1.e. g > 12. 
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Hence 
ab+be+ca>12 © (@-DOo-YD+0-YDe-VD4+@-VDa-)>= 12, 


from which we obtain xy + yz + zx > 2(x +y +z) +9, and we are done. | 


74 Let a,b,c be real numbers such that a? + b? + c? — 3abc = 1. Prove the in- 
equality 


a+ht+ec >1. 
Solution Observe that 
l=a+b +c) —3abe= (atb+c\(a? +b? +c? —ab— be —ca) 


_ {a-+b+c) 


5 ((a — b)? +(b—c)* + (c—a)”). 


Since (a — b)? + (b—c)* + (c — a)” > 0 we must havea +b+c>0. 
According to 


(atb+c\a?+b* +c? —ab—be—ca)=1 


we deduce 


b D2 2_ pr 2 
@+b+o(@4r +e (a+b+c) = =)=1 


and easily find 
a+P+ecat Clo ‘ 
3 a+b+c 
Since a+ b+ c > 0 we may use AM > GM as follows 


PApues | Gipear+ ee 4 
3 a+b+c atb+c)7~ ° 


as required. 
Equality occurs iffa+b+c= 1. a 


1 
ct 


75 Leta,b,c,d €R* such that a a aa +7aat ah = |. Prove that 


abcd > 3. 


Solution We'll use the following substitutions 


Lo io a eset 
i+a* fae Cte Cae 


x, 


Then we obtain x + y+z+t=1andat= x pte ye = = dt= It 
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We need to show that 


Applying AM > GM we have 


lax ay ba Le eee eee ee ee ey 

x y Zz — x y Zz t 
=. SVet “BA/eat Sint Saye 
= SX y Z - 


81, 


as desired. |_| 


76 Let a, b,c be non-negative real numbers. Prove the inequality 


pes Sale 
3 = 8 , 


Solution The given inequality is homogenous, so we may assume that ab + be + 
ca=3., 
Then clearly 


(atb+c) >3(ab+be+ca)=9, ie. atb+c>3 


and 


b+b 
1- a >V(abe)?, ie. abc<1. 


So we need to prove that 


Ae msde ee Ce CeCe ee 


8 
We have 


(a+b)(b+c)(c +a) =(a+b+c)(ab+be+ca) — abc 
=3(a+b+c)—abc>9-1=8, 


and we are done. 
Equality holds iff a=b=c. | 


77 Let a,b,c, d be positive real numbers such that a ++ b+c-+d=1. Prove that 


16(abc + bcd + cda + dab) < 1. 
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Solution We'll show that 
16(abc + bed + cda + dab) < (a+b+c+4d)’. 
Applying AM > GM gives us 
16(abc + bcd + cda + dab) = l6ab(c + d) + 16cd(a + b) 
<4(a +b) (c +d) +4(c+d)(a+b) 
=4(c+d)(a+b\(at+b+c+t+d) 
<(atbt+ct+d)’. 


It is obvious that equality holds if and only ifa=b=c=d=1/4. a 


78 Let a,b,c, d, e be positive real numbers such thata + b+c+d+e=5. Prove 
the inequality 


abc + bed +cde+dea+eab <5. 


Solution Without loss of generality, we may assume that e = min{a, b,c, d, e}. 
By AM > GM, we have 


abc + bed + cde+dea+eab=e(a+c)(b+d)+bc(a+d-—e) 
(ctetbeay ((teterdney 
<e| ————_ ]} + 


2 3 


5—e)? (—26¢)° 
Je 0 Sey ees 
4 27 


So it suffices to prove that 


e(5—e)? (5—2¢e)3 
< 
i. a 3 


which can be rewrite as (e — 1)7(e + 8) => 0, which is obviously true. 
Equality holds if and only ifa =b=c=d=e=1. a 


79 Let a,b,c > 0 be real numbers. Prove the inequality 


a b c.atb_ bt+e 
+-+-2 + +1, 
b c a b+te cta 


Solution Letx = {,y = §. 
Then we get 


cy a+b x+l1 bee yt 


a x b+e y+’ cta x+y’ 
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and the given inequality becomes 
Ey Ex ey bye ry ey oy. (1) 
Using AM > GM we obtain 


gy ex 2 ey ae ye 97 
= ee 2 


>2xy* and x74 y? > 2xy. 


After adding the last three inequalities we obtain inequality (1). 
Equality occurs iff x = y = 1, ie. iffa=b=c. a 


80 Let a,b,c > 0 be real numbers such that abc = 1. Prove the inequality 


a b Cc 
(1+ )(u+ )(u4 ) = 20 +a45-+0) 
b c a 


Solution The given inequality is equivalent to 


aa ob bc ioe 
+—-+-+-+-+-—2>2(a+b+c). 
b c a eco ab 


Furthermore 
SA hier hn aah go ag 
boc bc 

Analogously 
bb 
2A dea gid: a ae. 
a Cc a b 

So 
a a b b_ c¢ i e¢ 
+—+—+-—+-—+—4323+b+0). () 
b c ac oa b 


It is enough to show thata+b+c>3. 
We havea+b+c> 3 abe = 3, and finally from (1) we obtain 


a 


b 


ab bc oc 
hot gh he be eee TOTO aT eto Ss erie) rs, 


Le. 
a 
b 
Equality holds iffa=b=c=1. a 


a b bc i e¢ 
+—-+-+-+-+—2>2(a+b+c). 
c a cea b 


81 Let a, b,c be positive real numbers such that a+b+c> t + I + i. Prove the 
inequality 
2 


+b+c>——— + —. 
. CS pee abc 
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Solution By AM > HM we get 


1 1 1 9 
a+b+c>-+-—-+-2 ; 
a b cc at+b+e 


i.e. 
a+b+c 3 
Zz . (1) 
3 a+b+c 
We will prove that 
2(atbt+o) _ 2 (2) 


3 ~ abc’ 


3 
a+b+c>—. 
abc 


Using the well-known inequality (xy + yz + zx)* > 3(xy + yz + zx) we obtain 


’ 


ca abc 


i.v.ay 1 1 41 at+bt+c 
@totere|( +04 — |) Salt) =3 
a bee ab be 
3 
a+b+c>—. 
abc 


After adding (1) and (2) we get the required inequality. | 


82 Let a, b, c,d be positive real numbers such that abcd = 1. Prove the inequality 


l+tab 1+bce Il1+cd 1l1+da 
l+a 1+) l+c l+d7— 


Solution Clearly cd = 4 and ad = x. 
Now we have 


anit 1l+be 1+cd 1+da 
l+a 1+ 5 l+c l+d 
l+ab 1+be 1+1fab 1+1/be 
~ jae 146° T4e l+d 


1 1 1 1 
ee l+b . 
one (+ aaa) + 7 (5+ sana) (1) 
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By AM > HM and (1) we deduce 


1 


1 
145 
er (5+ aaa) 


1 
A=(l1+ab 
toe (+a) 


41 + ab) 4c. + be) 
~1l+atab+abe 1+b+bce+bcd 


4 l+ab in 1+bc 
~ \i+tatabtabe 14+b+bc+bcd 


l+ab a+abc 
=4 + . (2) 
l+tat+ab+abc a+t+ab+abc+abcd 


Since abcd = 1 from (2) we obtain A > 4, as required. | 


83 Let a,b,c € R™. Prove the inequality 


1 1 1 27 
+ + = : 
b(a+b) c(b+c) a(e+ta)~ 2atb+c) 


Solution Applying AM > GM we have 


1 1 1 F 1 
b(a+b) 7 c(b+c) “ a(c+a) = tae + b)(b+c)(c+a) ) 


and 
3 : 1 3 
a+b+c2=3Vabe, ie. 5 > ; (2) 
Jabe” a+b+c 
Furthermore 
1 34 
atb+c= (at+b)+(bt+o)+(ct+a))> sV at byb+e\ct+a), 
Le. 
1 3 
(3) 


Yatb@+oOcta ~ 2atb+o) 
Combining (2), (3) and (1) we get 


1 1 1 1 
+ + 23x 
b(ia+b) c(ib+c) a(c+a) abc(a+ b)(b+c)(c+a) 
3 3 = 27 
at+b+c Watb+c) W%Wat+bt+c)’ 
a 
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84 Let a, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


a b? oe 3 
+ + cet 
b?—2b+3 c2—2c4+3 a?-—2a+37 2 


Solution Since a+b+c=3 by QM > AM we have 
(6-1) =((l—a) + (1-0) = 2(@—- 1)? + (c-1)”). 
Hence 
2_2 2 2 2 2,2 2 2 
(b—1) Z7(@-) +(b-—1)°+(c-1) ae + b*+c* —3). 
So we have 
2 2 2.9 2 2 2.9 2 2 
b* —2b4+3=(b-1) $2536 +b*+c eae +b°+c’*), 
which implies 


a a 3a? 


> = . 
b?-2b+3 7 3(a24+b2 +02) 2a* +b? +c?) 


Similarly we get 


b 3b? eo 3c? 
> and > ; 
c* —2c +3 ~ 2(a2 +b? +c?) a? —2a+3 ~ 2(a2 +b? 4c?) 


By adding the last three inequalities we obtain the required inequality. | 


85 Let a, b,c be positive real numbers such that ab + bc + ca = 3. Prove the in- 
equality 


1 1 1 1 
+ ab = : 
lt+a*(b+c) 140(e+a) 14+c2(a+b)~ abc 


Solution Observe that 


1 1 1 1 
l+a2(b+c) 1+a(ab+ac) 1+a3—bce) 3a+1—abc’ 


By AM > GM we get 


re oe > Yabo? 
Thus 


abc <1. 
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Therefore 
1 1 1 
— << : 
l+a%(b+c) 3a+1-—abc~ 3a 
Similarly, 
1 1 1 1 
< and <—. 
1+b2(c+a)~ 3b 1+c?2(a+b)~ 3c 
Now we have 
1 1 1 


Ebola EeeaeD) 
ou Ped etd ab+bc+ca 2 1 
—3la bc) 3 abc ~ abc’ 


Equality holds iffa=b=c=1. | 


86 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


aWi+b—c+bV1+c—at+av/1ta—b <1. 


Solution Note that] +b—c=a+b+c+b—c=a+2b=>0. 
Now by GM < AM we have 
leep Sebi eel. a(b—c) 


3 
1+bD < =at+ 
a c<a 3 a 3 


Similarly 


b(c—a) c(a — b) 


bYi+tc—a<b+ and cvV/l+a—b<c+ 


Adding these three inequalities we get 


av1+b—c+bV14+c—a+ceV1+a—b<at+bt+c=l. 
Equality occurs iffa =b=c=1/3. a 


87 Let a,b,c € R®™ such that a +b +c =1. Prove the inequality 


1-—2ab 1-—2bc 1-—2ca 
+ + = 
Cc a b 


cP 


Solution We have 
1—2ab 1-—2bc 1-—2ca 
- - 
Cc a b 
_ @tb+o)=2ab | (atb+e)'=2be | (atb+e) ~2ca 
~ Cc a b 
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_U +b teh + 2bet+2ac | a? +b* +e + 2ac + 2ab 
Cc a 


4 Abt + et + 2ab + 2be 


b 
ee ee + ee 
=(a+b°4+c)(-+—-+-—]+4@+b+c) 
a be 
4 4 »f1 1 1 
=(a*+b*+c7)( -+—-+-]4+4. () 
a bee 
By QM > AM we get 
b+cy 1 14 1 9 
Pee SE! = aa: ew = 
3 3 a b cy a+b+e 


Finally, from previous inequalities and (1) we obtain 
1 1 1 9 
=@ 4+ 4+07)(-+2+-)+4254+457. 
a b ce 3 | 


1—2ab 1—2be 1-—2ca 
+ + 
Cc a b 


88 Let a, b,c be non-negative real numbers such that a? + b? +c? =1. Prove the 
inequality 

1—ab 4 1—ab i 1—ab _ 1 

7-3ac 7-3ac 7-3ac~ 3 


Solution First we’ll show that 
1 1 1 a 
7 3ub © ToSbe  T=3ea DF 


By AM > HM we have 


(1) 


1 1 1 1 
= < ( +1), 
7—3ab 3(1—ab)+24+27 9\3(1—ab) 


Similarly we get 


1 1 1 1 1 1 
s +1 and < +1). 
7—3bce ~ 9\ 31 — be) 7—3ca~ 9\3(1 —ca) 


So it follows that 


+ + — + aa ; +t (2) 
7-—3ab 7-—3bce 7T—-—3ca~ 27\1l-—ab 1-bce 1-ca 3 
Recalling the well-known Vasile Cirtoaje’s inequality 


1 1 1 9 
< 


(=a) i=be T=ee 2 
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by (2) we obtain 


1 3 1 4: 1 a! 
7-3ab 7—-—3bc 7-—3ca~ 2 


Since a2 + b? +c? = 1 we have a, b,c < 1 and then clearly 


7 —3ab,7 —3ab,7—3ab > 0, 


so by AM > GM we have 


ai ra 
7-—3ac 7—-—3ac 7—3ac ~~ 


(3) 


Finally by (2) and (3) we have 


3 — 3ab SS Ode 
7-—3ac 7-—3ac 7—3ac 


_ 130. ee 4 1 4 1 a 1 
~\7-3ac  7—3ac  7—3ac 7-—3ab 7-—3bce 7—3ca 


>3-2=1, 


bea? i, Pe ie l—ab 1 
T—3ac 7-—3ac 7—3ac7 3’ 


as required. a 


89 Let x, y,z €R* such that x + y +z=1. Prove the inequality 


x ZX Z 1 
Z + + uA =5: 
fit2 fit+y fit? 


Solution We have 


1 1 x24 y2 4274 2xy + yz+zx 
a en ee ee y (yt+y Le 


ao 3 
= ee +x? =xytyztextx? 
=(x+ y)(x +z). 
Now we get 
HM<GM 1 1 
Than WeFNOFD ee) - 
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Analogously 


x x 1 1 
25 ( dp ) (2) 
1422 Z+x zty 


and 


ZX ZX 1 1 
== + (3) 
[1 4 y2 ytzr yx 
Adding (1), (2) and (3) we obtain 


xy 1 1 ZX 1 1 yz 1 1 
L< =F + = =F a 
2\z+tx zty 2\y+z yx 2\x+y x+2 


_ (22% xy + 2x ee) 1 
2\ x+z yt+z yx 2 2) a 


90 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


a a A ic 
a+bce b+ca ct+tab7~ 2 


Solution Note that 


a—be _ 2bec _ 2bec _ 2bc 
at+be 1—b-—c+be (1—b)(l1-—c) (c+a)(at+b)’ 


1 


i.e. 
a—bce 2bc 
at+be. | (c+a)a+b) 
Similarly we get 
b=ca _ 2ca aad e=—ab 2ab 
b+ca (c+ b)(b+a) c+tab (b+c)(c+a) 


Now the given inequality becomes 


2bc 2ca 2ab 3 
+1 1 = 
(c+a)(a+b) (c+ b)(b+a) (b+c)(c+ta)~ 2 


or 
2be 2ca 2ab 3 
+ + Zs 
(cta)\(a+b) (c+b)(b+a) (b+c)\(c+a)~ 2 


After expanding we get the equivalent form as follows 


4(bce(b+c)+ca(c+a)+ab(at+b)) >3(a+b)(b+c)(c+a), 
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Le. 
. 1 1 1 
ab+bc+ac>9abc, ie. —-+-+->9, 
a bee 
which is true since 
Bape et aay a 
a b c atbtc = : 
Equality occurs iffa =b=c=1/3. a 


91 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


(= (ae (4 
+ + > 3. 
a+l c+l1 a+l 


Solution By AM > GM we get 


ae oe az jethesdera 
+ + = 
a+1 c+1 a+l1 (a+ 1)(6+ I(e+ 1) 


So it suffices to prove that 


(a+b)(b+c)(c+a) x 
(a+ 16+1I(c+)7 ’ 


(a+ b)\(b+c)\(cta)>(atl(b4+ l(c+1). 
Since abc = 1 we need to prove that 
ab(a+b)+bc(b+c)+ca(c+a)>a+b+c+ab+bc+ca. (1) 
According to AM > GM we have 


2(ab(a + b) + bce(b +c) + ca(c +.a)) + (ab + be + ca) 


=\i@bt+ab+arctarc+be)>5) a=S(atb+c) (2) 


cyc cyc 
and 


2(ab(a+b)+ be(b+c)+ca(c+a))+(a+b+c) 


= Si@b +ab+b’a+batc)>5 y\ ab =5(ab+be+ca). (3) 


cyc cye 
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After adding (2) and (3) we obtain 


4(ab(a+b)+ be(b+c)+ca(c+a))+ (ab+be+ca)+(a+b+c) 
> 5(ab+be+ca)+5(a+b+c). 


Hence we have proved (1), as required. Equality holds iffa=b=c=1. a 


92 Let x, y, z > 0 be real numbers such that xy + yz+ zx = 1. Prove the inequality 


x 4 y a Zz gee 
Ce e: . e 


Solution We have 
L+x?=xytyctex tx? =(x+y)(x +z). 
Analogously we obtain 
l+y=(ytx)tz) and 14+2°=@+x)e+y). 


Therefore 
x y Zz x y Zz 
1+x? 7 I+ y? - 142) @+yVG4+D (y +x)(y +z) . (z+x)(z+y) 
_ e+e) Fy@4+2) +2649) 
we +y)Q +2 +2) 


2, 
= . () 
(x + y)(y +z)(Z +x) 
It is easy to show that 
(x+y)\(y+tz(z+tx)=x+y+z—-—xYyz. (2) 
Due to the well-known inequality (x + y + zy? > 3(xy + yz + zx) we obtain 
(x+y+z)>3ytyztzx)=3, ie x+y4+z>v3. (3) 
Applying AM > GM it follows that 
xy + yz+ 2x > 34) (xyz)?, 
1.e. 
> (xyz)? & => (4) 
— > (xyz ——= > xyz. 
imal a 
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Using (3) and (4) we obtain 


1 8 
254 =r S43 = SS (5) 
. 7 3/3 3/3 
Finally using (1), (2) and (5) we get 

x y Zz 2 2 3/3 
z+ z+ 2— = = ; 

T+xe  l+y lt+ee @&+y)Qt2DG+x) x+y+z2-—xyz 4 
Equality occurs iff x = y=z= wa a 


93 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 
1 1 1 3/3 
+ + z : 
toe Lk” Te fea 


Solution After some algebraic calculations we get 


44+2atbt+e) | 3Vv3 
2+a+b+c+abe~ /34+1 


& A2+tatb+o)(V341) > 3v3(2+a+b+c+abc) 


3/3 
2-/3 


& 24+(a+b4+c> abc, 


24+ (atbt+c) > 3V3(2+ V3)abc. (1) 
Applying AM > GM we obtain 


1=ab+be+ca>3V (abc)2, 


1.e. 
: >ab (2) 
—— > abc. 
3/3 
Also we have 
a+b+e2 3. (3) 


Using (2) and (3) we get 
24+ (atbt+c)>24+ V3 > 3V3(2 + V3)abe, 


i.e. we have shown inequality (1), as desired. 
Equality holds if and only if a=b=c =1/¥V3. a 
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94 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 
a’ b? e J3 


+ + = 
lta 14+b l4+e7 341 


: : 2 
Solution Using 7 =x — 1+ eat we have 


a EAN Ye ae 
(ea 1p fae fea (26° Tee 


Now using the result from Problem 89 and the inequality a + b +c > V3 we obtain 


a b? 2 1 1 1 


c 
— b 3 
ice 8b eee ee ee ee 
3V3 3 
> J/3—-34 v3 = v3 
V3+1 V34+1 
Equality occurs if and only if a= b=c = 1/V3. | 


95 Let a,b,c € R* such that (a + b)(b +c)(c +a) = 8. Prove the inequality 
a+bte Wo+h+c 
3 _ 3 , 


(atb+cP=a4+h4+243(at+b\(b+c\(c+a) 


Solution We have 


=p 4p 4e4tSe be 40434645 
— 
8 


> 9/ (a3 + b3 + c3)38 


a+b+c ? jaet+b+c3 : at+tb+c. vlaet+h+c3 
Ss > » 1e. = : 
3 3 3 3 = 


2 . C ey 
96 Find the maximum value of rae where x € R,x > 1. 


xO42x3 
Solution We have 
4 2 1 1 
A= Fars ad 
x = x (1) 


x8+2x3-10 9342-40 @—43424+3@-2) 
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(-1) 25-1) 


Since x > 1 we have 1 > tie x — i > 0. 
From AM > GM we get 


We’ ll show that 


Now in (1) we obtain 


4 2 _t me! —t 
xX —-xX Xx - X o Xx 


oe -1 42-5 GH 42430-H 30 430—5 


1 


97 Let a, b,c be positive real numbers. Prove the inequality 


SE 3 a+b a+b+c 
a | a: . ——_——_,, 
3 — 2 3 


Solution Applying AM > GM we get 


/ b_3/ 
Jan. > jab- Jab = Vab. 


b 
a+~<Vab+ Vabe <at Jan + Vabe. 


So 


Now, it is enough to show that 


2+ foo 


Another application of AM > GM gives us 


Jabe <3 


Ja. a+b a+b+c 
2 3 . 


qi cai . 3a < Lhapt ape ¥q.q. 3b 2h abr 
a+b a+b+c 3 atb+c™ 3 
and 
ju. oe : os ~ Lhaps + aor 
a+b a+b+c7 3 
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Adding, we obtain 

2, 3 3b 2b 3 
a+b a+b+c atb+c a+b a+b+ec 

1 2 3 | b 

j . : ete thy ae Nahe <3, 

a a+b a+b+ec 2 

3/ a+b; i a+b a+b+c 
b- Vabe < : _——_.. 
at+,/a 5) + Vabc < 3,/a 5) 5 = 


98 Let a,b,c be positive real numbers such that abc(a + b+ c) = 3. Prove the 
inequality 


(a+b)(b+c)(c+a)>=8. 
Solution We have 
A=(a+b)(b+c)(c +a) = (ab+ac+bh* + be)(c +a) 
=(b(a+b+c) +ac)(e +a) = (= +ac)(e-+0). 


By AM > GM we obtain 


3 1 1 1 
A=(=+ac)(cta=(—+ 2+ +ac)(e+a) 
ac ac 


ac ac 


Equality occurs iff a = c and 4 =ac,i..a=c = 1, and then we easily get b= 1. 
a 


99 Let a, b, c be positive real numbers. Prove the inequality 


Y= ee / 2c 
+ + <3. 
b+ec cta a+b 


Solution Applying AM > HM we get 


1 2a 7 2 a 4a 
Vo b+e™ 1454 2at+b+e 
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Analogously we obtain 


/ 2b 4b 2c 4c 
< and < : 
cta” a+2b+c a+b” a+b+2c 


So it is enough to prove that 


b 
4 a + + : <3, 
2at+b+ce at2b+ce a+b+2c 


a b Cc 3 
+ al = 
2Za+b+e at2b+ce at+tb+2c” 4 


Since the last inequality is homogeneous we can assume thata+b+c= 1. 
Now inequality (1) becomes 


(1) 


a is b 4 c ae 
lt+a 1+b 1l+c74 


, Le. S(ab+bce+ca)+ 9abc <2. (2) 


By the well-known inequality 3(ab + be + ac) < (a+b+ c)? and AM > GM we 
obtain ab+ be+ac < i and abc < a Now it is quite easy to prove inequality (2), 
as desired. a 


100 Let a,b,c € R® such that ab + bc + ca = 1. Prove the inequality 


1 a 1 * 1 ae 
a(a+b) b(b+c) c(c+a)~ 2° 


Solution The given inequality is equivalent to 


c(a+b)+ab a(b+c)+bc  b(c+a)+ac a 9 


a(a+b) b(b+c) c(eta) ~~ 2’ 
1.€. 
eee b Cc a a? 
c a+b b+c cta™ 2 
a+b b+c cta b 6 a 15 
= (1) 
b a atb b+c cta 2 
We have 
a+b b+c ca b Cc a 
+ + + 
b G a a+b b+c cta 
atb b+c cta b Cc a 
= + + + 


4b 4c 4a atb b+c cta 
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277 
3 OEE Re ne 
4 b Cc a 
> 6 fet? b+c cta b rod a ise as ao@ig 
~ 4b 4c 4a a+b b+c ct+ta 4\b cia 
3/.,/a bec 18 15 
>3+-(3,/—---—- 3)=34+—=—, 
~ +3/ bc “+3) sae 2 
as required. | 


101 Let 0 <a <b <c <1 be real numbers. Prove that 


108 


2 2 2 
b— b*(c—b l-—c)< —. 
a“(b—c) + b°(c— b) + c°( ) 5 559 


Solution Using AM > GM we have 


2 Z e 1 2 
a (b—c)+b*(c—b)+c (Se) 0s Bee 2b) 6 (1—c) 


1 (b+b+2c—2b\3 
<5( > — ) Piss 


of BAN" / 230, / 23¢ 1 _ 23 
~ \ 93 54 ]\ 54 27 
54 Gy 108 
< = % 
are i aes We) 529 a 


102 Let a,b,c € R®™ such that a+ b+c=1. Prove the inequality 


256 

4 4 4 
=a'b+b <i 

S=ab+b'c+c 453195 


Solution Without loss of generality we can assume that a = max{a, b, c}. 
So it follows that 


b*c < abc and cta < cas < ca‘. 


3c 


Since = > § we obtain 


4 4 4 2,3 
ca ca ca Ca 

S=a‘b+bte+ — 4+ — <a*b+ abe + — 
aor OP go Fe =e +a Oh 


3 
=@bato+ Sato=eato(o+ <) <a(a+0(6+ =). (1) 
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Now using (1) and AM > GM we get 
3 3 
Ssatato(orf) aa S22. 928. (54 -) 


a(FtGtG4+ 424+ 4+ O\ i gfatbte\> 256 
<4 =4 = 
5 5 3125 a 


103 Let a,b, c > 0 be real numbers. Prove the inequality 


Cc a 
pe Bay 


Solution Let § =x, b = y, © =z. Then it is clear that xyz = 1, and the given in- 
equality becomes 


ey ae Says 


From QM > AM we have 
party? te? xty+z 
3 _ 3 ; 


> & +yt+z) ,, Bwuyze ty +) 
3 = 3 


xr ty? 42° 


S=x+yt+z. P| 
104 Prove that for all positive real numbers a, b, c we have 
a b 3 


a tata zatbte. 
2 pee +e 


Solution Using AM > GM we get 


Pm a 
oo t2b=Gtb+b23) -b-b=3a. 


Analogously we have 


b 3 
= 2e2 3b and 3 + 2a 2 3e. 
c a 
Adding these three inequalities we obtain 
2 PF  & 


ptatpattatbht+ozsatbto), 


as required. Equality holds iffa=b=c. | 
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105 Prove that for all positive real numbers a, b, c we have 


3 b 3 2 b C2 
> 
at el pg ty 


Solution Using AM > GM we get 
a a az 
be + a> >2 a a= a 


Bb 2 3 2 


Analogously we have 


Adding these three inequalities we obtain 


a b 3 a b2 C2 
—~+ 5+ b >2(—+—+-—]. 1 
aoa a ee +c)= (S+7+5) (1) 
According to Exercise 2.12 (Chap. 2) we have that 
ae 2 
aa — i — 2b De, (2) 
b c a 


Now using (1) and (2) we obtain 


a Bb ol az b C2 oe b2 C2 
ye at ge ost des Sah lab); 
b b c a = 5 


and equality holds iffa=b=c. a 
106 Prove that for all positive real numbers a, b, c we have 


eo bP 
—+—+—2>ab+bc+ca. 
b Cc a 


Solution Using AM > GM we get 


Analogously we have 


b oO oO a 
—+—-+ca>3bc and —+—-+ab>3ca. 
c a a b 
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Adding these three inequalities we obtain 


eo b 
o(F+ —-+ <) +ab+bce+ca>3(ab+bc+ca), 
Cc a 


from which follows the desired inequality. Equality holds iffa=b=c. a 


107 Prove that for all positive real numbers a, b, c we have 


a b° © 
= tat+5 ret te’. 
C a 


Solution Using AM > GM we get 


5 5 
23 a” 439? = att h +e +e sso = = -b2. 52. b? = Sa”. 


Analogously we have 
b° (oa 
2 +3c? > 5b? and 2-5 +3a*> Sc’. 
c a” 


Adding these three inequalities we obtain 


BP. 2 2 2 2 2 2 
2 Bart gig +3(a° +b +c") = 5a“ +b +c"), 


be 
Le. 
5 5 5 
a b c 2 2, 2 
rceeage! + a Sa +b’ +c’. 
Equality holds iffa=b=c. a 


108 Let a,b,c € R®* such that a + b+ c =3. Prove the inequality 


a> b3 3 
+ + el 
bQc+a) c(2a+b) a(2b+c) 


Solution We'll show that 


a? b3 (oa a+b+c 
3h of = , 
b2c+a) cQa+b) a(2b+c) 3 


from which, with the initial condition, will follow the desired inequality. 
Using AM > GM we get 


9a? 


9a3 
— 2. > ———— 2 — 
ag tweet az3] -3b- (2c +a) =9a. 


b(2c +a) 
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Analogously we have 


OF +(2Qa+b)>3b and Mes 883 Ob Cys 3 
SS (és an — a C. é 
6a +b) Aes GODEO) ae 


Adding the last three inequalities we obtain 


a Bb fond 
9 6 b >9 b ; 
(aa ten tm) t (a+b+c)>9a+b+c) 
ie. 
a? b3 (oa at+b+c 3 
+ + > =o 
bQc+a) cQa+b) a(2b+c) cS) 3 | 


109 Let a,b,c € Rt and a? + b? + c* =3. Prove the inequality 


a b ce 


> 1. 
bio elon aor 


Solution We'll prove that 


a b 3 at+b?4+¢2 
+ + = 
b+2c ct2a a+2b 3 


> 


from which since a? + b? + c? = 3, we’ll obtain the required result. 
Applying AM > GM we get 


9a3 


-a-(b+ 2c) = 6a’. 
b+2c¢ pe a 


+ a(b + 2c) >2 sa 
. Oe GN hea 


Analogously we deduce 


3 3 


9c 
b 2a) >6b* and 
a0) (c+ 2a) 2 ae a+2b 


+ c(a + 2b) > 6c’. 


Adding the last three inequalities we obtain 


a b3 roa 0) 0) 2 
9 3(ab+b >6 b ; 
(Sutamtos)t SAP PE KGS eee) 
1.e. 
ae b3 (oa 6(a2 +b? +c”) —3(ab + bce +ca 
i ‘ ( ) — 3¢ ) (1) 
b+2c ct2a a+2b 9 


Using the well-known inequality 


at+h+c>ab+bet+ca, 
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according to (1) we obtain 


a b3 (oa 3(a27 +b? +c2) a®t+b*4+c? 3 
+ + > = = 
b+2c ct+t2a a+2b 9 3 3 


110 Let a,b,c be positive real numbers such that a2 + b? + c* = 3. Prove the 
inequality 
1 1 1 


>1. 
Ged Bae” o42- 


Solution We have 


1 1 a 1 a 1 a 1 a 
at2 2 a+2 2 a+i1i+i 2 3a 2 3 


Therefore 


1 - 1 Fi 1 216 ay 1, aes er ce 
a+2 b342 G@+4+272 3 2 3 2 3 


Equality holds iffa=b=c=1. | 
111 Let a,b,c €R* such that a+ b+ c= 1. Prove the inequality 


a 2 b? = (oa agi 
az+b2  b?+c2) c2+a2 72 


Solution Clearly we have 


a? +b? ab 1 
>ab ie iene 
2 az+b2— 2 
Therefore 
a? ab b 
— >a 
a* +b? aa+b?—-— 2 
Analogously 
b3 ae Cc q 3 x 
— —-= and ~—— — x. 
b2 +2 — 2 ea =" 2 


After adding these and using a+ b+c= 1 we obtain 


a nm b3 a (oo ere ee atb+c a+b+c 1 
a Cc — = 2 
ath? be+c2 ec? +a? 7 2 2 2 a 
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112 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


1 1 1 
+ >1 
1+2a2b 14+2b2c 7 1+2c2a ~ 


Solution Note that 


Ue 2a*b 2a*b 2% 
14+2a2b 1+2a2b It+ab+a2b~ 3.5/4 p2 
2a > 1 22a +5) 
= —s a 


After adding these inequalities for all variables we get 


1 & 1 ip 1 . 6a@tbte)_, ae 
1+2a2b  14+2b2e  14+2c?2a ~ 9 7 ae: 
as required. 
Equality holds iffa=b=c=1. | 


113 Let a,b,c, d be positive real numbers such that a +b+c+d=4. Prove the 
inequality 


a ie b ft Cc ih d i 
1+b2c 1l+e2?d 14+d2a 1+a2b7~~ 


Solution Applying AM > GM we have 


a abc abc abi/c b./a-ac 
=a za =a =a 
1+b%c 1+ bc 2b./c 2 2 
b(a+ ac) 
—_— a = ae me | 
4 
i.e. 
a 


1 
eRe >a q (ab + abc). 


Analogously we obtain 


b i 
>b—-—-(b bcd), 
reas ate 


d 1 
—“__ > d—-(da + dab). 
(ego ae 


c 1 
Tawa =c- qe am), 
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Adding these three inequalities we obtain 


a 4 b 4 Cc 4 d 
1+b?c 1+c*d 14+d?a_ 1+ab (1) 
1 
>(a+b+c+d)—- ab + bc + cd + da + abe + bed + cda + dab). 
One more use of AM > GM give us 
1 
ab+be+cd+da<7a+bt+c+dy =4 (2) 
and 
1 
abe + bed + cda + dab = —-(at+b+c+dy=4. (3) 
From (1), (2) and (3) it follows that 
a ie b : c és a 
1+b2c 1l4+e?d 14+d@a_ 1+a*b~ a 
as desired. 
Equality holds if and only ifa =b=c=d=1. a 
114 Let a, b, c,d be positive real numbers. Prove the inequality 
a 4 b? i: e i a ie a+b+c+d 
a2+b>  b?+c? c?+d* d?+a*~ 2 
Solution Using AM > GM we get 
e a ae 
e+e 9 a@+h~" 2ab * 2° 
Analogously 
pb? c ea d a a 
>b : >c ; >d : 
b? +c? ~ 2 c2 +d? — 2 d? +a? 2 
Adding these inequalities give us the required inequality. a 


115 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


a b? C2 


> 1. 
pe FEDS” EOP ~ 


Solution Applying AM > GM we get 


a? 2ab” 2ab? 2(ab)?/3 
=a = a ; 
a+2b2 a+2b2 3S abt 3 
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Analogously we obtain 


2 2/3 2 2/3 
b ‘ 2(bc) aa c — 2(ca) 
b+ 2c? 3 c+ 2a 3 


Adding these three inequalities gives us 


2 b2 2 


2 
= a > (at b +0) — 5 (Cad)? + (bey? + (ca)?"?). 


+ + 
a+2b2 b+2c? 


So it is enough to show that 


@4b+c= 5 (ab)? + (bc)*? + (ca)?/*) > 1, 


(ab)? + (be)? + (ca)? <3. (1) 
Applying AM > GM we get 


(aby23 + (be)? + (eay?/? < (at+tab+b)+(b+be+c)+(c+ca+a) 


3 
_ 2(a+b+c) + (ab+ be +ca) 
7 3 
: 2(a+b+c)+(at+b+c)*/3 _ 2-34+37/3 = 
= 3 3 , 
i.e. we have proved (1), and we are done. 
Equality holds iffa=b=c=1. a 


116 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


az b2 2 


Cc 
> 1. 
a+2b3 er re aw a 


Solution Applying AM > GM gives us 


a 2ab> 2ab> 2ba?!? 
a+2b3 °° a+08 "39a 
Analogously 
b? a 2cb2/3 aaa c = Qac2/3 
b+2c3 — 3 c+2a3 — 3 


Adding these three inequalities implies 
it be 2 


c 
p20. pee” chon 


2 
3 = (a+b+0)—Z(ba"? + cb" + acl”), 
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So it is enough to prove that 


2 
(a+b+c)—- 3 bael® + cb? + acl”) > 1, 


ba? + cb??? +.ac??? <3. (1) 
After another application of AM > GM we get 


v2? 4 eA adh x b(2a + 1) + c(2b+ 1) +aQ2c +1) 


3 
a+b+c+2(ab+ be + ca) 
> 3 
z (at+tb+c)+(a+b+c)?/3 7 3+4+2-37/3 = 
= 3 3 , 
i.e. we have proved (1), and we are done. 
Equality holds iffa=b=c=1. a 


117 Let a, b,c be positive real numbers such that a? + b? +c? =3. Find the mini- 
mum value of the expression 
16 
a+b+c+——_. 
a+b+c 
Solution By the inequality AM > GM we get 
16 
a+b+c+———— = 2vV16=8, 
a+b+c 


16 
a+b+c 


with equality if and only ifa+b+c= from which we deduce thata+b+c= 


4 and then 
16=(at+b4+c) <3’ 48% +c) =9, 


a contradiction. 
We estimate that the minimal value occurs when a = b=c,ie.a=b=c=1. 


Leta+b+c= pa sna Thus a = 9 at the point of incidencea=b=c=1. 

Therefore let us rewrite the given expression as follows 

+b+ce+ + i (1) 
a c : 
at+b+c a+b+ec 
Applying AM > GM and 3(a* + b* +c?) > (a+b +c)? we have 
9 
a+b+e+—__— = 3,/9=6 (2) 
a+b+c 
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and 
1 1 1 
> = 7: (3) 
atbt+c™ ,/3(a2+b2+c?) 3 
By (1), (2) and (3) we obtain 
16 9 7 de 25 
a+b+e+————=at+bt+cer+ + >64+-=—, 
a+b+c a+b+c a+b+c 337 23) 
with equality if and only ifa=b=c=1. | 


118 Let a,b,c > 0 be real numbers such that a2 + b? + c? = 1. Find the minimal 
value of the expression 


1 
A=a+b+c+—. 
abc 


Solution By AM > GM we obtain 


1 1 
A=a+b+c+— >4, abc: — =4, 
abc abc 


. . . - a = 1 . _ _ _ 
with equality iffa=b=c= 7 ,1e.a=b=c=l. 
Thus a2 + b? +c? =3 # 1, a contradiction. 
Since A is a symmetrical expression in a, b and c, we estimate that min A occurs 
at the incidence point a = b =c, ie. a= b =c = 1/V3. 
Hence at the incidence point we have a=b=c= te = z , and it follows 


that a = 


-_ 1 = 
abe (1//3)4 
Therefore 


1 8 
A= b —— b 
aad Tee he ia Ve) ape Gabe 


1 8 jl. 8 
>A abc - =4 1 
ay GPE? aoe Gabe Gabe ()) 


By QM > GM we obtain 
2 b2 2 | 
‘i a >3Vabe, ie. a > 3VSabe. 


= = 34/3. (2) 
abc 


Hence 


By (1) and (2) we get 


4 8 
A> = 4+3V3--=4V3. 
J3 9 


So min A = 43, and it occurs iff a = b = c = 1/V3. 5 
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119 Leta, b, c be positive real numbers such that a+ b+c = 6. Prove the inequality 


9 
Sab +be+JSbe+ca+JSca+ab+ 4 qn Te eNE. 


Solution Analogously as in the first solution of Exercise 5.13 we obtain that 


1 (2(ab+b 48 
Yab Fhe + Voce a+ Year ab = 7 eerreras ) (1) 


3 


At the point of incidence a = b = c = 2 we have a” + b* +c? = 12. 
Therefore by AM > GM we have 


9(a2 +b? + e2)- 12-12 _ 
oa + P2402) = Vv" -_ — Va 2b 2) 1212 


2 2 2 
“es a’+be+c*+24 (2) 
4 3 


By (1) and (2) we obtain 


/9 
Jab + bce + Sbe +cat ca tab + ; en aa) 


7 (Aes (cae ees) 
—4 


3 4 3 
= (a+b+0)?+72)= Ee 2 
=o ‘ . ae 
as required. 
Equality occurs if and only ifa=b=c=2. | 


120 Let a,b,c € R™ such that a + 2b + 3c > 20. Prove the inequality 


3 9 4 
S=at+b+c+- oa > 13. 


Solution S = 13 at the pointa =2,b=3,c=4 
Using AM > GM we get 


4 4 9 9 16 16 
a+—2=2,/a-—-=4, b+—>2,/b-—=6, c+—>2,/c-— =8, 
a a b b c c 
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Adding the last three inequalities we have 


2 pepe ge a ee 
a a a a) ie 
Using a + 2b + 3c > 20 we obtain 


Le pd es 
got ae ge 


Finally, after adding (1) and (2) we get 


3 9 4 
a+b+c+-4+—4+-2133, 
a 2b c¢ 


as desired. 


121 Leta, b,c € R™. Prove the inequality 


oe rs 
S = 30a + 3b* + — + 36(—+—+ > 84. 
9 ab be 


Solution S = 84 at the pointa = 1,b=2,c=3. 
From AM > GM we obtain 


b 3 6 Wipes fey? fa. 
Qt Gs Si si, 
4 pat be 4 a7 bc 


27 27 ca 
1.e. 

b? 4 3b? 23 = 36 3 9 
9| 2a4-—- 4+ — ] = 45, he 2 STi, AN eg = 
(20+ +—)> 4” 7 be= (5+ aoe 


After adding these three inequalities we get 


OE i. i. i 
30a + 3b* + +36 +—-+ > 84. 
9 ab be ca 


122 Let a,b,c € R™ such that ac > 12 and be > 8. Prove the inequality 


1 1 1 8 121 
S=a+b+c+2 + Se =e = : 
ab be ca a 
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Solution S = 43+ at the point a =3,b=2,c=4. 


Use of AM > GM gives us 


eos > 3, oo se Ogee Sa d 
= — ~+-+4+— ; —-+-+4+—> an 
3 ab ~~ 2 4 be 4 3 ca 
+o+ a 
3 abc” 
1.e. 
Go? us i a +12 7 c a 12 | 
3 2 ab7~~™’ 2 4 = be : 4 3 ca : 
GP, eg 
3 2 4 abce~ 


After adding these three inequalities we get 


6 
Baa OC) > 40. (1) 
ab be ca_ abe 


Also, since ac > 12 and bc > 8 we obtain 


1 1 1 
<— and —<.-, 
ac” 12 bce 8 
so from (1) it follows that 
spa oes 22 ed . io" 
Se be ca i Van 7 


123 Let a,b,c,d > 0 be real numbers. Determine the minimal value of the expres- 


sion 
wile Wie Vie Ve), 
3b ae 3d 3a 


Solution By AM > GM we get 


2 2b 2 2d 
Ano) 4a] vw =8, 
3b 3c 3d 3a 
2b zu 
with equality if and only if 2 5 .= 3. = c =1. 
Hence 2(a+b+c+d)=3(a+b i c+ aon), i.e. 2 = 3, which is impossible. 
Since A is a symmetrical expression in a, b,c and d, the minimum (maximum) 


occurs at the incidence point a = b=c=d > 0, and then 


2\* 625 
Ons 6 ees Gn aeon 
(1+5) 81 
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We have 


Similarly we get 
2b. S.fb\?? 2e_ 5fc\* 2d 5fd\7P 
1t+—2>-[- ; 1+—>-{- and 1+—>-[—- 3 
3c 3X\e d 3a 


If we multiply the above inequalities we obtain A > Ss 
Equality holds if and only ifa=b=c=d>0. a 


124 Let a,b,c > 0 be real numbers such that a2 + b? + c* = 12. Determine the 
maximal value of the expression 


A=avb?+e+bVe+a2+cVa2+b?2. 


Solution Since A is a symmetrical expression with respect to a,b and c,maxA 
occurs whena=b=c>0,ie.a=b=c=2. 
Hence 


2a? = 2b? = 2c? =8 
and 
P4+Cea=C+a0 =a 4+)? =8. 
By AM > GM we have 


1 
aVb? +c? = Va3(b? + c2) = Va5(b? + c?)? = 5V 2a) -(b2 + c2)? -8 


= BAAD + c2)(b2 + c2) 


1 8+6a7+206?+c*) 44307+b? +0? 


ee 
2 6 6 
Similarly 
3 4+4+a*+3b*4+0¢? 3 4+4+a?+b* + 3c? 
bv c2 +a? < and cVa2+b2< : 


6 6 


After adding the last three inequalities we get 


z 124+5(@°+b? +c?) 1245-12 © 
= 6 7 6 7 


A 12, 


with equality if and only ifa=b=c=2. a 
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125 Let a,b,c > 0 such that a+ b+c=3. Prove the inequality 
(a* — ab + b’)(b? — be +.c”)(c* — ca +a”) < 12. 


Solution Without loss of generality we may assume that a > b>c>0. 
So it follows that 


0<b?—be+c <b’ and 0<c*-—cat+a’ <a’, 


i.e. we obtain 

(b? —bcet+ 7) (c7 —cat+ a’) < a’b?. 
Now we have 
(a? —ab+ b?) (b> —be+ c7)(c? —ca+ @) 


20h @ sab5") 


4 3ab 3ab_ 5 > 4 (1(3ab 3ab a1\ 
ie . ; <u. b+b 
a 5 (a ab+ b= 5 (=( 5 + 5) + (a* —ab+b*) 


= 4 (ery! -A(eres ory’ _4(2) on 
~ 9 3 —9 3 ~OL3) 0 °° | 


126 Let a, b,c be positive real numbers. Prove the inequality 


(a —a? +3)(b —b° +3)(° —c? +3) > (at+b+o). 


Solution For every positive real number x, we have that x — 1 and x* — 1 have the 
same signs, and because of this x — x3 — x? 4+1= (x2 -— 1)(0? — 1) > 0, ie. we 
obtain 


ear 49547 49. 
Now we get 
(a? — a? +3)(b? — b? + 3)(? — 7 +3) = (@ +2)? + 2)(C? +2). 
So it is enough to show that 
(a? +2)(b> +2)(C° +2)> (atb+e). (1) 
After a little algebra we obtain that (1) is equivalent to 
CH +3at+bh+c)+27eb +b +c%a*)+8 


>3(a*b+batb?c+cbt+cata’c) + babe. (2) 
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Using AM > GM we can easily obtain the following inequalities 
a+ab+1>3a°b, a+acet+1>3ac, b+a°b?+1>3b7a, 
B+be+1>3bce, Ct+eat+1e3ca, ce+ecb?+1 > 3c*d, 
ype ear be tii > 6abc. 

After adding the previous inequalities we obtain inequality (2), as desired. | 

127 Let x, y,z€R* such that x + y + z= 1. Prove the inequality 


xy ZX yZ 1 
am + = . 
Vl+22 Jit+y? V1+x2~ V10 


Solution We have 


5 1\7 E 1 1. 9fe4 2 fi 1 
V142=,/9-(=-) +2= /i4+--+idtz2 = eee 


3 32 32 /10 \3 3 
~=-__—~ ——— 
9 9 
ae 
/10° 
i.e. we obtain that 
xy xy 
1+ z — 342 
Analogously we obtain 
ye yz ZX Zx 


— Se 10 —_ < //10 
V1 + x2 ax vlt+y? 3+y 


So it is enough to prove that 


1 
ee ee 
Gg fy * oa - 


xy ae ZX + yZ -! 
34+z 3+y 34+x7 10° 
Leta =3+4%4,b=3+y,c=3+4+4z. 
Then clearly a+b+c= 10. 
Inequality (1) is equivalent to 


(1) 


(a—3)(b—3) (c—3)\(a—3) (b—3)(c—3) 1 
Cc = b = a = 10’ 
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ab—3(a+b)+9 ca—3(c+a)+9 bdbe—3(b+c)+9 1 
+ + < 


Cc b a ~ 10 
ab+3c—21 ca+3b—-21 bce+3a-—21 1 
+ + < 
c b a 10 
Ba 2M MPN VEEN 89 
Cc b a ~ 10° 


After clearing denominators, we obtain 
2W(a(b+c)+b(a+c)+(b +a)) + 16(a72be + b?ac + c7ab) 
> 58(a*b* + b*c? +. c7a’) 
& (2lab —8c?)(a — b)* + (21be — 8a’) (b — c)* 
+ (21ca — 8b*)(c — a)? > 0, 
which is true since a, b, c € (3, 4), Le. 
2lab — 8c? > 21-3-3-8-47=61>0. 
In the same way we find that 21bc — 8a? > 0 and 21ca — 8b? > 0. a 
128 Let a,b,c € R™. Prove the inequality 
(atb+c)®° >27(a* +b? +.c?)(ab + be + ca)’. 


Solution Denote x =a+b+c,y=ab+bc+ca. 
Then we have 


x° > 27(x? — 2y)y? 
~ x? > 27x y* _ 54y? 
& (x? —3y)(x4 + 3x7y — 18y’) > 0, 
which is true, since 
x? =(a+b+c)* >3(ab+be+ca)=3y,  x*>9y? and 
3x*y > 3-3y-y=9y’, 
i.e. we have 


x?7-—3y>0 and x443x7y—18y7>9y* + Dy? — 18y? =0. | 
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129 Let a, b,c € [1, 2] be real numbers. Prove the inequality 
aet+h+e <S5abce. 


Solution Without loss of generality we may assume that a > b> c. 
Then since a, b,c € [1, 2] we have 


b+b41<e?+a4+1<2+a41<5a and 
o+etl<a*t+at1<5a<5ab. 


Because of the previous inequalities it follows that: 


a+4+2<5a S (a—2)(a?+2a-1)<0, (1) 
5Sat+tb?<S5ab+1 & (b—1)(b?>+b+1—5a) <0, (2) 
Sab+c<S5abe+1 & (c—I1)(c?+c4+1-—S5ab) <0. (3) 


Adding (1), (2) and (3) gives us the desired inequality. 
Equality holds iff a=2,b=c=1. a 


130 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 

ia a) 45 = CH C4 3 E27. 
Solution For any real number x, the numbers x — 1, x? —1,x3—1 and x* — 1, are 


of the same sign. 
Therefore 


G@=DG? =1)5 0; (x7 -1)G@?-1)>0 and (?-1a*-1)=0, 


Le. 
ch— ce —c+1>0, (1) 
b—b—b*+1>0, (2) 
a’—a*—a?+1>0. (3) 


By (1), (2) and (3) we have 
a’—a'+3>a4+2, b—b’43>b°4+2 and ch—c4+3>c342. 
After multiplying these inequalities it follows that 


(a’ —a* +3)(b — b? +3)(ct —c +3) > (a? +:2)(6 4+2)(7 +2). (4) 


296 21 Solutions 


Analogously as in Problem 126, we can prove that 
(a? +2)(b +2)(° +2)> (a+bto)’. (5) 


By the obvious inequality (a + b+ c)? > 3(ab + be + ca), since ab + bce +ca =3 
we deduce that 


a+b+c2>3. (6) 


Finally from (4), (5) and (6) we obtain the required inequality. 
Equality occurs iffa=b=c=1. | 


131 Let a,b,c € [1, 2] be real numbers. Prove the inequality 


1 1 1 
@toto(l +5 +2) <10. 
a bee 


Solution The given inequality is equivalent to 


a 
b 


Cc 


b 


b cb a 
Se i ea a ee (1) 
c ai a Cc 


Without loss of generality we may assume thata > b>c. 
Then, since (a — b)(b — c) => 0 we deduce that 


2 . a a b 
ab+bc>b*+ac, ite. —+1>-4+-. 
c boc 
Analogously as ab + be > b? + ac we have £+1>¢+42 


Now we obtain 


a bc b oaéeo e 
+-+-+-<-4+-4+2. 
b c b ac oa 
So 
a b ce eb cea ac 
Sp a pe ep DD aa I (2) 
bc aa bee co ua 


Let x = ee Then 2 > x > 1, i.e. we have that (x — 2)(x — 1) < 0, from which we 
deduce that 


5 
—<x. 3 
os (3) 


Finally using (2) and (3) we obtain inequality (1). 
Equality occurs iffa=b=2,c=lora=2,b=c=1. a 


132 Let a,b,c € R™ such that a+b+c=1. Prove the inequality 


iw tr te) er eye 1: 
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Solution Denote L = 10(a7 +b? +c?) —9(a@ + bP +0). 
Letx =a+b+c=1,y=ab+bc+ca,z=abce. 
Then 


10(a* +b? +7) = 10((a+b +c)? —3(a+b+c)(ab + be +ca) + 3abc) 


= 10— 30y + 30z 
and 
O(a? + BD? +.) = 9(x? — 5x3 y + 5xy? + 5x7z — S5yz) 

= 9(1 —S5y + 5y* +5z—5yz) 

= 9 — 45y + 45y? + 45z — 45 yz. 
We have 

L>1 © 10—30y+30z—94+4 45y — 45y? — 45z4+ 45yz > 1, 
i.e. 
1+ 15y — 152 — 45y? + 45yz > 1, 
i.e. 
y=c=DY—H20 & C=—2)G=- ps0, () 
Furthermore, 
y=ab+bc+ca< Se ie. 1-3y>0 

and 


y=ab+betca > 3V.a2b2c2 = 3V/22 > z. 


The last inequality is true since 
b 3 
e=abe = (“*2**) =1<27. 


From the previous two inequalities we get inequality (1), as desired. | 


133 Letn € N and x1, x2,...,X, € (0, w). Find maximum value of the expression 


sin x1 COS x2 + sinx2 cos.x3 + ---+ sin x, COs x}. 


Solution It’s clear that for all real numbers a,b we have a2 + b2 > 2ab. So we 
obtain 
sin x1 COS x2 + sinx72 cos x3 +---+sinx, COs x1 
sin? x1 + cos? x2 sin? x2 + cos” X3 sin? Xn +cos?x; 7 
~ Fi 2 2 ~ 3" 
Equality occurs iff xj = x2 =--»= Xn = J. | 
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134 Let a; € [as 71, fori = 1,2,...,n. Prove the inequality 


1\2 
(sine + sina2 +---+sina, + i) > (cosa, + cosa2 +---+cosa,). 


Solution Let S = sina; + sina2 +---+sindy. 


We have 
(s+t) = + 2 aS s+ tse (s- 1) +525, (1) 
Since a; €[ 7, | we deduce that 
sina; >cosa;, foralli=1,2,...,n. (2) 
Using (1) and (2) we obtain the required inequality. | 
135 Let aj, 42,...,4n3 Ant1 = 41, An42 = a2 be positive real numbers. Prove the 


inequality 


n 
ae=da: 
- i i+2 0 


fay Ci+1 + i+2 


Solution Applying AM > GM we have 


n 


ai + aj+1 aj+az a2 +43 aAn—1 + an an +a 
* = ~ feet ~ 
Qi+41 +@i42 G2+43 0 a3+a44 an +a a, + a2 


i=1 


{tl +a2 a2+43 Qn-1 +4, Anta 
>n ; i : =n. (I) 


a2+a3 a3+a4 Qn +a, ajt+ar 
So 
ys aj+1 = Ss aj+| + aj+2 3 ai+2 
i=l 


“a att + aj+2 Ty Gitl + 4i+2 ag el + aj+2 


n 
aj+2 
== 


a Cit + aj+2 


n 


n 
@ aj + Gi+1 3 di+2 
— 9 
Gji+1 + i42 Gi+1 + Gi+2 


i=l i=1 
from where it follows that 


n 


aj — aj 
> i i1+2 ay: 


fa Git + Gi+2 ~ | 


21 Solutions 299 


136 Letn > 2,n €N and x1, x2,...,X, be positive real numbers such that 


1 1 1 I 
+ feet = 
x1 +1998 * x2 + 1998 Xn +1998 1998 


Prove the inequality 
AIX 1X2 +++Xyn > 1998(n — 1). 
Solution After setting a =a;,fori=1,2,...,n, the identity 


1 1 1 1 
x, 41998 | x7 +1998 | x, +1998 ~ 1998 


becomes 
aj +ag+---+a,=1. 


We need to show that 


We have 
1 ee 
GG ai 
>(n 1) n—1 are 
a 
Multiplying these inequalities for i = 1, 2,..., we obtain (1), as desired. | 
137 Let aj, a2,...,dn € R*. Prove the inequality 


n n 
it k 

So kax < (5) +) aj. 

k=1 k=1 

Solution For 1 < k <n we have 
ak+(k—-VY=ak+1414---+1>kyak = kay. 
$< 

k-1 


After adding these inequalities, for 1 < k <n we get 


n 


n n n n 
k x na—Il) k n 
Di ken ba + Dk = Dat GZ = a >) of 


k=1 k= 
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138 Let a), a2,..., 4d, be positive real numbers such that a; + a2 +--- +a, =n. 
Prove that for every natural number k the following inequality holds 
ak +ak+.--tak>at! tak 4...+akl, 


Solution Using AM > GM we get 


(k—Dat+1=ab tak+...tat+1> kyal@ =kak 
OO FO 


k-1 
and if we add these inequalities for i = 1,2,..., we obtain 
(k-W@t+ap+---+a,)tn>=ka@p +ay'+--+az). 0) 
We’ll show that 
ak 4 ak 14... pat ln, (2) 


One more application of AM > GM gives us 


ak 14 (kK —2) sab 14:14-.-41> - 1) Yak | =k - 1a; 
a 
k-2 
and adding the previous inequalities fori = 1, 2,..., we get 


at} 4 ak 4... 40k") 4. nk -—2) > (k- Dr tart-+++an) =n(k— 0, 


from which we deduce 


k-I k-1 k-1 
GA, +a, Teta, =n. 


So we are done with (2). 
Now from (1) and (2) we obtain 


(k—1)(ak + ak +-.-+ak)tn> kat! +ak'+-.-+ab}) 
& (k-M(aftaf+---tab)tn 
>(k-D ay tay! +--+ak +p! tay! +. t+ah!) 


> (k—-D(@t +ak 1 +..-4ak 40 


> ak tak+---tak>at'|+ab'+-.-+ae1, 
as desired. 
Equality holds iff aj = a2 =--- =a, = 1. | 


Remark The given inequality immediately follows by Chebishev’s inequality. 
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139 Let a, b, c,d be positive real numbers. Prove the inequality 
a \° sf 2 : (= ‘e(2 ee 
a+b b+c c+d d+a} ~8 


Solution 1 Let x =b/a, y=c/b,z=d/c andt=a/d. 
Then it is clear that xyzt = 1, and the given inequality becomes 


Heep te) ti % 
7 =) +(5 us as) ATG) =e a 


By the inequality AM > GM we have 


sf 2 3 1 on 1 Pe 1 \? 
Lx 32, \1+x 1+x 32 320 «32 BA1+x/)’ 


So it follows that 


ial) Gay) Ge) a) © 
32 8\\1l+x l+y l+z l+t , 


We'll prove that for all positive real numbers x and y the following inequality holds 


a es 
(+x)? (+9)? 1+ay 


We have 
1 in 1 1 xy@a?+y?)—x?y? — Ixy +1 
(+x)? (l+y)* l+xy  (4+x)?(1+y?(+xy) 
_ xye-yP +@y-1? 
(l+x)?(14+ y)?Q. + xy) 7 


Now according to the previous inequality and the condition xyzt = 1, we deduce 


() +) GS) +) 


1 1 1 1 


ee er ifay Tete G) 
By (2) and (3) we get 
12 3) 1 
2A+—>-, ie. A>. 
32 8 
Equality occurs iffx = y=z=ft=l,ie.a=b=c=d. a 
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140 Let x1, %2,...,x, be positive real numbers not greater then 1. Prove the in- 
equality 


Js J. i 
(1 + x1) 72 (1+ x2)73 ---(1+2n)*1 > 2”. 


Solution From 0 < x1, x2,...,Xn, < 1 it follows that 
1 1 1 
— =: —=2l1 
XxX, X92 Ki 


By Corollary 4.7, (Chap. 4) we have that for every x > —1 and a@ € [1, 00), the 
following inequality 


(l+x)*>1+xa 


holds. 
Hence we get 


tL a tL xX X2 Xn 
(L+21)2 (1 +42) +--+ aq) > (1 a ale " =) = ¥ x) = 
x2 x3 
Furthermore, applying AM > GM we get 
(1+2)(1+2)--(1+2) ey ae eee ae 
X2 X3 xX] x2 X3 xX] 
By (1) and (2) we obtain 


1 1 1 
(1 +.1)72 (1+ x2)73 ---(1+%n)% = 2”. 


Equality occurs iff xj = x2 =---=x,= 1. |_| 


141 Let x1, x2,...,x, be non-negative real numbers such that x; + x2 + +--+ 
Xn 5. Prove the inequality 


1 
Uma) tiay s+ (ain) 2 


Solution From x1 + x2 +++: + 2%, < 5 and the fact that x1,x2,...,X, are non- 
negative we deduce that 


1 
Seat ie. —x;>-—1, foralli=1,2,...,n, 


and it’s clear that all —x; are of the same sign. 
Applying Bernoulli’s inequality we obtain 
(1 — x1). — x2)--- 1. — xn) = 1 + (x1) + (—22))- + + (nd) 
(= te a) 
1 


1 
Si eae See a a 
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142 Let a,b,c € R™ such that abc = 1. Prove the inequality 


1 1 1 


+ <i. 
OLR ae et eO+ta+17 


Solution We have 


1 1 1 
=> < 
ae+h4+1 (at+b)\((a—b)?+ab)+17 (at+bjab+l 


and since ab = ; we deduce 


1 1 Cc 
< = 7 
a+b3+17 (a+bjyab+1 atbt+c 


Similarly 


1 1 b 
< = and < : 
b+ce4+1 7 atbte CO+a+1 7 atbt+c 


Adding the last three inequalities we obtain the required inequality. 
Equality holds if and only ifa=b=c=1. a 


143 Let 0 <a,b,c < 1. Prove the inequality 


Cc b a 1 
+ of eK 
T4+B4+B0 T++a 74+03+c37 3 


Solution Since 0 < a,b, c < 1 it follows that 0 < a3, b?, c? < 1, so we have 


Cc b a 
74+a04+b Fe Sage TTT Bae 


Cc b a 
= 3 3 3+ 3 3 at 3 3 3 
6+a°+b’?+c 6+c?+a°+b 6+b°-+ce+a 
= a+b+c 
~ 6404643" 


It suffices to prove that 
3(at+b+c) <64+a04b 40°, 
which is true since t? — 3f + 2 = (t — 1)?(t + 2) > 0, forO <1 <1. | 


144 Let a,b,c € R™ such that abc = 1. Prove the inequality 


ab sh bc og ca <1 
at+ab+b b+be+30  &+cata> ~ 
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Solution Since 
at —a*b —ab? + b* =a3(a— b) — D(a — b) = (a — bY (a? — ab +b’) = 0, 
we have 
a+b =(a+b)(at —a3b+a*b* — ab? + b*) > (a +b)a*b’. 
So 


ab 2 ab _ abc? _ Cc 
a+tab+b>~ (a+b)a2b>+ab (a+ b)a2b2c2 + abe? a t+b+c 


(1) 
Analogously 
bc Z a (2) 
b+be+o ~at+tb+ce 
and 
ca b 
< : 3 
O+cata~ atbte 3) 
Adding (1), (2) and (3) gives us the required inequality. | 
145 Let a,b,c € R™ such that a+ b+c =3. Prove the inequality 
a b? (oad 
+ + = 
a*+ab+b? b?+be+c2 c2#+cat+a? 
Solution We’ll show that 
aa b3 3 at+b+c 
A= a = 2 . 
a+tab+b? b?+be+c? c*+ca+a? 3 
For every x, y € R* we have a > , in which equality occurs iff x = y. 
(This inequality follows from the obvious inequality 2(x + y)(x — y)* > 0.) 
On the other hand, we have 
a b ° Db 
A= a) a) 2. 52 2 
a~+ab+b b-+bce+c c-+ca+a a-+ab+b 
=p e ae a 
be+be+c2 c2+ca+a?’ 
so 
a+b B+ ola a+b b+c cta 
2A= 7 + > + + 


~~ a+tab+bh2 b?+be+c2  c2+cata2~ 3 3 3 
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at+b+c 
SS er 
3 
Equality occurs if and only ifa=b=c=1/3. a 


A 1. 


146 Let a,b,c be positive real numbers such that a? + b* +c? = 3abc. Prove the 
inequality 
a fe b + Cc 9 
b2c2— a2 ab? ~ a+b4+ec 


Solution The given inequality is equivalent to 
(Pe +b+cC)(a+b+c) > 9ab?c’. 
Applying the Cauchy—-Schwarz inequality we have 
(Ee HOG PAODS GREY: 
Since a? + b? + c* = 3abc we obtain 
(+b +c)(atb+c)> (a? +b? +c’) = Babe)” = 9a7b?c’. 


Equality holds if and only ifa=b=c=1. a 


147 Leta, b,c, x, y, z be positive real number, and let a+ b = 3. Prove the inequal- 
ity 


a i a oa 34 
ay+bz az+bx ax+by~ 


Solution We’ll show that 


x y Zz 3 
a 5 = , 
ay+bz az+bx ax+by~ a+b 


and combining with a + b =3 will give us the required inequality. 
Applying the Cauchy-Schwarz inequality we have 


Bese 
ay+bz az+bx ax+by 
x2 y? 2 (x+y +z)? 
= + + > 
axy+bxz  ayz+bxy axz+byz” (a+b)\(xy+yz+2zx) 
3 


>—_=1, 
~atb |_| 
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148 Let x, y, z > 0 be real numbers. Prove the inequality 


x ii y Zz ss, 
xt2y+3z y+2z+3x  zt+2x+3y 7 27 


Solution The Cauchy—Schwarz inequality gives us 


x? ye 22 


+ + 
x24 2xy+3xz y*+2yzt+3xy 22+2xz+3yz 


* (x+y+z)? 
~ x2 + y? +27 4+ 5(xy + yz4 zx) 


It suffices to prove that 
Wetytz2r ex? ty?+2745(xy + yz 42x), 
which is exactly x* + y? + 2? > xy + yz+<x, and clearly holds. | 


149 Let a, b,c,d € R™. Prove the inequality 


Cc i d sf a 4 b x 
a+3b b+3c ct+3d d+3a7~ 


2 2 2 2 
. _ Cc d a b 
Solution Let L = Ftape + bap3ed + cat3da + bdt3ab° 


Applying the Cauchy—Schwarz inequality we get 


((ac + 3bc) + (bd + 3cd) + (ca + 3da) + (bd + 3ab))- L > (a+b+c4d) 


ae (a+b+c+dy 
~ 2ac + 2bd + 3bc + 3cd + 3ad + 3ab’ 


> 


It suffices to prove that 
(a+b+c+d) >2ac + 2bd + 3bc + 3cd + 3ad + 3ab 
< (a—b)’+(a—d) + (b—c)’ + (c—d)’ =0, 


which is clearly true. 
Equality holds iffa=b=c=d. a 


150 Let a, b,c, d, e be positive real numbers. Prove the inequality 


a b Cc d e 5 
+ + =r. 
b+ce ctd d+t+te e+ta a+b 2 
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Solution Applying the Cauchy—Schwarz inequality we have 


a b Cc d e 
be, ba ae ea 
“ Ae 4s 2 : Pe: a 4 és Py 
ab+ac bce+bd cd+ce de+ad ae+be 
(at+b+c+d+te) 


= ab+ac+ad+ae+bc+bd+be+cd+ce+de 
So it is suffices to show that 
(at+tb+c+d+e) 55 
ab+ac+ad+aet+be+bd+be+cd+ce+de~ 2’ 
which clearly holds (Why?). | 


151 Prove that for all positive real numbers a, b, c the following inequality holds 


a ~ b3 i 3 a> +b*4+c? 
a+t+ab+b2 b?+be+c2? c2+cata*~ atbt+ec 


Solution Applying the Cauchy—Schwarz inequality we have 


a? b3 3 
A= a + 
at+tab+b? b?+be+c2 c%*+ca+a? 
_ a‘ 2 b+ ip cf 
~ a(az+ab+b?)  b(b?+be+c2) c(c2 +ca +a?) 
= (a2 4 b2 + (2) 
~ (a(a2 + ab + b?) + b(b? + be +c?) +. c(c2 +ca +.a?))" 


So it suffices to prove that 
(atb+c)(a*+b* +c?) > ala? +ab+b’) +b(b? +be +c?) +c(c? +ca +a’), 


which is true. |_| 


152 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 
1 a 1 Eo 1 a 3 
4a*—bce+1 4b2-ca+1  4c2?-—ab+17 2 


Solution Since 1— bc =ac+ab,1—ca=ab+bc and 1—ab=ac+bc, the given 
inequality can be rewritten as 
1 1 1 3 
+ + a 
a(44a+b+c) b(4b+c+a) c(4c+at+b)~ 2 


308 21 Solutions 


By the Cauchy—Schwarz inequality we get 


1 1 1 
+ 
(5 ae eS) 


4a+b+c 4b+ct+a 4c+a+b 
‘ a a b - Cc 


me eee | 
“Na boc) arbre? 


So it suffices to prove that 


2 tere! (ere re ere? 
3a2b2c2 — a b Cc . 


We have 
4a+b+c 4b+c+a 4c+a+b 
+ 
a b Cc 
a+b+c b+ct+a cta+b 
+ + 
a b Cc 


=9+ 


1 1 1 
=9+(a+b+0(2 +542) 
a bee 
o4 (a+b+c)(ab+be+ca) 
abc 
a+b+c 


= 9+ ———_, 
abc 


so inequality (1) becomes 


= 2 dg, eeb+e 
3a2b2c2 abc” 
By AM > GM we have 
l=ab+be+ca>3Varb2, ie. 27a7b?c? <1, 
By the well-known inequality (x + y + z)? > 3(xy + yz + zx) we get 
3abc(a +b +c) < (ab+be+ca)* =1. 
Finally by (3) and (4) we get inequality (2), as required. 
Equality occurs iff a= b=c= wet 
153 Let a, b,c be positive real numbers such that 


1 1 1 
>1 
Papa pew Paes _ 


ie. 27a7b*c* + 3abc(a+b+c) <2. 


(1) 


(2) 


(3) 
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Prove the inequality 


ab+bc+ca <3. 


Solution Using the Cauchy—Schwarz inequality gives us 


1 24+? 


2 2 2 2 ¢ 
+b°4+1)04+1+ >(a+b+c)*, ie. < . 
e heroes oe a+b*+17 (atb+c) 


Analogous we obtain 


1 2+a? 1 2+b° 
< and < : 
b2+c2+17 (at+tb+c)? c+a2+17 (at+b+c)? 


So we have 


1 1 1 6+a* +b? +c? 
Ls + + < 
at+b24+1 be4+c241 c#+a*4+1 (a+b+c) 


64040 4+cC7>(atbt+o), ie. ab+be+ca <3. | 


154 Let a,b,c be positive real numbers such that ab + bc + ca = 1/3. Prove the 
inequality 


a b Cc 1 
+ + = : 
a*—be+1 b?-ca+1 9 c?-ab+1 7 atbt+c 


Solution Applying the Cauchy—Schwarz inequality we have 


a b c 
a*—be+1 Va aaaet | Gaal 
a’ be c 
epee habe tah. abene 
(atb+c) 


> : 
~G84+bh43+at+b+c-— 3abe 
Furthermore, since 


a+bh+c—3abe=(atb+c)(a? +b +c? —ab—be —ca) 


=(a+b+c)(a* +b? +c? — 1/3), 


310 21 Solutions 


we obtain 
(at+tb+cy* (atb+c)* 
a+h+3+atb+c—3abe. (atbto@+h+ce2+4+1—1/3) 
a+b+ec 
~ +b +2 +2/3 
a+b+c 
~ + be 4 c+ 2Wab + be +ca) 
1 
~atbte’ 
as required. | 


155 Let a, b,c be positive real numbers. Prove the inequality 
a’ b 3 
a ar =1 
e+b+abe b34+c3+abe c8+a3+abc 


Solution Let x = B y= §,z= §. Then clearly xyz = 1. 
Therefore 
a> ~ 1 = 1 = XYZ 
a+b3+abe — Lee ee 14x34 x2y 9 xyztx3 4 x2y 
= ye 
yr+x24+xy 


Similarly we deduce 
b° XZ oa xy 
= and = : 
b+c+abe xz+y2+zy O+at+abe xytz224xz 
So it suffices to prove that 
ye 4 XZ xy > 
yotxrtxy xzty*+zy xy tz74+xz 


According to the Cauchy—Schwarz inequality (Corollary 4.3, Chap. 4) we have 


ye xy 
yrtxr*txy xzty?+zy  xytz2+xz 
(xy + yz-+ zx)? 


> A 
~ yz(yz + x2 + xy) + xz(vz + y?2 + zy) + xy(xy + 22 +.xz) 
We need to prove that 
(xy + yz+ zx) > yzlyz $x? + xy) + xz(az ty? + zy) + xy(ry +2? +22), 


which is in fact an equality. 
Equality holds iff x =y=z,ie.a=b=c. a 
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156 Let a,b,c be positive real numbers such that a? + b? + c* = 3. Prove the 
inequality 
a b Cc 1 
+ + Se: 
a*+2b+3 b%+2c+3 c#+2a+37 2 


Solution Clearly x? +1> 2x, for every real x, and therefore 


a b Cc 
4p ES Piet 8” 24s 
a b Cc 
< + ~ ' 
Aatb+1) 2%b+ce4+1) %Act+atl) 


So it remains to prove that 


a b c 


gape POET eee u 
Inequality (1) is equivalent to 
b+1 c+1 a+l1 
a+b4+1 b+c+l1 cta+17 
According to the Cauchy—Schwarz inequality (Corollary 4.3) we have 
b+1 c+1 a+l1 
a+b+1 b+c+1 cta+t+l 
7 (a+b+c+3)? aay 
~ 6+V)@+b+)+e+rY)Ote+)+@t+)etat+) 
Equality holds iffa=b=c=1. | 


157 Let a,b,c,d > 1 be real numbers. Prove the inequality 


Vva—14+Vb-14+Vce-14+Vd-1< J(ab+ (ed +1). 


Solution We’ll prove that for every x, y € Rt we have /x —14+ ./y—I< /xy. 
Applying the Cauchy—Schwarz inequality for ay = /x — 1,a2=1;b; =1,b2.= 
Jy — | gives us 


W/e—14.Jy=TP Say, te w/e 14 y=15./59. 


Now we easily deduce that 


JVJa—1+Vb—-14+Ve—14+VJd—1<Vab4+vcd < J(ab+1)(cd+1). © 
158 Let aj, a2,...,d, € R® such that a,az---a, = 1. Prove the inequality 


fay + fg +++ + 4/Gn Sa +42 +++ + Gq. 
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Solution Applying AM > GM we obtain 


JA + /d2 +++: +./a ji 
= 2 > yf Jai /ar--+ fan =1 
Le. 
VA + /O2 +++ + /dn =. (1) 
Now we’ll use the Cauchy—Schwarz inequality. 
We have 
(Jai + Jay t---+ Jan)” < (ay + ant ---+an)L+ 14-4), 
Le. 


(Jat + Jaz t+ + Jan)” <n(ai +a +++++ an). (2) 
Using (1) and (2) gives us 


ele a eee a eee ra 
xX (aj tag +--+ +n) 


Ja +.f2 ++++ + /Gn S41 tan +-+-+an, 


as required. | 


159 Leta, b, c be positive real numbers such that a+ b+c = 1. Prove the inequality 
1 
avb+bJ/ce+c/a < ee 


Solution Applying the Cauchy—Schwarz inequality we have 
(avb+bJe+e/ar<(@+P+)atbtos2+P+e. (1) 
One more use of the Cauchy—Schwarz inequality for 
Ay=s/a, Ar=~vb, A3=<J/c and 
B, = Vab, Bo = Vbe, B3=J/ca 
gives us 


(aVb + b/c + ca) < (a+b+c)(ab + be + ca) = ab + be +a, 


2(aVb + be +cJ/a)* < 2(ab + be + ca). (2) 
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By adding (1) and (2) we get 


3(aVb + bJce+c Jay <a? +b* +c? +2(ab+be+ca), 
3(avb + be+ c/a)’ <(atb+cy =1, 


1 
avb+ bVce+ce/a< —. 
V3 a 


160 Let a, b,c € (0, 1) be real numbers. Prove the inequality 


Vabe +/( — a) —b)(1—c) <1. 


Solution 1 For x € (0, 1) we have ./x < </x. 
So 


Vabe < Yabe and JA—-ad—b—0 < JA—-ad—b—o. (1) 


Using (1) and AM > GM gives us 


Vabe+ J —a —b)d — 0) < Vabe+ J — a) — 6) — 0c) 
a+b+c l1-a+1—b4+l1-c 
< + 


se 3 “s 
Solution 2 Since a, b,c € (0, 1) we obtain 
Jabe +./(1— a) — 5) — 0) < VbJe+ V1 —bV1 —c. (1) 
Using the Cauchy—Schwarz inequality we have 
Vb J/e+V1—bV1—c<V(b+1—b2(c+ 1-02 =1. (2) 
From (1) and (2), we obtain the required inequality. | 


161 Leta, b, c be positive real numbers such that a+ b+c = 3. Prove the inequality 


a+2 B42 ete ss 
b+2 c+2 a+27— 


Solution By AM > GM we have 


a+2_a+1t+1  3¥a3-1-1 3a 
b+2 0 b+2 ~ b+2 — b4+2° 
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Similarly we get 


b3+2 +2 _ 3c 
> — and 
c+2 +2 a+2 ~a+2 
Therefore 
ae+2 be +2 ch +2, ay b pee: (1) 
b+2 ct2 at+2~ \b+2 c+2 at+2) 
Applying the Cauchy—Schwarz inequality (Corollary 4.3) we obtain 
a he b 4 co a’ is b? 4 oe 
b+2 c+2 a+2. a(b+2) b(c+2) c(at+2) 
. (a+b+c)* 
~ a(b+2)+ b(c+2)+c(a+2) 
_ (a+b+c)? (2) 
~ ab+be+cat22atb+c) 
Since (a +b + c)* > 3(ab + bc + ca) we deduce that 
1 3 
= (3) 
ab+be+ca~ (a+b+c)? 
From (2) and (3) we get 
a b Cc (atb+c) 
+ Se Bes 
b+2 c+2 a+27 ab+bce+ca+2(a+b+c) 
a (a+b+c)* 
~ a+b4+c)*/3+2(at+b+c) 
_ 3(a+b+cy _ 3@tbte) wy 
~ atb+c?+6a+b+c) (a+b+c)+6 
Finally by (1), (4) and since a + b+ c =3 we obtain 
a b Cc 9a+b+c) 27 
A>3 > =— 33, 
~ (pe) eee 9 
as required. Equality occurs iffa =b=c=1. a 


162 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
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Solution Rewrite the given inequality as follows 


> 3. 
Ga pa dee 


Clearly a, b, c € (0, V3), so 2a — a”, 2b — b?, 2c — c? > 0. 
Now by the Cauchy—Schwarz inequality (Corollary 4.3) we obtain 


a? b? 2 (a+b+c)* 
aa z+ z= 2 2 2 
2a—a 2b—b 2c—C 2(a+b+c)—(a-+b*+c7*) 
= 9 
~ Wa+tb+c)—3° 


So it remains to prove that 


(at+tb+cy* 
Watb+c)—-37”’ 


which is equivalent to (a + b + ¢ — 3)? > 0, and clearly holds. 
Equality holds iffa=b=c=1. | 


163 Let a, b,c be positive real numbers such that abc = 8. Prove the inequality 


a an aie 2 <9 
at+1 b+1 c+17~ 


Solution Rewrite the given inequality as follows 


a+1-3 b+1-3 Pile? eG 
a+l1 b+1 c+1 7— 


or 


1 &. 1 Ee 1 4 
a+1 b+1 c4+17 


1 1 1 1 1 1 


+ + = + + 
a+1 b+1 c+l 4] y+] 224] 


ee eee ee 
 Ox+ty Zy+z 2z+x 
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a: ; Fe . 2 
~~ Oxy+y2  2yz+z2  Aex +x? 
2 
- @+yt+%) = 


~ Ixy + y? + 2yz+ 27 + 2zx + x? 


In the last step we used the Cauchy—Schwarz inequality (Corollary 4.3). a 
164 Let a,b,c € R* such that a* + b? +c? = 1. Prove the inequality 
at+b+c-—2abe < V2. 


Solution Since a? +b? +c? = 1 and a? > 0 it follows that b? +c? < 1, i.e. 2bc < 1. 
Applying the Cauchy—Schwarz inequality we have 


a+b+c—2abe=a(1—2be) + (b+0)-1< Va24+ (b+c2V (1 — 2be)2 +1 


= JV(a2 + b2 + c2 + 2be)(2 — Abc + 4b2c?) 


= J/(1+ 2bc)(2 — 4be + 4b2c2). 
So it suffices to show that 
(1 + 2bce)(2 — 4bc + 4b7c?) <2. 
We have 
2 — (14+ 2be)(2 — 4bc + 4b7c?) = 4b*c? (1 — 2bc) = 0. = 
165 Let x, y,z € R* such that x? + y? + z? = 2. Prove the inequality 
X+y+z<2+4+xyz. 


Solution 1 Let x =aV/2, y = bV/2, z =cV2. Then a? + b? +c? = 1 and the given 
inequality becomes a + b + c — 2abc < V2, which is true (Problem 127). a 


Solution 2 The given inequality becomes 
xd —yz)+ty+zS82. 
Using the Cauchy—Schwarz inequality we get 
(@@(l—yz) + +2)-1)? 5 @7 +042) = yz)? +1) 
& («tytz- xyz)? 2G" 4 y* +274 2yz)(2— 2yz+ yz’) 


& (wtytz—xyz)* <2 + yz)(2—2yz4+ yz). 


21 Solutions 317 


So it suffices to show that 


2(1 + yz)(2—2yz+ y?z7) <4, 


ie. 
(1+yz)2-2yzt+y'2*)<2 & yreisy’, 
Le. 
yz<l. 
The last inequality is true since 2yz < y? +27 <x? +y?4 277 =2. | 


166 Let x, y, z > —1 be real numbers. Prove the inequality 


1+x? l+y? 1+27 2 
eo a i eM 
Solution Notice that 4° > y andl +y+22>0. 
So 
1+ x? = 1+x7 | RIX?) 
Leyes 1g Bae 21g 
Analogously 
2 2 2 2 
lt+y 2 21 + y*) 1+z a 2(1+ 2°) 


an : 
l+zt+x2 ~ 201+x2)+1+ 22 l+xt+y?~ 20+ y2)+1+x2 
It suffices to show that 


SAA) 211+ y?) 2(1 +z”) 
Se ely: 2) Tee 2 yea 


Let 1+2x2=a,1+ y? = b,1+z2=c, ie. we need to show that 


a 4 b a Cc e 
2c+b 2a+c 2b+a~ 


Applying the Cauchy—Schwarz inequality we obtain 


os Ae op ea ee 
a c+ca a Cc 
2cat+ab 2ab+be 2bce+ca = 


a b 6 (atb+c)* 
+ oe 2 2 
2c+b 2a+tec 2Wb+a7 3(ab+bc+ca) 


’ 


as required. | 
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167 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 
(+a*)1+b?) +c?) +d?) >(a+tb+c+d). 


Solution Since abcd = 1, there are two numbers x, y among a,b, c,d, such that 
x,y >1orx,y < 1. Without loss of generality we may suppose that they are b 
and d. Then clearly (b — 1)(d— 1) > 0,1e.bd+1>b+4d. 

According to the Cauchy—Schwarz inequality and the previous note, we obtain 


(+a*)(1+b?)1 +c?) +a?) = (+a? +b? +.a7b’)\(c? +14? +c7d’) 
>(cta+bd+1)?>(atb+c4+d)’. 
Equality holds iffa=b=c=d=1. a 
168 Let a,b,c,d €R* such that s + i + ; + i = 4. Prove the inequality 


34 p3 3/ b3 3 3 d> 3|d3 3 
= +] = 7 +] > <2atbt+ce+d)—4. 


Solution 


3 oe! 
Lemma 21.2 If x, y € R™ then i a < aay 


Proof The given inequality is equivalent to (x — y)*(x? +.xy + y*) > 0. 


So it follows that 


fart be SUEY a ; aaa d>+a3 
2 2 2 2 


BORO VO aE Oho 
— a+b b+te c+d d+a— 


Furthermore, we have 
a’+b* _ 2ab 
a+b a+b 


(a+b) 


So 


L2GRF 2ab pt Bs 2bc Efe 2cd ee 2da 
a a+b i b+c c+d - dta’ 


and it is sufficient to prove that 


BO sh UES 4. OM he UE eG 
atb b+te ctd d+a7 
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Applying the Cauchy—Schwarz inequality we obtain 
ab 4 bc + cd 4 da ) Lge Mate 9 is 8 
a+b b+c ct+td d+a a ae ane 2 


ab ns be * cd i da ms 16 
a+b b+e ct+td d+a~ 8 
as required. a 


169 Let x, y,z €[—1, 1] be real numbers such that x + y+ z+xyz=0. Prove the 
inequality 


vx+1+J/ytl+vVz24+1<3. 


Solution Applying the Cauchy—Schwarz inequality we have 


vxt1tJ/ytitvz+1<(3@+y+z4+3). 


Ifx+y+z<0 then /x+1+ /y+1+ Vz+1 <3, and the given inequality 
clearly holds. 

So let us assume that x + y + z > 0. Then we have xyz = —(x + y+ z) <0. 
Without loss of generality we may assume that z < 0 and then it’s clear that x, y € 
(0, 1]. 

Applying once more, the Cauchy—Schwarz inequality we obtain 


VxtltJ/ytlt+vz+1< Jf/2xt+2yt+44+Vz24+1. 


So it suffices to show that 


2x +2y+4+V2+1<3. 
We have 


Jaxt+2yt+44+Vz4+1<3 © Jf2x+2y+4-2<1-Vvz+1 


2ety) 
J2x +2y +4 32 FA si 
—2z(1+ xy) 


Jf2x+2y+4 13> Vz+1 ia 
& 21+xy\(l+V71+z) < /2x +2y +442 


> Akxy+Wl+xy)JV1+z2< f2x +2y +4. (1) 


We can easily deduce that 1 + z= wos 


to 


, and then inequality (1) is equivalent 


Se 
+ 
< 


xy+f/(—x)0 —y)04+2y) < 
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Finally, using the Cauchy—Schwarz inequality we obtain 


xyt+ J —x0— yd +xy) = JSxy/xy? +771 — x1 t+xy — y— xy? 


<V@+1—x)@y?+14xy—y—2y?) 
=Ji+y=x sis 142, 
as desired. | 


170 Let a,b,c > 0 be positive real numbers such that a + b+ c = abc. Prove the 
inequality 


ab+be+ca>34Va24+14VP414V241. 
Solution First we’ll show that 
CP +b +a = abe. (1) 
We have 


(ab)* + (bc)* + (ca)* > (ab) (bc) + (bc) (ca) + (ca) (ab) = abc(a +b +c) 


1.e. 
1 n 1 £ Wy (ab)* + (be)? + (ca)? . at+tb+c = 
a be (abc)? abc 
& @bh+hce+ca > a’b?c. 
Furthermore 
(ab + be + ca) =a7b* + b*c* +. c’a* + 2abce(a+b+c) 
@) 9,22 a 2 
> abc’ + 2abc(la+b+c)=3(a+b4+c). (2) 
So 
(ab + be + ca — 3)” = (ab + be +. ca)” — 6(ab + be +ca) +9 
Q) ‘ 
>3(a+b+c) —6(ab+be+ca)+9 
=3(7 +b 4+0*)49, 
1.€. 


ab+be+ca>34+JV3(a2+b2 +2) +9. (3) 
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Applying the Cauchy-Schwarz inequality we have 


3(a* +b* +07) 49 =3((a? +1) 4+(0°+1D)4+(7 +1) 


> (Va? +14 VP? 414Ve7 +1), 


V3? +b? +02) 49> Va2?4+14+Vb2 414 V2 +1. (4) 
Using (3) and (4) we obtain 


ab+be+ca>34+V3@2424+0)49>34Vae24+14VeP 414241, 


as required. a 


171 Leta, b,c, x, y, z be positive real numbers such that ax + by+cz = xyz. Prove 
the inequality 


JVat+b+Vb+c+Veta<x+y+z. 


2 b a 
Solution We have ae ae = =1. 
Let 


We need to show that 


Ve(yu + xv) + Vx(zu + yw) + J yew + wu) <x+y+4z, 


whereu+vu+w=l1. 
Applying the Cauchy—Schwarz inequality we obtain 


(/zQvu + xv) + /x(cu + yw) + yew + zw)? 
<(atyt+zQutxvu+zv+ywt+xws zu). 


Also we have 


yutxu+zv+ywt+axwt+m=xl-u)+yd-—v)+zd—-—w) 
=x+ty+z-—(xu+yu+zw)<x+y4+z. 


Now we obtain 


(/zQvu + xv) + J/x(zv + yw) + J y(ew + ww)? <(ety+z)’, 


Jz(yu + xv) +/x(zv + yw) + /y(xw + eu) <x+y+z. | 
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172 Let a, b,c be non-negative real numbers such that a* +b? +c? = 1. Prove the 
inequality 
a b c 3 


> bb 2 
papas pape Jb + crc) 


Solution We'll use the Cauchy—Schwarz inequality, 1.e. 
(aj + a3 + a3) (bt + BS + b3) = (arbi + arb +433)”. (1) 
Let 


a, = Va?(b? +1), an = Vb2(c2 +1), a3 =Vc?2(a2 +1) and 


a ees ae ° bas = 
A Be el eV e' a Varta 


Then using (1) we get 


CPLDEPC LHR? 4p) 2-4 4 
b2+1 c?2+1 atti 


> (ava + bVb+cVJo)’, 


a b c (a./a + br/b + c./c)* 
+1) 2+1 @+i— a*(b?>- +1) 4+ (2? +1) 4+0@+1) 
So it suffices to show that 
CP +IFD (CP +1) 47M +1) < 7 

From the obvious inequality (a? — b?)* + (b? — c?)? + (c* — a*)* > 0 we deduce 
that 

Pe +P e+ ea sa eri, (2) 
Now we have 

PP +1) +P +)+7W +1) 
Sepia eb bre ee 


=74+bh?4+e74 — nes 
2) 4 ae) 2(a7b? + bP e* e707) 4 a? + bt + ct 
S04 +0 + 
<a c 3 
24 p24 22 
b 1 4 
fey ne. = a — mk ae. 


as required. 
Equality occurs iff a= b=c=1/V3. | 
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173 Let a, b, c be positive real numbers. Prove the inequality 


a b Cc 9 
+ + > . 
(b+c)*? (c+a) (a+b) ~ 4a+b+c) 


Solution Applying the Cauchy—Schwarz inequality gives us 


core, a mn b fe c je a i" b n c ) 
a c . 
(b+c)2 (cta)? (at+b)?)/~\b+e ct+ta at+b 


(1) 
Recalling Nesbitt’s inequality we have 
a i. b a Cs 3 (2) 
b+e cta at+tb~ 2 
From (1) and (2) we obtain the required inequality. | 
174 Let x > y >z>0 be real numbers. Prove the inequality 
2 2 2 
x Z 2x 
Te a 
Zz x y 
Solution Applying the Cauchy—Schwarz inequality we obtain 
2 2 2 2 2 2 
x ZZ 2X\ (XZ x Z 
( are aa )( eee year+ yr eee. (1) 
z x y y z x 
We'll prove that 
Ce Le ee ee Te ey 
= =F > F =P : (2) 


From 


2 2 2 2 2 7) 
Xx Bs Rak X°Z xX 2 
( ans + ) ( te - *) 
z x y y z x 


_ Gytyz Fee = y@-DO~2) S 
i xXyZ ~ 


0, 


we deduce that 
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Combining (1) and (2) give us 


Z x y x y y Zz x 
Sr ty ae), 

Le. 

2 2 2 

x“y z 
ee eee 

Zz x 

Equality occurs if and only if x = y =z. | 


175 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


1 1 1 
<1 
Dia t4b Dae 


Solution The given inequality can be rewritten as 


1 z +1 +1 >1 
2+a 2+b Q+e7° 


which is equivalent with 


a " Daa c Ss 
2+a 2+b 24+c7 


(1) 


Leta= oe =>+,c= 
Inequality (1) becomes 
x y Zz 
+ a = 
xXx+2y y+t2z  z2+2x 


(2) 


Applying the Cauchy-Schwarz inequality we have 


x y Zz x 7 < 


+ + = + + 
x+2y y+2z zt+2x x*4+2xy yy? +2yz  2742zx 


7 («e+y+z) _ 
~ x2 4 y? + 2? 4 Ixy + 2yz + 2zx 


So we have proved (2) and we are done. 
Equality occurs iff x =y=z,ie.a=b=c=1. a 
176 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


1 1 1 
<1. 
Pile Magi iota 
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Solution By the Cauchy—Schwarz inequality we have 


1 14+b4+c?2 14+b4+¢ 


a+B+e (@t+B+e1+b4+e)— (a2 + b2 +.c2)2" 


Similarly we get 
1 l+a+b 


1 l+c+a’ 
< and < ; 
b44+A4+a 7 (a+b? +c?) c4+a3 +b? ~ (a2 +b% +c?) 


It follows that 
1 1 1 
+ + < 
a+b4+e b44+G4+a2 ct+a4+b2 


e+h+ce+atb+c4+3 
(a2 + b? + c2)? 


So it remains to prove that 


e+P4+ce+atb+c4+3 Je 
(a? + b? +c?) eae 


By AM > GM we have a+b+c>3 anda? +b* +c? >3. 
Consider the well-known inequality 3(a7 +.b* +02) >(atb+c). 


Then we obtain 


2 2 
e+P+etatbtc+3 a? +b? 4c2 4+ Geto 4 erro 
(a2 + b? + c2)? 
Cop te pete tet C4tetre) 
(a? + b? +c?) 


(a? + b2 + ¢?)2 


= ase <1, 
Ge ee 
as required. a 
177 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 
1 Ps 1 sf 1 ra 1 S 
al+b) b(l+c) cU+d) d+a)~ 


1c = 4,d = %, the given inequality 


Solution With the substitutions a = a b=, 


becomes 
x Z t 
se Sct > 
ztt x+t x+y <zty 
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By the Cauchy—Schwarz inequality we have 


x y Zz t 2 2 ‘ i? 


bh + = + + + 
Ztt x+t x+y @Zty xKZ+xXt yxt+yt wWw+zy tz+ty 
- (xty+z+t) 
~ Ixz+2yt+xt+yxtzyt+tz 


Hence it suffices to prove that 


(xtytz+t)y ies 
2xz+2yt+xt+yx+zy+tz 


which is equivalent to 

(x-—z +(y-t)? =0. 
Equality occurs iff x =z, y=t,ie.a=c=1/b=1/d. a 
178 Let a,b,c be non-negative real numbers such that a + b +c = 1. Prove the 
inequality 


ab di be di ca el 
c+1 atl b+174 


Solution If one of a,b,c is equal to zero then it is easy to show that the given 
inequality is true. Equality in this case occurs iff one of a, b, c is zero, and the other 
two numbers are equal to 1/2. 

Because of this we can assume that a,b,c € Rt. 

From a + b+ c= 1 it follows that at least one of the numbers a, b, c is less then 
4/9. In the opposite case, if all of them are greater then 4/9, we will have 


+b+ 3 ute 1 
>3--=->1, 
a Cc go 
a contradiction. 
So we can assume that 
c<4/9. (1) 
Let AS ga pe 
Then 
A b Deas 1 1 1 (2) 
= adC : 
a bc atl b4+1 c+l 
Since 
es (a+l)+ +1) ++) ae ee 
— a Cc > 
a+l1 b+1 c+l1 4 a+1 b+4+1 c+H+l 
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applying the Cauchy—Schwarz inequality we have 


a ae 
a+1 b+1 c+l 
ge he Geh medi — at 
=A s eet bal. ead 
1 9 
> (4141)? =-. 3 
Zr +1) 7 (3) 


Now using (2) and (3) we obtain 


A al ee 
=a 
NG he @ Neel * paeg east 


Sab ode abe ice (4) 
<abc a are =ab+ac+bec ao 
On the other hand, we have 
(1—c)* =(a +b) > 4ab, 
ie. 
(1—c)? 
b < ———,, 5 
ab <> (5) 
and using (4) we get 
1 9ab 1 9ab 1 
Se Ton pa ab + ela +b) — a 
—abl1 9c tell ) 1 
=a q Cc Cc 4 
(),(5) (1 — c)* 9c 1 
< 1- — l—c)-- 
< r r +¢(1 =e) 4 
1 3 ‘4 —c 5 —c(3c — 1)” 
= —(— _— === _— 1) = ————__ =< 
16‘ 9c? + 6c* — c) 16 (9c~ — 6c + 1) 16 <0, 
as required. 
Equality occurs iff a =b=c=1/3. a 


179 Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 


1 " 1 ae 1 “s 3 
(a+1)2(b+c) (6+1)2(e+a) (c+1)2(a+b)7~ 8 
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Solution Let a= x7, b = y*, c = 2”. The given inequality becomes 


1 1 1 3 
+ + <<. 
Gr DeGPrae Ay Aa pak Grand Aare ye) 8 


By the Cauchy—Schwarz inequality we have 


1 2+) 
(@?4+D67+2) 2 ay+2=542= ; 
and 
3 Koinnd 1 y+ 
Yi #DG Tee 


Multiplying these two inequalities we get 


G+ n@+yyz SHVE FY 


yZ 
1.e. 
2 2 2 
2 22, 2. &+)0°4+DG°4+) 
xo bl (a + > . 
( ¢ y= °F 
Hence 
1 yz 


(x2 + 1)2(y? + 22) < (x2 + 1)? + 1I)(2 +1)' 


Similarly we obtain 


1 ZX 
(y2 + 1)2(z? + x?) < (x2 + 1)(y? + 1I)(e? +1) 


and 
1 as xy 
+120? +9) ~ @4+DG74+DE4+D' 
We have 
1 1 1 
PHYO TA | OTST STP 
xy + yZ+ 2x 


< 
~ (x2 + IG? + 1? +1)’ 
and it suffices to prove that 


xy +yz+ zx ‘ 3 
(x2 + 1)(y2 + 1)(22 +1) 7 8 
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G24. DO? +D@24+ D> soy+ eee 


By the Cauchy—Schwarz inequality we have 


Y@?+)d+y2)>x+y, V(2274+1)(1+x7)>z+x and 
YO? +D04+22)>y+z. 


Multiplying these three inequalities gives us 
@?+D07+DC+)264N04+9DE4+>%). 
By the well-known inequality 
8 
(x+y)(y+z)(z+x)= 9 +y+z)(xy +yz+zx), 
and the AM > GM we obtain 
8 8 
(x+y)(y+z)(Z+x)= 5% +y+z)(xy+yz+zx)> go + yz+ zx). 
By (1) and (2) we obtain 
2 2 2 8 
G+ DG" + HDG" + DS e+yNO4e2+%) = Fed + yz+2x), 


as required. 
Equality occurs iffx =y=z=lie.a=b=c=1. 


180 Let x, y, z be positive real numbers. Prove the inequality 


xy(xt+y—z)+yz(yt+z—x)+ex@+x-y)= (3039? + ye? +x): 
Solution Notice that 


xy(xty—z)+yz(ytz—x)+2x(2+x—y) 
_ x03 +23) a y(z? +. x3) " z(x3 + y3) 
yz Z+x xty — 


Leta=x3,b=y3,c=2. 


(1) 


(2) 
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Using Corollary 4.5 (Chap. 4) and the previous identity we obtain 


xy(x+y—z)+yz(y+z2—x)+2x(z+x—y) 


_ xy +29) yer +x*) | eh +y") 
~  y+z Z+x x+y 
y Zz 


(c+a)+ 
ZX x+y 


> /3(ab + be +ca) = 30393 + y3z3 + z3x3), 


as required. | 


=5Z70tot+ (a+b) 


181 Let a, b, c be positive real numbers. Prove the inequality 


ab(aa +b)  be(b> +c?) — ca(c? +43) 
a2 +b? b2 + ¢2 c2 + a2 


> J3abce(a3 + b3 +.c3). 


Solution Let 


1 1 1 
Mea eo y= Z= and 
a*b* b?¢? azc2 
— j B =. 2 C — 
Cc a b 
We have 
x ab(a? + b>) y be(b> +c?) 
—(B+C)= : C+ A) = ———_ 
uae a? +b? Fag ee 
and 
3 3 
Zz ca(c’ +a”) 
A+ B) = —.—_ 
or ae ce a? 


Using Corollary 4.5 (Chap. 4) and the previous identities we obtain 


ab(aa+b>)  be(b3 +c?) — ca(c? +a) 


a2 + b2 b2 + ¢2 c2 + a2 
x y Zz 
= ——(B+C)+——(C+ A) + ——(A+B) 
y+zZ Z+x x+y 
> /3(AB + BC +CA) = V3abe(a3 + b3 + c3). | 


182 Let a, b,c be positive real numbers. Prove the inequality. 


b b 
ipa” a ie Ee ape eho ey. 


b+c eer a 
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. _ 1 xl 
Solution Letx=,.,,9= — 


We have 


z=— and A=ac, B=ab,C =be. 


ac’ ab 


b+a 
c+a 


a+c 
b+e 


and 


SEOs a— (eta =be 
yz Z+x 


b 
OY ee seer a 
x+y a+b 


Using Corollary 4.5 (Chap. 4) and the previous identities we obtain 


atc poet 4 c+b 


ab Cc ca 
b+c cta a+b 


= (B+ C)+ =—(C+ A) + ——(A4B) 
yz Z+x x+y 
> /3(AB + BC +CA) = /3abc(a+b+c). | 


183 Let a,b,c and x, y, z be positive real numbers. Prove the inequality 


ayt+z+bz+x)+ca+y)= 2J/ (xy +yz+zx)(ab+be+ca). 


Solution Since the given inequality is homogenous we may assume that x + y + 
g= 1. 
Now the given inequality can be written as follows 


2J/ (xy + yz t+ 2x)(ab + be + ca) +ax +by+cz<atb+te. 


Applying the Cauch—Schwarz inequality twice we have 


ax + by +ez +2,/ (xy + yz + 2x) (ab + be + ca) 
<Va24+b24+c2-\/x24+ y24+ 224+ J2ry + yz + zx) - /2(ab + be + ca) 


< Va +0 + 2 + ab + be + ca) - yx? $y? +2 + Uxy + yz + zx) 


=a+b++e. | 
184 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 
ae+p+ec >ab+be+ca. 
Solution By Chebishev’s inequality it is easy to obtain 
3 +b +0°)>(atb+o@t+b +c’). (1) 
Now by AM > GM we have 
a+b+c>3Vabe > 3 
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and clearly 
a+b +c>ab+bet+ca. 
So by (1) we obtain 


3, @tbto@ +b +e) | 3(ab+betca) _ 


a+bh+e > =ab+bc+ca. 
3 3 | 


185 Let a,b,c > 0 be real numbers such that a2/3 4 2/3 + ¢2/3 = 3. Prove the 
inequality 
+h +> a¥3 454744, 


Solution After setting a!/? = x, b'/3 = y,c!/? =z the initial condition becomes 
x+y? 2? 33, (1) 
and the given inequality is equivalent to 
x9 + yo + 29> x44 yt + 24, 


Assume that x? < yr < z?. Then it is clear that x* < yr <2. 


Applying Chebishev’s inequality we get 
+ y+ 27 )ai ty +24) <3@%+y° +2), 
and using (1) we obtain x° + ye +2°> x44 y4+4 24, as required. | 


186 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


1 1 1 
faped Gap te packs 


Solution Observe that 
1 1 1 1 a(1—a) 


a+b+tce 3. ar—-a+3 3. 3(a27—a+3) 


Analogously 
1 1 b(i—b) 1 1 c(1—c) 


— an = < 
b>+e+a 3 3(b?—b+4+3) C+atb 3 3(c2—c+3) 


Now the given inequality is equivalent to 


Mo sad). . ae 
>0 
a—at+3 b*—b4+3 c2-—c4+37 


a-—1 b-1 c-1 
ae as = 0. 
a-1+3/a b-1+3/b c-—14+3/c 


Without loss of generality we may assume thata > b>c. 
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Then clearly a—1>b—1>c-—1 and sincea+b-+c = 3 it follows that 
ab, bc, ca < 3. Now we can easily show that 


1 . i a — 
@-1+3/a- b= 1h 3 — €=14 3/6 


Applying Chebishev’s inequality we obtain 


1 1 1 
(fei 1 <3A 
Cee ie (at sat ar) = 


Equality occurs iffa =b=c=1. | 
187 Let a,b,c € R® . Prove the inequality 


2a 2b? 2c? 
+ + >Satbte. 
b+ce cta atb 


Solution Without loss of generality we can assume that a >b>c. 
Then clearly 


1 1 1 
> > ; 
b+c” ct+ta™ a+b 
By Chebishev’s inequality we have 


2a? r 2b* ri 2c? a pags 2) 1 " 1 “ 1 (1) 
b+c cta cabo 3 : b+e cta a+b) 


Applying QM > AM we deduce 


a+b2?+c2 a+tb+c . a+b? +c? atb+c - 
: > yO Che. : > 5 : 


By (1) and the previous inequality it follows that 


2a? ‘ 2b? in 27 = gps ee ee (2) 
a Cc . 
b+c cta a+b” 9 b+c cta a+b 


Applying AM > HM we deduce 


1 1 1 9 9 
at = = : 
b+ce cta a+b” (b+oc4+(ct+ta+(a+b) 2(a+b+c) 


Finally from the previous inequality and (2), we get required result. | 
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188 Let a, b, c be positive real numbers such that abc = 2. Prove the inequality. 


e+bh+0>aVvb+ct+bV¥cot+at+cVvatb. 


Solution Applying the Cauchy—Schwarz inequality we get 


aVJb+c+bVcetatcevatb < JU@2+h2+02)(atbte). (1) 


Using Chebishev’s inequality we get 


V2(a2 +b? +2)(at+b+c) < V6(a3 +B3 +3). (2) 
Also from AM > GM we have 
a+b? +c? > 3abe =6. (3) 
Combining (1), (2) and (3) we have 


a+b4+c > V6(a3+b3 +3) >aVb+ce+bVe+at+cVatb. 


Equality holds iff a=b=c= V2. | 
189 Let aj, a2, ..., a, be positive real numbers. Prove the inequality 
1 1 1 
I I 1 1 I a8 
Ha? Be? "Re, ata tore, 


Solution We can assume that a) > d2 >--- > dy. 
If we take x; = + Yi —— fori= 1,2,...,n then 
L 


qt+l 
1 1 1 1 
—<—<::-<— and < gma 
ay a an aj+1”7a+l1 an+1 
Also we have that 
1 1 1 
XiVi = Xi — Yi- 


ajta +1) a aj+1_ 


So we can use Chebishev’s inequality, i.e. we have 
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Now we easily obtain 


1 1 
fete atateotdZ n 


a 


1 1 
Il+ay, + Il+ay 


Equality holds iff aj = az =---= ap. |_| 
190 Let a,b,c,d €R such that ab + be + cd + da = 1. Prove the inequality 


a b 3 @ 
+ + + Be 
b+c+d at+ctd b+d+a b+c+a™ 3 


Solution Leta+b+c-+dz=s. Then the given inequality is equivalent to 


a b3 3 d? 1 
A= + + + >. (1) 


Let us assume a > b > c > d. Then 


a>b>c>d> and > = > ‘ 
S—-a s—b s-—c  s-—d 


Applying Chebishev’s inequality we get 


apo aos. 8 ! ! ! I 
(a> +b> +c’ +d) + + + 
s-a s—-b s-c s-d 


Oe ive ae Arte ee 
~ \s-a s—b s—-c s-d 


3 3 3 3 1 1 1 1 
4A>(aet+b+c+d) + + + : (2) 
s—a b s-—-c s-—d 


Since a> b>c >d it follows that a2 > b* > c? > d?, and one more application of 
Chebishev’s inequality gives us 


(ab He dG b+ 64d) <4 th pe ae); 


(a2 +b? +0? +d?)\(atb+c+d) 
; 


C+P+e4R > (3) 


Furthermore 

a+b b+ e4+d* d?+a? 
2 2 2 2; 

>ab+be+cd+da=1. 


et+he+etda= 
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So in (3) we deduce 
b d 
C++ +a > PTET e (4) 


and clearly we have 


(s —a)+(s —b)+(s—c)+(s—d) 


a+b+c+d= 3 (3) 
Now from (4) and (5) we obtain 
Popiceps 2 Ot e PTeeT ee (6) 


12 
Using (2), (6) and AM > HM we have 


saz (SHO FE Deon ore 8) 1 re 1 : 1 7 1 ) 
s-a s—b s-c s-d 


12 
16 4 
= Sey 
~ 12 3 
i.e. it follows that A > i as required. |_| 


191 Let a, x, y, z be positive real numbers such that xyz = 1 and a > 1. Prove the 
inequality 
Qa a a 


x y Zz 3 
+ Eater 
ytz ztx x+y 2 


Solution Without loss of generality we may assume that x > y > z. 
Then 
x > y > Zz and x21 > ya-bs 7-1 
yr zZ+x x+y 


Applying Chebishev’s inequality we have 


= _ 7 x z xe OL ze” 
(x97} $ yt! + 2% ( a ) <3 ped ) 
YZ Z4xX xX+Ty YrZ Z4xX X+ry 


(1) 


Recalling AM > GM we get 


x yt) $21 3) yg) tt =3. (2) 


Nesbitt’s inequality gives us 


x y z 23 


=F . 3 
ytz ztx x+y 2 G) 
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Finally using (1), (2) and (3) we obtain 


a (eg a 
3( ah ite Je art eset e2°h/ a ) 
Yr2 Z+x xX+ry ytz zt+x xt+y 


3 
=3.5 
2 
Le. 
xe y® ze 3 
+ + 2, 
y+tz ztx x+y 2 | 
192 Let x1, x2,...,X, be positive real numbers such that 
1 1 1 


1+x1 7 1+ x2 —. 1+Xn 
Prove the inequality 


Nai a eee tg 1 
n—1 ~ /xy 4 / x2 Xn 


Solution Let i= =a;,,fori=1,2,...,n. 
Clearly )~"_, aj = 1 and the given inequality becomes 


n n n n 
1-a; dj 1 aj 

>(n-1 —___ > pce 
sy aj =e pe er % De alsa) 2" Lay Ta 
i=1 i=1 i=1 i=l 

n a; n n 1 
L 
> < i a 


The last inequality is true according to Chebishev’s inequality applied to the se- 
quences 


1 1 ! 
Bere d : aoe : 
patentee 2 (sa —a) a(1— ap) a) = 


193 Let x1,x2,...,Xn > 0 be real numbers. Prove the inequality 


7 Xytxgt+--+%n 
X1 x2 x, ale 
XY Xg0 +X," > (X1X2+++ Xp) n 


Solution If we take the logarithm of both sides the given inequality becomes: 


xy Inxy + x2 Inx2 +--+ +X, Inxy = ETE tnx) tng $e + Inn), 


(1) 


We may assume that x) > x2 >--- > Xp, then Inx; > Inx2 >--->Inxpy. 
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Applying Chebishev’s inequality we get 

(xy +xo+---+x,)Un x, +]nx2+---+Inx,) < n(x, Inx,+x2 Inx2+---+x,Inx,), 

i.e. 


+ x2 +-°°+ 
xyInxy + x2 nx +--+ +x, Nx, > a a au (nx; +1Inx2+---+I1nx,). 


194 Let a, b,c > 0 be real numbers such that a + b+ c = 1. Prove the inequality 


ae+b bP+e c+a 
>2. 
b+ec cta atb ~— 


Solution I Applying the Cauchy—Schwarz inequality for the sequences 
a*+b b2+c ce+a 
aj = ’ a2 = ’ a3 = 
b+c cta a+b 
and 


b=V@+b)b+o), by = V(b? +c)(c +4), b3 =V(c? ta)(a +b) 


we obtain 


aa+b aay dea Oe (a2 +b2 +2 +1) 
b+c cta atb” #@+bd)\(b4+o04+(H4+eKcetat(c2+a(atb) 


So it suffices to show that 


(a2 +b? +c? +1)? 25 
(a2 +b)(b+c) + (b2 +c)(c ta) + (c? t+a\(a+b) ~ 


We have 
(a2 +b? +c? +12 sa 
(a27+b)(b+e)+ (2 +0)(c ta) +(e +a)(at+b) — 
& (4+? +e74+1)*22A(@’+db+00+6' +o(c+a) 


+(¢? +a)(a+b)) 

& 1l4(a?4+hP?4+?>7Wb+ot+h(c+at+c(atb)) 
+ 2(ab+ be +ca) 

Be Aa Ee SGA RHO Er HS DAea =e) 
+ 2(ab + be + ca) 
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& 1470474 22¢4+h4+e —¢-P-c) 
+ 2(ab+ be + ca) 
go. (Pt bey poe eh 4h S26 4+) +e +0) tbe eo) = 1 
& @4hP4e7?P4+270 +b) +3) > 2a —c)+b0—a) 
+c(1—b))-1 
& @4+hP4e?Pr +204 +3) >1-2(ab+be+ca) 
& W4P?4c°4+20e+b> +07) > (at+b4+c) —2ab+be+ca) 
=7+b? +c’. 
So we need to show that 
@+h +c? +2@? +b? +07) >a? +b? +07. (1) 


By Chebishev’s inequality we deduce 


b2 2 
(@+b400@24+P42)<304B4e), ie P4432 2% 3 aaa 
and clearly (a? + b? + c*)? > eae 
Adding these inequalities gives us inequality (1). P| 


Solution 2 Takea+b+c=p=1,ab+bc+ca=q,abc=r and use the method 
from Chap. 14. a 


195 Let a,b,c > 1 be positive real numbers such that a te L + ay =1. 
Prove the inequality 


1 1 1 
+ <1 
atl b+1' ctl 


Solution Without loss of generality we may assume that a > b > c. Then we have 


a-—-2 b-2 c-—2 a+2 b+2 c+2 
> > and < < : 
a+17 b4+17 c+l1 a-1° b-17c-l 


Now by Chebishev’s inequality we get 


(e424 ee _ (4 22 26 2 
az#-1 b?-1) c?-1)7\as+l b4+1 ctl 
at+2b+2  ct2 

a-1l b-1 c-—1l 
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Since 
aa7-4 pr—4 ed. 3 1 n 1 n 1 , 
a—1 b?-1) c-1 a—-1 be-1 c=-1) — 
and 
a+2 b+2 c+2 
>0 
a-1l b-1 c-l1 
we must have 
a—-2 b-2 c¢ ae) 


+ 
a+1 b4+1 c4+l17 
which is equivalent to aT + a + = < 1, as required. 
Equality holds iff a=b=c=2. | 


196 Let a,b,c, d be positive real numbers such that a2 +b*+c2+d?=4. Prove 
the inequality 


Le. 
a fae eee Let lo. 
S5-a 5-b 5-c 5-d7 
Without loss of generality we may assume thata >b>c>d. 
Then we have a — 1>b*—1>c?—1>d*-1 


> 1 1 
< 
We’ ll show that Fanaa = 46745" 
We have 


4da—a*+5>4b-bP’+5 © atb<4, 
which is obviously true since a? + b? < 4. 
So we have 


1 7 1 2 i — 
4a — a? +5 ~ 4b—- B45 ~ 4c—02 +5 4d —a2 +5 


Now by Chebishev’s inequality we obtain 


ail " b?—1 2 a m az—1 
4a—a2+5 4b-b?+5 4c-c2+5 4d—d?+5 


1 
<@- vY(g—5) =0. 


cyc cyc 
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341 
Thus 
. et iz b?-1 a*—1 re a*—1 
~4da-a?+5 4b-b?+5 4c-c?+5 4d—d?4+5 
a-1l b-1 c-1 d-I 
— aa ; 
S5-a 5-b 5-c 5-d 
as required. 
Equality holds iffa=b=c=d=1. a 


197 Let a,b,c,d €R such that “= + ae + = + = + oh = |. Prove the 
inequality 


a 4 b ie Cc i d 4 e i 
4ta2 4+b? 44+c? 44d? 4467 © 


Solution We have 

l-a 1-—b l1-c 1-d 1-e 
+ + 

4+a 4+b 4+c 4+d 4+e 

_35-—@4+a) 5—-(4+5) 5-(4+c) 5-(4+4) 


5—(4+e) 
> astoag 4+b 4+¢ 4+d 4+e 
=5-5=0. 
We'll prove that 
a b c d e 1 1 1 1 


+ + + + = + + + 
4ta* 4+b? 442 44d? 44+e~ 44a 4+b 44+c 44d 
1 


. 1 
4+e “ 
Inequality (1) is equivalent to 
l-a 4 1-—b é l-c l-d 
(4+a)4ta*) 4+b)4+b*) 4+o4t+c) @+d)(4+a’) 
l-e 6 (2) 
(4+e)(4+e2) ~~ 


Without loss of generality we may assume that a > b >c >d > e, and then we 
easily deduce that 


l-a 1-b 1-c 1-d _ 1-e 
< < < < and 

4+a”~ 4+b7 4+c” 4+d7 4+e 

1 eB 1 2 1 x 1 a 1 
4+a2~ 4+b2~ 44+c?~ 44d? ~ 4+?’ 
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So by Chebishev’s inequality we get 

l-a l-a 1 
5 > : = 0, 
> (4+a)(4+a’) ~ Sire ere: 


sym sym sym 


which means that inequality (2) holds, i.e. inequality (1) is true and since am + 


pet a oe ar ~ + : = | we obtain the required result. 
Equality occurs iffa=b=c=d=e=1. a 


198 Let a, b,c be real numbers different from 1, such that a+ b+c= 1. Prove the 
inequality 

tat 1+o" 1+¢? _ 15 

l-a 1-b?  1-c?7~ 4° 


Solution Since a,b,c >0,a41,b4A1,c41 anda+b+c=1 it follows that 
0<a,b,c <1. 

The given inequality is symmetric, so without loss of generality we may assume 
thata<b<c. 

Then we have 


ioe <14hei4e ad. (=e 21 21-2. 


Hence 
1 3 1 iu 1 
l—a?7~ 1—b2 — 1-—c?’ 


Now by Chebishev’s inequality we have 


fee dh 2 tee’ 
~Ja@ 1-2 1-2 


Se eee ee er ee ee 
== “(aw  T=P  T=2) 


A (1) 


_ 3 i= fee 12 


Also we have the well-known inequality 


2 CHR tet / 1 1 1 ) 


2 
es (a+b+c) _!i 


2 2 
b : 
a+b + 3 3 


Therefore by (1) we obtain 


A> /3+3) ee sae ee _ 10 ee ae eee 
> 3 l-a@  1-b2  1-c2)” 9 \1- a 1-1 2 
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Since 1 — a?,1—b?,1—c? > 0, by using AM > HM we deduce 


1 1 1 9 9 27 
j-@ 1-8" 1-2 -3-@4P42)-3-18 8 


(3) 


Finally from (2) and (3) we get 


>( 1 1 1 ) 10.27. 15 


A> + + > =—, 
l-a@ '1-P'1-2)-9 8 4 


~ 9 


with equality iffa =b=c=1/3. a 


199 Let x, y, z > 0, such that xyz = 1. Prove the inequality 


x3 y? 2 3 


daydee Used) denday -s 


Solution Let x > y > z. Then 


1 1 1 


3 3 > > 
d+y)d4+z)~ d+z)d4+x) 7 d+x)+y) 


x“2y 


> z> and 


Applying Chebishev’s inequality we get 


( x3 y 2 ) 

38 =3 + + 

d+yd+z) (U+20+%) (d+x)0+y) 

= ty +2/ : + + ) 
(d+yd+z (+zd+x) d4+x)(1+y) 

d+x)+d+y)+4+2) 

(+x1+y)14+2z) ) 

3+x+ytz 

aGpatroars) 


= +y +2) 


= +y +2) 


$8 
s> (“#2 **)/( Spb yes } (1) 
(+x) +y)0 +z) 


Let “tee =a. Then we have 


343453 : 
: —_— > (2**) =a° and 3a>39xyz=3, ie. a>. 


From AM > GM we get 


3 3 
eee) =(1+a)’. 


dtodtya+2s( 3 
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So by (1) we obtain 


s2(*tE4#)( ee eal 6 ) 
~ 3 (+x)d+yd+z/~° \d+a)3 


Hence it suffices to show that 


3 3 
6(1 1 = 6a 2. 
lta (l+a)3~ 4 


Since a > 1, and the function f(x) = 6(1 — im increases on [1, 00] (why?), it 


follows that f(a) > fC) = 3, as required. | 
200 Let a,b, c,d > 0 be real numbers. Prove the inequality 


a b Cc d 2 
+ + + = 
b+2c+3d ct+2d+3a d+2a+3b a+2b+3c7 3 


Solution Let 
A=b+2c+3d, B=c+2d+3a, C=d+2a+3b, D=a+2b+3c. 


By the Cauchy—Schwarz inequality we have 


a b Cc d 
(G+$+E+5 
a b Cc d 
bites 3d eh 0de3a” dt 2ae oh 2h be 
7 (at+tb+c+dy 
~ aA+bB+cC+dD 


Jad 0B +eC-+dD)> (a +b+e4d? 


(1) 


Furthermore 
aA+bB+cC+dD=4(ab+ac+ad+bc+bd-+cd), 


and (1) becomes 


a b Cc d 
ppdee3d  €20d4 35a de dee 5b A424 3c 
(a+b+c+d)* 


> : 
~ 4(ab+ac+ad+bc+bd+cd) 
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So it suffices to prove that 


(a+b+c+d) 2 
4(ab+ac+ad+bce+bd+cd)~ 3’ 


Le. 
3(a+b+ct+d) > 8(ab+ac+ad+bce+bd+cd). (2) 
We’ ll use Maclaurin’s theorem. 
We have 
c2 ab+ac+ad+bc+bd+cd 
P2= = ; 
6 6 
ab+ac+ad+bc+bd+cd=6p2 
and 


Cl _atb+ct+d 
4 4 


Pi= , te atb+c+d=4p,. 


Now inequality (2) is equivalent to 48 Pi > 48p2, ie. pi = p,! which is true due 
to Maclaurin’s theorem. a 


201 Let a, b,c be positive real numbers. Prove the inequality 


a+be b*+ca c2+ab 


>atbte. 
b+e cta a+b ~ 

Solution Assume a > b > c. Then clearly a2 >b?>c? and ad > er > mat 

According to the rearrangement inequality we have 

og Bg, a Eg es le 
b+e cta atb7~b+te cta a+b’ 

Le. 

a+be be+ca ct+ab b?+be c+ca_ a*+ab 

> =at+b-+e. 
b+e cta a+b b+e cta a+b 

Equality occurs iffa=b=c. | 


202 Let a,b >0,n €N. Prove the inequality 


a n b n 
(: ~ *) - (: + °) sot 
b a 


Solution We'll use the fact that the function f(x) = x” is concave on (0, 00). 
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So according to Jensen’s inequality we have 


n n n 
x+y = x+y 
20 2 


Remark Note that this is a power mean inequality. 
Now we have 


1 ay’ b\" l+a/b+1+b/a\" _ (2+a/b+b/a\" 
ee) ee ee 


(1) 


Using § + 2 > 2 and (1) we deduce 


a\" b\" 2+2\" 
1+— 1+—}) =2(——) =2". 
ee . 
203 Let a, b,c > 0 be real numbers such that a + b+ c = 1. Prove the inequality 
L\? i 1\*_ 100 
at+—}) +{b+—]} +{c+-]) =—. 
a b c 3 


Solution The function f(x) = x” is convex on (0, 00). 
So according to Jensen’s inequality we have 


1 i iy? 1\? 1 1 1 iy" 
“((a+—) +(b+—] +[c+-] J= at+—+b+—+c¢+ ; 
3 a b Cc 3 a b Cc 


204 Let x, y, z > 0 be real numbers. Prove the inequality 


x y Zz as 


ar = 
2xtytz xt2y+z2 x+yt+2z7 4 


Solution Lets =x+y+4z. 
The given inequality becomes 


x y z 3 


+ <-. 
stx sty s+z7 4 


a 


Consider the function f : (0, +00) > (0, +00), defined by f(a) = ran 
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We can easily show that f” (a) < 0, for every a € Rt, i.e. f is concave on RT. 
By Jensen’s inequality we have 


fO+FO+FIO — eas 


3 3 
i.e. 
+ 24 <= f+ f+ lO 
S+tx s+y st+z 7 
<3f x+y+z 59 s\_ s/3 = 
3 3 s+s/3 4 
as required. | 


205 Let a,b,c,d > 0 be real numbers such that a < la+b<5,a+b+c< 
14,a+b+c+d < 30. Prove that 


Ja+Vvb+JSe+ vd < 10. 


Solution The function f : (0, +00) > (0, +00) defined by f(x) = ./x is concave 
on (0, +00), so by Jensen’s inequality, for 


a 1 2 3 4 
n=A4, a=—, =—, a=—, a4 = — 
‘40 = 1G > 10 ** 10 
we get 
Oe ees anes ee Coe ee 
a , 
10 10V4 10V9 10V 167 V10 20 30 40 
i.e. 
12a + 6b + 4c + 3d 
Ja+vb+ve+va< 10) cs os sal (1) 
On the other hand, we have 
12a + 6b + 4c + 3d 
=3(a+b+c+d)+(at+b+c)+2(a+b) + 6a 
<3-304 144+2-54+6-1=120. 
By (1) and the last inequality we obtain the required result. | 


206 Let a,b, c,d be positive real numbers such that a + b+c-+d= 4. Prove the 
inequality 
a a, b i Cc é. d a 8 
be+b c+e d*+d = atta (at+c\(b+d) 
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Solution Denote A = 


a 
Bb 


Consider the function f(x) = 


1 peat 


. Then f is convex for x > 0. 


b d 
c+e ata’ 
ad. 2 
x(x+1) 
According to Jensen’s inequality, we have 


a b Cc d ab+bc+cd+da 
$f) +2- f+ $- r+ 5: fa s{ ) 


4 


64 
A> . 
~ (ab+ be + cd + da)? + 4(ab + be + cd + da) 


So it remains to prove that 


64 8 
> 
(ab+be+cd+da)2 +4(ab+be+cd+da)~ (a+c)(b+d)’ 


Le. 
ab+bc+cd+da <4, 
Le. 
(a—b+c-—d) =0, 
which is obviously true. Equality holds iffa =b=c=d=1. a 


207 Let x1, x2,...,%, >Oandn € N,n > 1, such that x} +-x2+---+x,) = 1. Prove 
the inequality 


x1 i x2 i siege es VXI Ff X2 FF /Xn 
JVl—-x, JSl—x2 WA vn—1 ; 
Solution The function f(x) = TS is convex on (0, 00). (Why?) 


Hence by Jensen’s inequality we have 


1 Xp +XQ4+ +X 
Xx x2 Xn n 
Ss — 
n\J/l—x, JSl—xo 1— x», j — saben 
n 
1 
jit vee 
n 


It follows that 


x] i x2 eee Xn [on (1) 
JVl—-x, VSl—x2 V1l—xn n—-1 


21 Solutions 
By QM > AM we have 


as 4 aa I 
~ n 


n 


1.e. 


Sx + J m2 + + Kn ST. 
By (1) and (2) we deduce 


x] x2 


+. 


349 


(2) 


5 VEIT 2H Fn 


Xn n 
+ “+ > > 
JVl—x, JSl—x2 fl —Xn (oo Jn—1 


as required. 


208 Let n € N,n > 2. Determine the minimal value of 
5 5 5 
x x x 
! + = speeep " 
XQPXZ be TXn XLT AZ Xn Xp 1X24 Xn-1 


where x), x2,...,X%, €IR* such that x7 +45 4+---+x2= 1. 


Solution Let S =x, +x2+.-+-:+2X,. We may assume that x) > x2 >--- > Xp. 


Let A= xt x3 yw x? 
SLA gag gan PO gage ee 


Since 
x x x 
ti 2a, Se Sx0 and a ey ee 
S—x,” S—x2 S— Xn 
we can use Chebishev’s inequality. 
_ n 4 Xi 

We have A = 91 4) sy - 
So 

n x n n x 

A= x x ; >n a : 
— S— x; S—x; 


The function f(x) = z+; is convex. 


So by Jensen’s inequality we have 


Xp +x2 +++ + Xp _ 
r( Js Dore. 


n 


(1) 


(2) 
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= 


Xy+x2 + +4Xn 1 1 
n 


1 
n 


Xi 
> 
= S— x; = x] + x2 Aekses + Xn ape ey 1 1 n—- 1 


from which it follows that 


n 


S—xj ~n-1 


i=l 


Finally using (2), (3) and (1) we obtain 


1 n n 
A>n--- — ‘ 
nn-1l n-1l 


Equality occurs if and only if x} = x2 =--- =x, =1/,/n. a 


209 Let P,L,R denote the area, perimeter and circumradius of AABC, respec- 


tively. Determine the maximum value of the expression ut 


Solution We have 


LP (a+b+c)abe _ 2R(sinw + sinB + sin y)8R°? sing sin B sin y 


R3 R34R 4R4 , 
i.e. 
LP : é ; eee Bets 
Re =A(sina + sinB +siny) sina sinf siny. (1) 
By AM > GM we have 
. : : (see tsnetsny) 
sina sinf siny < 3 : 
So by (1) we get 
LP A(si iny)* 
Z (sina + sinf + siny) (2) 
R3 27 
The function f(x) = — sin x is convex on [0, z], so by Jensen’s inequality we have 


sina + sinB + siny _ fat+B+y J3 
3 < sin 3 = 


Finally from (2) we obtain 


LP 4 3/3\* 27 
R32 —27\ 2 ~ 40 


Equality occurs iffa=b=c. | 
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210 Let a,b,c €R™ such that a+ b+ c =abc. Prove the inequality 


1 f. 1 " Le. gd 
Vita JER f/f ee 2° 


Solution 1 After taking a = tana, b = tan 8B, c = tany where a, B, y € (0, 7/2), the 
given inequality becomes 


1 1 3 
a Bo) 


1+ sin” a sin? sin? 
cer Fiegeee “J 1+ ease: f / 1+ soe 


3 
cosa+cosB+cosy < 5 


Also 


tana + tan 6B + tany — tana tan B tany 


t — 
ear nS 1 — tana tan 6 — tan# tany — tany tana 


a+b+c-—abc 


~ l-ab—be-—ca 


which meansa+fP+y=Z. 
The function f(x) = —cosx is convex on [0, 7/2]. 
So by Jensen’s inequality we have 


cosa + cos 6B + cos y gos MEY atk 


3 ~ C—O 
i.e. we get 
3 
cosa +cos6+cosy < 5 
as required. a 
Solution 2 Leta=—,b= soe = i, 


The constraint a ce b+c=abc becomes xy + yz + zx = 1, and the given in- 
equality becomes equivalent to 


x y Zz 3 
~ + <5, 
Vxr41 0 JSy2+1 V224+17 2 


x y Zz ie 


+ + < 
Vxttxytyztex Vy*txytyztex Ve2txytyctex 2 


> 
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Le. 
x Z 3 
+ + <5.) 
V@+WA+tZ2 VOFDOFX) V@+xXE+Y)~ 2 
By AM > GM we have 
x AV O+ A+ 2) — a+ Y)F A+) 
V(x + y)@ +2) (&+y)at+z) ~ 2x+y)%+z) 
( x Xx ) 
= + . 
2\xty x+2Z 
Analogously we get 
1 
y Z ( Vg 2 ) sad 
Viyt2Qytx) 2\yte yx 
z ( z z ) 
= i : 
MEPSIEPY) 22+ Sy 
Adding these three inequalities we get inequality (1). | 


211 Let a,b,c € R such that abc +a +c = b. Prove the inequality 


2 2, 3 10 
+ a: 
az+1 b?24+1 c?2+17 3 


Solution The given condition is equivalent to b = #*<. 


1 
This suggest the substitutions: 
a= tana, b= tan, c=tany, 


where tan 6B = tan(a + y) anda, 6, y € (—m/2, 1/2), so we have 


2 2,3 2 2 8 
~at+1 b241 ° c24+1 tantat+l] tart(a+y)+1.= tan?y +1 


A 


= 2cos’ a — 2.cos?(a +y)+ 3.cos” y 

= (2cos* a -1)- (2 cos” (a t+y)-1)+ 3.cos” y 
= cos 2a — cos(2a + 2y) +3 cos” y 

= 2sin(2a + y)siny + 3.cos” y. 


Let x = |siny|. Then we have 


P\? 10° . 10 
A <2x+3(1—x*) =—3x74+2x43= a(x ;) + ns 
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Equality holds if and only if sin(Qa + y) = 1 and siny = 7 from which we deduce 
(a, b,c) = (V2/2, V2, 2/4). | 


212 Let x, y,z > 1 be real numbers such that ‘ + 5 + i = 2. Prove the inequality 


vx —1+J/y-l4+vVz2-1s J/xty¥z. 


Solution 1 Letx =a+1,y=b+1,z=c+1, and clearly a, b and c are positive 
real numbers. 
Pere Bec Wg Wye 1 1 1 : 
The initial condition yt 1 + z= 2 becomes aa + BL + o> 2, Le. 
ab+bce+ca+2abc=1. qd) 


We need to show that 


Jatvb+Je<Vatb+er3. (2) 
After squaring inequality (2) we get 


a+b+c+2Vab+2Vvbce+2Jca<a+b+e4+3 


or 
2J/ab + 2Vbe + 2/ca < 3, 
1.e. 
3 
MAE DE Aha (3) 


Identity (1) is equivalent to 
(Jab)? + (be)? + (ca)? +2(Vab- Vbc- Jca) = 1, 
so due to Case 7 (Chap. 8) we may take 
Vab =sin5, vbe = sink, Jea=sin*, 


where a, 6, y € (0,7) anda+6+y=nTZ. 
Now inequality (3) is equivalent to 


sin 5 +sin + sin Z < 5° 
where a, 6, y € (0,7),a +68 + y =7, which is true by N3 (Chap. 8). | 


Solution 2 Applying the Cauchy—Schwarz inequality we have 


1 1 1 
(= ae i Joty toe WeaT4 yy 14 vem? 
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Also 
ia ee ae ee (<+ 4 )=1 
x y Zz x 
So 
ebytce Gel ty/y sis wey; 
i.e. 


Vxtytzzvx—1+JVy—-14+vV2-1. 


Equality occurs iff & a > a is} and + + t + i =2,ie.x=y=z=3/2. Hf 


213 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


J i re ile 1+: 1/2 1>6 
a b b Cc Cc a aa 


Solution Let a= xy,b= yz,c = zx. Then xy + yz + zx = | and due to Case 3 
(Chap. 8) we may take 


where a, 8, y € (0,7) anda+B+y=7z. 
We have 


re ne j= fC OG-d _ (1 — xy)(1 — yz) 
a b * ab . xyz 


- [tee aa 7 Ji+y2 


2 


xy?z y y 
y/ 1 + tan? : 1 
tan 8 sin a 


Similarly we obtain 


Now the given inequality becomes 


1 1 1 


een Be 
a ; = = 
sin$ sin B sin + 
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By AM > HM we have 
1 $i 1 ne 1 9 
sin5  sinS sing ~ sin? +sin$ + sin 4 


So we need to prove that sin 5 + sin 5 + sin 5 < 3 which is true according to N3 
(Chap. 8). 
Equality occurs if and only if@ = 6B =y =7/3,ie.a=b=c= ;. a 


214 Let a, b,c be positive real numbers such that a + b+c+1= 4abc. Prove the 
inequalities 


1 fn 1 rn 1 aes 1 im 1 a 1 
ab cy ~ fab be Sea’ 
Solution We have 


a+b+c+1=4abc 


1 1 1 2 
=1 
QJab? ' QVba2 | QJeay ’ QfabyQJbey(2,Jea) 


Due to Case 7 (Chap. 8) we can make the substitutions 


1 pol 1 ae 1 ed () 
=sin =, =sin-=, =sin=, 
2/ be 2 2,./ca 2 2J/ab 2 
where a, 8, y € (0,7) anda+fB+y=n. 
From (1) we easily obtain 


1 2sin § sin ¥ 1 2sin } sin $ 1 2sin % sin 4 
— Ww : — = and = -— = ——+.—+ z : (2) 
a sin 5 b sin 5 c sin + 


Now the given inequality becomes 


Sda cosa” ada Sa 
2 2 2 = 


a , Bo. y 3 
< 
amy TSG FG So! 


where a, 6, y € (0, 7) anda + 6+ y =7, which clearly holds due to N3. 
We need to show the left inequality which, due to (2) is equivalent to 


2sin2sin¥ 2sin¥sin® 2sin% sinZ 
7Z Sin 5 7 Sin 5 ime ee (3) 
a : : i 
sin $ sin 5 sin 5 
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Let a, b, c be the lengths of the sides of the triangle with angles a, 6 and y, let s be 
its semi-perimeter, and let x =s —a,y=s—b,z=s-—c. 
Then due to Case 9 (Chap. 8) inequality (3) is equivalent to 


x y Zz 3 
+ = 9 
y+z ztx x+y 2 


i.e. we obtain the famous Nesbitt’s inequality, which clearly holds. And we are done. 
a 


215 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 


a e" b nm 6 _3v3 
It+a2? 14687 14c27~ 40 


Solution Since ab + bc + ca = 1 (Case 3, Chap. 8) we take: 


on B 
a=tan-—, b=tan—, c=tan-, 
2 2 
where a, 6, y € (0,7) anda+B+y=nTZ. 
So we have 
a b Cc 


+ + = 
lta 1467) 14+¢c? 


1 
5 (sina + sinf+siny), 


and the given inequality becomes 


3/3 


1 
3 (sina +sinB+siny) < ae 


3 
sina+sinf+siny < “a a 


which is true according to Nj (Chap. 8). 
Equality occurs if and only if a= b =c = 1/V3. a 


Remark This is the same problem as Problem 92. 


216 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 
/ ab a / be i ca 3 
c+ab at+tbe Vb+ca7~ 2 


(cta)(c+b)=c? +ca+cbh+ab=c? +clat+b)+ab=c +c(1—c)+ab 
=c-+ab. 


Solution We have 
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Analogously we get 
(a+b)(a+c)=a+be and (b+c)(b+a)=b+ca. 


Now the given inequality becomes 


ab be ca 3 
+ +, / <. 
—_— a (b+c)(b+a)~ 2 


According to Case 9 (Chap. 8) it suffices to show that 


eo Oe NB on eV 
s <=, 
mG Teg Ty 5 


where a, B, y € (0,7) anda + 6+ y =7, which is true due to N3 (Chap. 8). i 


217 Let a, b,c > 0 be real numbers such that (a + b)(b +.c)(c + a) = 1. Prove the 
inequality 


Blow 


ab+bc+ca< 
Solution We homogenize as follows 
3 _ 27 2 2 2 
(ab + be + ca) Saer?) (b+c)(c+a). (1) 


Since inequality (1) is homogenous, we may assume that ab + be + ca=1. 
Now, by Case 3 (Chap. 8) we can use the substitutions 


ee pe t 
a=tan—, = tan —, c=tan—, 
2 2 


where a, 8, y € (0,7) anda+B+y=n7. 


Then 
; a B sin 5cos f + cos 5 sin 3 sin at8 cos + 
= tan tan — = = = . 
als 2 s 2 cos * cos 8 cos*cos2 cos“ cos 4 
2 2 ae?) 2 2 
Similarly 
cos 7 cos f 
b +c= B and cta= __ ya? 
cos 5 cos + cos 4 cos $ 
i.e. we obtain 
1 
(a+b)(b+c)(ec+a)= 


a B ue 
COs 5) COs 5} COs 5) 
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Therefore inequality (1) becomes 


1 64. =; a Bp y 33 
= 1.€. COS COs cos 
ar ja 


> 
2 @ age2 B egg2 Y ~ 27 
cos z COS z COS 5) 


which is true due to Ng (Chap. 8). So we are done. 


218 Let a,b,c > 0 be real numbers such that a2 + b* + c? + abc = 4. Prove the 


inequality 


0<ab+bc+ca— abc <2. 


Solution Observe that if a,b,c > 1 then a* + b? +c? +.abe > 4. 
Therefore at least one number from a, b and c must be less than or equal to 
Without loss of generality assume that a < 1. 
Then we have 


ab+bce+ca-—abc> be — abc = bc(1 — a) > 0. 

So we have proved the left inequality. 

Let a = 2x,b=2y,c=2z. 

Then the condition a” + b* + c* + abc = 4 becomes 

ety 4+7+4+2xyz=1 
and the given inequality becomes 
2xy + 2yz+2zx —4xyz <1. 
By (1) and Case 8 (Chap. 8) we can take 
x = cosa, y=cos fp, Z=cosy, 


where a, B, y € [0,7/2] anda+B+y=7z. 
Therefore inequality (2) becomes 


2cosacos 8B + 2cos Bcosy +2cosy cosa —4cosacosfcosy <1, 


1 
cosacos 8 + cos Bcosy + cosy cosa — 2cosacos Bbcosy < 7 


Clearly at least one of the angles a, 6 and y is less than or equal to 7/3. 
Without loss of generality, we may assume a > 7/3 and it follows that cos a 
We have 


cosa cos B + cos B cosy + cosy cosa — 2cosa cos B cos y 


=cosa(cos B + cosy) + cos Bcosy(1 — 2cosq@). 


1. 


(1) 


(2) 


(3) 


1 
S77: 


(4) 
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By Ns (Chap. 8) we have that 
cosa + cos f-+eosy <5, 1.e. cos +eosy <5 — cosa, (5) 
Also 
2cos Bcosy = cos(B — y) + cos(B +y) <1+cos(6+y)=1—cosa. (6) 
By (4), (5) and (6) we obtain 


cosacos 8 + cos B cosy + cos y cosa — 2cosa cos B cos y 


=cosa(cos 6 + cosy) + cos B cos y (1 — 2cosa@) 


3 1—cosa 
< cosa 5 —cosa}+ ——— — —2cosa) =2, 


as required. | 
219 Let a, b,c be positive real numbers. Prove the inequality 
a +b* +c? +2abe+3>(1+a)(1+b)(1+0). 
Solution The given inequality is equivalent to 
e+b?+ce+abe+2>at+b+c+ab+be+ac. 


Recall the Turkevicius inequality: 
For any positive real numbers x, y, z,t we have 


x‘ + y4 + zt + tt + 2xyzt > x?y? + yz + ce + ix” 4s + yer 


If we seta =x*,b=y*,c=2z’,t =1 we deduce 
a+b? +c%4+2Vabe+1>atb+c+ab+be+ac. (1) 
Since AM > GM we get 


2V abe <abc +1. (2) 


From (1) and (2) we obtain 


a+bh+c+abe+2>04+b? +c? +2Wabe+1leatb+ct+abt+bet+ac. 
| 


220 Let a, b,c be real numbers. Prove the inequality 


JP O-WF + JPET + VFO ae x 
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Solution By Minkowski’s inequality we have 


Va? +(1—b)? + Vb? + dc)? + Ve? + (1 —a)? 


9 3/2 
> 
| 


3\2 
2 MaFB ETE Gna bao = (a4 be 3) + ; 
|_| 
221 Let aj,a2,...,dn € R* such that )~"_, a3 =3 and )7"_, a> =5. Prove the 
inequality 


Solution We'll use Hélder’s inequality: 


If aj, a2,...,y;b1, bo, ...,b, € R* and p,q € (0,1),1/p+1/q = 1 then we 
have 


We have 


- 3/5 : A 3/5 
2<(o4"") Ras gs gs <(4"") . (1) 


We’ ll show that 
n n 5/3 
a = $3 «| ‘ 
Let S= 4 qj. 
Since 0 < % < 1 and 3 > 1 we have that (48 < 4 =1 from which we deduce 


EQ)" ste 
a8, < =. 
S dX, S 


i=1 
So 


n 


n 5/3 
i=1 


i=l 


since 2° > 5*, 2 > 5*/> and by (1) we obtain the required inequality. | 
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222 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(a7) + 710 hc") = 8. 
Solution By Hélder’s inequality we have 
(Pb +0 4h +1) +0 +b'27? + l(a t+arc+c7+1) > (1+ab+be+ca)? 
1.e. 
(+@’)(1+b’)?(1 +c")? > 2%, 


as required. | 


223 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 


(a? +ab+ b*)(b? +be+ c*)(c? +ca+a)>1. 
Solution We'll show stronger inequality, i.e. 
(a* + ab +b*)(b* + be +.c*)(c* +. ca +a’) > (ab + be + ca)’. 
By Holder’s inequality we have 
(a* +ab +b?)(b? + be +.c7)(c? +.ca +.a°) 
=(ab+ ae b*) (b> Ase? bc) (a? +cat+ Cc’) > (ab+be+ ca), 


as required. | 


224 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


b 
a cs a c Si 
V74+bh2 +02 V74+C4+a2 V7+a2+b? 


Solution Denote 


a b c 
A= + + 
V7I4bR2402 VI40240 VI4+a2+b2 


and 
Rea th? £0774 67 LC 207) +00 Fe +P). 
By Holder’s inequality we have 


A?B>(atb+c)’. (1) 
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Furthermore 
B=7(a+b+c)+(a+b+c)(ab+bce+ca) —3 


b 3 
<Tatbt+e+ 2 F7F9 3 <@@to4o" (2) 


and by (1) and (2) we obtain 


3 


A , ie ASI, 
as required. a 


225 Let aj, a2,...,d, be positive real numbers such that a; + a2 +--- +a, = 1. 
Prove the inequality 


ay f an Paes Gn. fin 
Vl-a JSl—-a@ J/l—ad, Vn-l 


Solution Let us denote 


a\ a2 an 


= + ++, 
Jl—a, JSl—-a 1 — an 
B=a\(1—a1) +a2(1 — a2) +--+ +a, — an). 


A 


By Holder’s inequality we have 
A°B > (ay tay t+ +a, = 1. (1) 
Applying QM > AM we deduce 


(qtaat--ta,) n= 


B=1-(aj+aj+---+a,) <1 (2) 
n n 
By (1) and (2) we obtain 
n—1 x v) : n 
-A°>A*B>1, te. A> : 
n n—1 
Equality holds iff a; = ‘, for every i=1,2,...,n. |_| 


226 Let a, b,c be positive real numbers. Prove the inequality 


a + b 4, Cc - 
V2b2 +202 — a2 — V/2c2 +2a2—b? = 2a2 + 2b? — 2 


Solution Denote 


a b Cc 
A= + + 
V2b2 +202 —a2 = V2c2 +2a2—b2 = 2a? + 2b? — c? 
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and 


B =a(2b* + 2c? — a”) + b(2c? + 2a? — b*) + c(2a* + 2b? — c*) 
= 2ab(a + b) + 2be(b +c) + 2ca(c +a) — a — BD — c’. 
By Holder’s inequality we have 
A?B>(atb+c)’. (1) 
We’ ll show that 
(at+b+c)>>3B, (2) 


and then by (1) we’ll obtain the required inequality. 
Inequality (2) is equivalent to 


4(a> + b? +. c3) + 6abe > 4(ab(a +b) + bc(b +c) +.ca(e+a)). 3) 
The following inequalities are true: 
3((a3 +b? +c?) + 3abc) > 4(ab(a +b) + bc(b +c) +ca(e+a)) (Schur), 
ae+b3+c3>3abe (AM> GM). 


Adding the last two inequalities we obtain inequality (3). 
Equality occurs iffa=b=c. | 


227 Let a,b,c be positive real numbers such that ab + bc + ca > 3. Prove the 
inequality 
a b Cc 3 
+ + = : 
Jatb Vb+e Veta” V2 


Solution By Hélder’s inequality we have 


b 2/3 
(5 ee tee ) ald by hOiedeeeey Ss aaoee 
a Cc Cc a 


1.e. 


( ee ee ye (@+b+e)" 
Jatb JVb+ce Veta) ~ a+b? +c? +ab+be+ca 


It is enough to show that 


(a+b+c) ae 
az+b2+c2+ab+bce+ca ~ 2’ 
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2atb+c) > 9a* +b? +c* +ab+ be +ca). (1) 


Let p=a+b+candg=ab+bc+ca. 
Using the initial condition we have q > 3, and then inequality (1) is equivalent to 


2p?>9(p?—2q¢+q) or 2p?+9q> 9p’. 
Applying AM > GM we obtain 
2p? + 9g = 2p? +27 = p? + p? +27 > 3 27p® = 9p’, 
as required. a 
228 Leta, b,c > 1 be real numbers such that a+ b+c = 2abc. Prove the inequality 


V(atb+c) > Vab—14+ 7/bce—14 Vea—I. 


Solution By the initial condition we have 


1 1 1 ab—1 bce-1 ca-1 
a+b+c=2abe or —+ —+—=2 S$ + + =1. 
ab be ca ab be ca 


By Holder’s inequality for triples 


ab—1 bec—1 ca-1 
(a,b,c), (b,c, a), ( ; j ) 
ab bc ‘a 


we obtain 


ab-1  be~1 | ca~l Me 
ab be ca 


(a +bto'btera!?( 


>(ab= 1)? be 1)? es iy, 


Since 
Oh PED gt 
ab bc ca 
we get 
V(atb+c)2 > Vab—14 Vbe—14 Vea —1. w 


229 Let tg, ty, te be the lengths of the medians, and a, b, c be the lengths of the sides 
of a given triangle. Prove the inequality 


> 
tatp +tpte + teta < Ps +bc+ca). 
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Solution We can easily show the inequalities 


After adding these we get 
tyttpt+te.<atbte. (1) 
By squaring (1) we deduce 
fe 4? + Qtety + tht +f tet.) He? 4b? be? 42Gb +het+ca). (2) 
On the other hand, we have 


2 2(b? +c?) —a? 2 2(a* +c?) — b? Qe 2(b? +a”) — c? 
a 4 ? b— 4 ? Cc 4 


so 
a ae a ee ee 
ih iS 44 +b +c"). 
Now using the previous result and (2) we get 
1 

hihi hie = goth te’) +(ab+be+ca). (3) 
Also we have a? + b? +c? < 2(ab + bc + ca), since 
a’ +b? +c* —2(ab+be+ca) =a(a—b—c) +b(b—a—c)+c(c—a—b) <0. 
Finally by (3) and the previous inequality we obtain 

) 
tath + tote + tela < ab +bce+ca). | 


230 Let a,b,c and tg, ty, te be the lengths of the sides and lengths of the medians 
of an arbitrary triangle, respectively. Prove the inequality 


3 
ata + btp + cte < Big? +h 4+ Cc’). 


Solution By the Cauchy—Schwarz inequality we have 
@ErP rj sh += Ch basen. (1) 
Also 


3 
gthte=z@ th +c’). (2) 
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From (1) and (2) we get 

3 3 
(ata + bt, +ct-)* < 7 they de. ab bee = . (4b a), 
as required. a 


231 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


Vath —c+s/e+a—b+/Jb+6-684/Giw bt. 


Solution We'll use Ravi’s substitutions, i.e. let.a=x+y,b=y+z,c=zZ+x, 
where x, y,z€ Rt. 
Now the given inequality is equivalent to 


V2x+Jf/2y+V22< Vx tyt+/ytztVz+x. 


By QM > AM we have = > ea, from which we deduce that 


Vx +J/¥ 
J/x+y =~. 
or) 
Analogously we get 
VyvtVvz Vitvx 
Vy+z > ——— __ and z+x > ——. 
: V2 J2 


After adding these three inequalities we obtain 


Jaret yrres vere oe 42 42 
i.e. 
Vx ty t Vy tetVvztx = V2x +./2y + V2z, 
as required. | 


232 Let P be the area of the triangle with side lengths a, b and c, and T be the area 
of the triangle with side lengths a + b,b+ c and c +a. Prove that T > 4P. 
Solution We have 


b 
P?=s(s—a)(s—b)\(s—0), wheres= ae 


16P? =(a+b+c\(a+b—c)(at+c—b)\b+c—a). 


Let s; be the semi-perimeter of the triangle with side lengths a+ b,a+c,b+c. 
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Then 


_at+b+at+c+b+c 


5 =at+b+c=2s. 


S| 


So we get 


T? =51(s, — (a +b))(s1 — (a+c))(s1 — (b+) 
= 25(2s — (a+ b)) (2s — (a+ c))(Qs — (b+ c)) =abc(a+b+c). 


It suffices to show that T? > 16P? ice. 
abc(a+b+c)>(a+b+c)\(at+tb—c)(at+c—b)(b+c-—a). 
We have 
a’ >a? —(b—c)* =(a—b+o0j(atb—c)=(atc—by\(atb—c). 
Analogously 
b?>(at+b—c)(b+c—a) and c*?>(b+c—a)(at+c—b). 
If we multiply the last three inequalities (Can we do this?) we obtain 


ab’?c? > (atb—c)(at+c—by*(b+c—a)’, 


abc > (a+b—c)(a+c—b)(b+c—a), 


as required. 
Equality occurs iff a= b=c. a 


233 Let a,b,c be the lengths of the sides of a triangle, such thata +b+c=3. 
Prove the inequality 


2 


4abe 13 
ee 
3. 33 


a+b tet 


Solution Leta=x+y,b=y+zandc=7z+4+x. 


So we havex + y+z= 3 and since AM > GM we get xyz < (3 = z 
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Now we obtain 


4ab 
Ge ee = 
_ @ +b? +0?)(a+b+c) +4abe 
~ 3 
— AWatyP tts? + +x) IO +y +2) +4 + (yt 2 +4) 
7 3 
4 i Af f3y 0. 8 
a . > — 2 
3(@+y+2 waz 5((5) =) 3 
Equality occurs iffx = y=z,ie.a=b=c=1. a 


234 Let a, b,c be the lengths of the sides of a triangle. Prove that 


> max{a, b,c}. 


a= 
2; 


Solution Without loss of generality we may assume that a > b> c. 
We need to show that 


a, 


joo 
5) ce 


—-a +b? +03 +3abe > 0. 
Since 
-a +b? +03 +3abe = (—a)*? + b? +. c3 — 3(—a)be 
1 2 2 2 
= qatbt+c(a+b) +(a+c)+(b-c)*), 
and since b +c >a we obtain 
-a3+b> +3 + 3abc > 0, 


as required. | 


235 Let a,b,c be the lengths of the sides of a triangle. Prove the inequality 


3 
abc < a’(s —a)+ b*(s —a)+ cs -—a)< Bare: 
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Solution Since 
2(a7(s —a) +b? (s —a) +7 (8s —a)) =@b+ac+b’atbhce+cCatec7b 
=f Eh ae) 
and 
(b+c—a)(c+ta—b)(a+b-—-c) 
=ab+arct+b'atbc+Catcb— (a? + b+ c) — 2abc 
we have 
2(a?(s —a) + b*(s — a) +7(s —a)) = (b+ c—a)(c +a—b)(a+b—c) +2abce. 
Hence 


c EE ED sea 


a’(s —a) + b*(s —a) +c7(s —a) 
> abe. 
Recalling the well-known inequality 
(b+c—a)(c+a—b)(a+b—c) <abce, 


we have 


- (b+c—a)(c+ta—b)(a+b—-c) 
= 2 


a’(s —a) +b*(s —a) + c(s a) + abc 


3 
< ~abe. 
2 
Equality holds if and only if the triangle is equilateral. | 


236 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 7 1 z 1 . ¥a+ vb + Vo) 
Jatvb—Je Vb+Je-Ja Je+Ja—-vb~ Ghee * 


Solution Firstly it is easy to show that if there exists a triangle with lengths sides 
a,b,c then there also exists a triangle with length sides /a, /b, Jc. 
Furthermore 


(Jat Vb+ Vey =a+b+c42(Vab+ Vbe + Jca) < 3(at+b+c) 


1 , vat vb+ ve 
JatVvb+J/e 3(atbt+c) © 


(1) 
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Applying AM > HM we deduce 


3 _vatvbtve 
1 1 1 = : 
Jat/b—Jc - Vb+./ce—Ja + Jet Ja—/b 
Le. 
1 1 1 9 
=F + > . (2) 
Jatvb—Jfe vb+Je-Ja JVet+Ja-Vb” Jat+vbt+ Je 

By (1) and (2) we get the required inequality. a 


237 Let a, b,c be the lengths of the sides of a triangle with area P. Prove that 
at+h+c>4vV3P. 


Solution After setting a=x+y,b=y+z,c=z+-x where x, y,z > 0, the given 
inequality becomes 


(x+y)? + (y 2)? + (@+x)?)? = 48xyz(x + y +2). 
From AM > GM we have 
(a+yP + (y+) + @ +4)? & xy + 4yz+4zx)’ = 16(ry + yz+zx)". (1) 
Since for every p,q,r € R we have (p +g +r)? > 3(pq+qr +rp), by (1) we get 
(ety + tz) + +27" 
> 1l6(xy + yz+ zx)? 
> 16- 3((xy) (yz) + (yz)(@x) + (2x) (xy)) = 48xyz2@ + y +2), 


as required. 
Equality holds iff x = y =z, ie. iffa =b=c. a 


238 (Hadwinger-—Finsler) Let a, b,c be the lengths of the sides of a triangle. Prove 
the inequality 


a+b? +c >4/3P + (a—b)* + (b-c)? + (c—a)’. 
Solution I The given inequality is equivalent to 
2(ab + be + ca) — (a* +b? +.c*) = 4V3P. 


We’ ll use Ravi’s substitutions, 1.e.a =x+y,b=y+z,c=z+x, wherex, y,z>0. 
Then the previous inequality becomes 


xytyzt+zx > J/3xyz(x+y+z), 
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which is true due to 


2 2 2 
XY — WZ)" + (YZ — 2X) + (ZX — X 
ee a en eee ee yo ye) e ) ( y) . 


2 
Clearly equality holds iff x = y= z, ie. iffa=b=c. a 
Solution 2 The given inequality can be rewritten as 
2(ab + be +.ca) > 4V3P +07 +> +c’. (1) 
Using siny =& sink = oe sae — P it follows that 
2P 2P 2P 
ab= — : ac = ——., bc = —. 
siny sin B sina 
From 
b+e2—a2 
— he R 
cota = ihe = abe = +e =a") 
sina aR abc 
we get 
Be Bly 9s. 2 
cota + cot B + coty = —(a°+b*+c‘*), 
abc 
i.e. 


a+b? +c? =4P(cota+ cotB+coty), 


and inequality (1) becomes 


1 1 1 
4P/ — +——+4+- ) S4VEP +4P (cota + cotp + cot), 
sina siny sin 


1 1 1 
( - - cote’) + (5 - cots) + (= cot) = V3 
sina sin B siny 


l1—cosa 1 -—coss POY he 


: : ; = v3. (2) 
sina sin B siny 
But 1 — cosa =2sin” a and sina = 2 sin = cos oo so we have 
1—cosa 2 sin? 7 a 
: =. > = tan 
sina 2 sin 5 COS 5 


Now inequality (2) is equivalent to 


a B 4 
t t t >Vv3, 
an = +tan > +tan> > V3 


which is true, since tanx is convex on (0, 2/2) (Jensen’s inequality). a 
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239 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 1 1 1 
< . 
8abe + (a+b—c)3 + 8abe + (b+c—a)3 a 8abe + (c+a—b)? ~ 3abe 


Solution The given inequality is equivalent to 


1 1 1 1 1 
8abe =8abe+(a+b—c)3 zs 8abe =8abe +: (b+ c—a)3 ni 8abc 
1 
8abc + (c +a — b)3 
3 1 
= i ’ 
~ 8abc  3abe 
ie. 
(a+b—c) (b+c—a) (cta—b) 1 


. a 
8abe+(a+b—c)3 8abe+(b+c—a)> 8abe+(c+a—b)>~ 3 2 


Lemma 21.3 Let a,b,c,x,y,z €R*. Then 


eo bP 8 (at+b+c)3 
eerie ee : 
se ee eae a) 


Proof We'll use the generalized Holder inequality, i.e. 
If (a;), (bi), (ci), i = 1, 2,...,, are positive real numbers and p,q,r are such 
that p+q+r=1, then 


n Pp n q n r n 
(Sr0) -(35%) -(Soa) = doapors. 
i=l i=l i=l i=l 
Forn =3, p=q=r=1/3 and 
aj =a2 =a3 = 1; bj =x, bo=y, b3 = Z; 
3 b3 o 
3 c2=—, a= 
x y Z 


we get 


P Ce bP 
FU+14+)@ty+o(S+—4+— 
pan nee 


| 3 b3 3 
> feta dhy Bahia’, 
x y ¥ 
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1.e. 


eo b @& 3 ae b (atb+ c)3 
IG+y9 42) += += JS e@rbety & pat SS 
x yp Z xX yz” 3x+y+z) 


According to (1) and Lemma 21.3, we have 
(a+b—c) (b+c—a)> (c+a—b) 
8abe+(at+b—c)? 8abe+(b+c—a)? 8abe+(ce+a—b)3 


" (a+b—c+b+c—a+c+a—by3 7 
~ 3(24abe + (a+ b—c)3+(b+c—a)?4+(c+a—b)3) 3° 


240 In the triangle ABC, AC’ is the arithmetic mean of BC and AB’. Prove that 


cot? B>cota-coty. 


Solution Let BC =a, AC = b, AB =c. Then we have 2b* = a? + c?. By the law 
of sines and cosines we have 


2 2 2 
cospB SH @?4+c2—b)R 


cot B = _ 2ac 
. b : | 
sin B id abc 
(b? +c? —a?)R (b? +a*—c?)R 
cota = —————————_ and__ coty = —————_—__—_. 
abc abc 


So we need to prove that 


(b> +c?-—a2)R (b*+a%—c?)R Z (a2 +c? — b*)? R? 
abc abc — (abc) : 


(e+e —a)- (Pe 4+a2—) < (24+ —b?y. 
Applying AM > GM we have 


2 
Pred) WP +a?—e) = (PPT HP tee) 


Z 


(+c? —a")- +a? — 0°) < WY = Ob by =@ +c —b*Y’, 


as required. 
Equality occurs iffa=b=c. a 


241 Let d;,d2 and d3 be the distances from an arbitrary point to the sides 
BC, CA, AB, respectively, of the triangle ABC. Prove the inequality 
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9 Pp? 
4d +d |S 5 
a! i 3 + dz) > R 

Solution We have P = nF ie. 


1 
p?= qtaai + bdy + cd3)’. (1) 


By the Cauchy—Schwarz inequality we have 
(ad, + bdz + cd3)* < (a* + b* +c”) (d? + dj + d3). (2) 
Also 
a? +b’ +c? <9R’, (3) 


Finally by (1), (2) and (3) we obtain the required inequality. 
Equality holds iff the triangle is equilateral and the given point is the center of 
the triangle. | 


242 Let a,b,c be the side lengths, and hg, hp, he be the lengths of the altitudes 
(respectively) of a given triangle. Prove the inequality 


ha thp + he 23 
at+b+ce 7 20 


Solution We have 
4 3abc 
(a+b+c) = 3(ab+be+ca)= “ap Wha the + he) = OR: (ha + hy + he). (1) 


Recall the well-known inequality a” + b* + c? < 9R?. 
Then we have 


(atb+c) <3(a7+b* +c?) <27R’, ie. atb+c<3V3R. (2) 


Now by (1) and (2) we get 


(atb+c) . hathythe . V3 

+ btey =6-— _——" -(igthg the), ie a 

(a cy = 373 (ha t+hp+he), Le Fie 
Equality occurs iffa=b=c. | 


243 Let O be an arbitrary point in the interior of AABC. Let x, y and z be the dis- 
tances from O to the sides BC, CA, AB, respectively, and let R be the circumradius 
of the triangle AA BC. Prove the inequality 


vat f+ visa 
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Solution Let BC =a,CA=b,AB=c. 
By the Cauchy—Schwarz inequality we have 


(Ji+ Vi+ VBP sar thy bea(2+ 5 +2). 


Since ax + by +cz=2P and P= abe we have 


4R 
ab+bce+ca ab+bc+ca 
(Ja + fy +J/z" <2P- = ; (1) 
abc 2R 
Also we have 
ab+be+ca <a* +b? +c? <9R’. (2) 

By (1) and (2) it follows that 

(Vx + J¥ + JZ)" < aR ie. Vat Jy t+ Jz 53 > 
Equality holds iff the triangle is equilateral. a 


244 Let D, E and F be the feet of the altitudes of the triangle ABC dropped from 
the vertices A, B and C, respectively. Prove the inequality 


EF\’ 4 FD\? in DE\? ,3 
a b Cc 74 
Solution Clearly EF = acosa, FD = bcos B, DE = ccos y, and the given in- 
equality becomes 


lw 


cos” a + cos” B+ cos” y> 


which is true according to Nj; (Chap. 8). a 


245 Let a,b,c be the side-lengths and ha, hp, he be the lengths of the respective 
altitudes, and s be the semi-perimeter of a given triangle. Prove the inequality 


hg hp he S 
< ‘ 
a a b i c  2r 
Solution From ./(s — b)(s — c) < sab psme = 5 (equality holds iff b = c), we have 


1 i 
a3 (s—b)(s —c) 


Hence 
ha 2P P 


aa Jenne 
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Analogously we get 


hp P he P 
< and < : 
b 2(s — c)(s — a) Cc 2(s — a)(s — b) 
Hence 
ha zs hp a he - P 1 n 1 fi 1 ) 
a b c” 2\(s—b)\(s-c) (S-c)(—-a) (s—a)(s—b) 


S sP s?P s2 s2 Ss 
~ 2(s—a)(s—b)(s—c) 2P2 2P  2sr 2r° 


Equality occurs iff the triangle is equilateral. a 


246 Let a, b,c be the side lengths, and hz, hy, he be the altitudes, respectively, of a 
triangle. Prove the inequality 
a’ : b? a ce x 
Ath? h2+h2 W2+h2 ~ 


Solution We have 
a 4 b? 4 c as a2b?c? 4: a*b?c? 4 a*b?c? 
ne+h2  he+h2 24h? 4P2(b2 +02) 4P2(a2+c?)  4P?(a? +d?) 


Leer a gil: ipo 4! 

~ 4P2 \be+e a+ ath) 
Also 

a’b°c? = 16P? R* 
and 


1 1 1 9 
2 zt 2 z+ 2 z= 2 2 2 
be +c a-+c a*+b 2(a- + b+ +7) 


(since AM > HM). 


Therefore 
a’ z b? rm c? . 16P? R? 9 18? 
Ap+h2 he+h2 n24n2~ 4P2 2a?+b2 +02) a+ R407” 


where the last inequality is true since a? + b* +c? < 9R?. 
Equality holds iff the triangle is equilateral. | 


247 Leta, b,c be the side lengths, hg, hp, he be the altitudes, respectively and r be 
the inradius of a triangle. Prove the inequality 


1 se 1 % 1 ue 
ha—2r hp—2r he -2r 7 
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Solution By i + lp + i a : we obtain 
a c 


Bae 28 ier Nee Oe 


=1. 
ha hp he 
Applying AM > HM we get 
Barrel, WOeseh 2a 2 ha die hp 6 he Ep: 
ha hp he hg—2r hy-—2r he—2r 
1.€. 
Oe igo nn eS 
hg—2r hy-—2r he-2r 
Therefore 
2r Si 2r ie 2r 
hg—2r hp-—2r he-—2r 
— ha —Cha—2r) | hp—Cap—2r) | he — (he — 2r) 
She OF hp — 2r h. —2r 
Ng hp he 
= + + 3>9-3=6, 
hg—2r hy-—2r he-2r = 
1.e. 
1 F 1 i. 1 & 3 
hg—2r hp—2r he -2r 7 |_| 


248 Let a,b,c; ly,1,l, be the lengths of the sides and the bisectors of the respec- 
tive angles. Let s be the semi-perimeter and r denote the inradius of a given triangle. 
Prove the inequality 


Solution The following identities hold: 


2 2Jca ~~ GE aay 
= vO eH, Ig= i s(s—b) and l, = a s(s—c). 
Cc cta a 


From the obvious inequality aa < | and the previous identities we obtain that 


ly </s(s —a), Ig<Vs(s—b) and 1, <V/s(s—c). (1) 
Also 


ha<la,  hy<lp and he <ly. (2) 
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So we have 
2472472 
le , lp dy _Iaha  dghp Lhe @atyrh 
a ed ee < 
a b Cc 2P 2P 2P 2P 
@ s(s —a)+5s(s —b)+5(s —c) 
- 2P 
_ 3s? —s(atb+c) 7 352 — 2s? _ s? _ Ss 
- 2rs "Ors Ors rr’ 
Equality occurs iff the triangle is equilateral. | 


249 Let a,b,c; lv,lg,1, be the lengths of the sides and of the bisectors of respec- 
tive angles. Let R and r be the circumradius and inradius, respectively, of a given 
triangle. Prove the inequality 


1877/3 < aly + big + cl, <9R?. 


Solution We have 
a? > a* —(b—c)* =(atb—-—c\(at+c—b) =4(s —c)(s —b). 
Hence 
a> 2V/(s —c)(s —b), 


with equality if and only if b=c. 
Since ly = 2./bc veo and by the previous inequality we get 


Vb 4J/b 
css a)(s —c)(s —b) = ep. 
c b+c 
Analogously we obtain 
4./ac 4,/ab 
bly > ~P and cl, > ———P. 
a+b 
Therefore 
4Vbce  4/ac  4Vab 
la + bl lL, >4P j 1 
aly + blg + cly = (e+e SS) (1) 
By AM > GM we have 
4/be 4: 4fac  4Vab > 33 abc (2) 
b+c atc a+b (a+b)(b+c)(c+a) 


Also we have 


4s = (a+b) +(b+0)+(c+a)>3V(atbb+o(c+a). 
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Hence 


i; — 3) 
(a+b)(b+c)(c+a)~ 4s 
By (1), (2) and (3) we obtain 


9P 9 
aly + bly + cly > —Jabe = —/4PR = 9r V/AsrR. (4) 
S S 


According to Exercise 13.2 (Chap. 3) we have that s > 3r./3, and clearly R > 2r. 
Now by (4) we get 


alg + blg + cl, = or/4srR > ory 2473/3 = 18r?V/3. 


Equality occurs iffa =b=c. 
We need to show the right-hand side inequality. 
We have 


Gane ee 


2 2 


Note that we have a strict inequality since s As — a. 
Now we have 


Js(s — b b 
le =2V be S— «Vic x a le. dly <a ~. 
c 


Analogously we obtain 


b 
blp <b did ee 


So 
aly + blg + cl, <ab+be+ca. (5) 


If we consider the well-known inequalities 
ab+be+ca<a’ +b? +c? and CaP Se SOR. 
from (5) we obtain the required inequality. | 


250 Let a,b,c be the lengths of the sides of triangle, with circumradius r = 1/2. 
Prove the inequality 


4 4 4 
b 
ewe Ghee = ee, 
b+c-a at+c-—b a+b-c 


380 21 Solutions 


Solution Let s be the semi-perimeter of the given triangle. The given inequality 
becomes 


4 


a b* ct 
an cou I6a0)  Je=e) 2 V3. 


By the Cauchy—Schwarz inequality we obtain 


A: (2(s — a) +2(s —b) + 2(s —0)) = @? +B? +77" 


& -A>(a2+b* 4c’), 


i.e. 
24 p24 22 
se + b* +c“) (1) 
at+b+c 
Applying QM > AM we deduce 
2 
ill at+b+c . te, Sip eC 
3 3 3 
Then by (1) we get 
24 p24 -2)2 4 3 
b b b 
ax @ +b° +c") , at +c)" (@+ +e) (2) 


atb+c ~9%a+tb+c) 9 


Let’s introduce Ravi’s substitutions, i.e. let us takea=x+y,b=y+z,c=z4+x. 


Then clearly s = athte =x+yt+z. 


By Heron’s formula we obtain 


P? =s(s —a)(s — b)(s —c) =xyz(x + y +2). (3) 
Also 
pragta_ Gtyty" (4) 
By (3) and (4) we get 
xty+z=A4xyz. (5) 


Since AM > GM and using (5) we obtain 


(ee) xtyt+z 
ie oar 


3/3 
se a ae a 
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Thus 
at+b+c=2%x+y+z) >3Vv3. (6) 
Finally according to (2) and (6) it follows that 


3 3 
ieee mec So 


Equality occurs if and only if the triangle is equilateral with side equal to /3. 


251 Let a,b,c be the side-lengths of a triangle. Prove the inequality 


a b Cc 


> 1. 
hee hehe See 


Solution We have 
4a fe 4b 4 4c 
3a—b+c 3b-—c+a 3c-—a+b 
at+tb—-c b+c-a ct+ta-—b 
3a—b+e 3b-—c+ta 3c-—at+b 


45: 


So it remains to show that 


atb—-c b+c-a Grae? 4 
3a—b+c 3b-—c+ta 3c-a+b~ 


By the Cauchy—Schwarz inequality (Corollary 4.3) we have 


ret 4g Oe! eS 
3a—b+c 3b-—c+ta 3c-a+b 


7 (a+b—c) (b+c-—a)* 
~ Ga-b+c\atb—c) (G3b-—ct+a)(b+c—a) 
(cta—b) 
(3c -—a+b)(c+a-—b) 
e (atb+c)* 
~ BGa-—b+c)\(a+tb—c)+ Bb—ct+a\(b+c—a)+ Bc-—at+b)(c+a—b) 
= 1, 
as required. 
Equality holds iffa=b=c=1. | 


252 Let ha, hp and h; be the lengths of the altitudes, and R and r be the circumra- 
dius and inradius, respectively, of a given triangle. Prove the inequality 


ha thpthe <2R+5r. 
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Solution 
Lemma 21.4 Jn an arbitrary triangle we have 
ab+be+ca=r?+s?+4rR and a+b? +c? =2(s? —4Rr — 1’). 


Proof We have 


2 2 e 
re+s°+4rR=—>4+5°+ — + 
s? Pos s 


__ s? —as? — bs? — cs? + abs + bes + cas — abe + s3 + abe 
Ss 


= 25*—s(a+b+c)+ab+be+ca 


‘ be P - —b)(s — b 
2, abc (s —a)(s \(s —c) ne abc 
Ss 


= 25* — 257 +ab+ bce+ca=ab+be+ca. 


Hence 
ab+bce+ca=r*+s*+4rR. (1) 
Now by (1) we have 


ebro") 


1 
ab-+be+ cam rts? arR= 5(2? +8rR+ 5 


_!l igus ee rea. 

2 2 

from which it follows that 
2 2442 
b 
ab-+be+ca=2r? +8rR+ (2) 

Now (1) and (2) yields 

a? +b* +c? =2(s* —4Rr — 1”). (3) 


Without proof we will give the following lemma (the proof can be found in [6]). 


Lemma 21.5 Jn an arbitrary triangle we have 


s* <4R? 4 4Rr 4 3r’. (4) 
Lemma 21.6 Jn an arbitrary triangle we have a? + b* +c? < 8R? + 4r?. 


Proof From (3) and (4) we have 
a? +b? + c* = 2(5? —4Rr — 1”) < 2(4R? +.4Rr + 3r? —4Rr — 1?) = 8R? +47’. 
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Hence 


a’ +b? +c? < 8R* +47’. (5) 


Now let us consider our problem. 


We have 
2P 2P 2P b+b 
2R(ha + hy + he) = 2"( aA: ) app te 

a b c abc 

=ab+bc+ca 
24 p24 2 
b 

Poy? 4 BrR+ —__ 
2 2 2 
<2r°+8rR+4R* + 2r 


& Rha thp+he) <2R? +4Rr + 2r? <2R? +4Rr + Rr < RQR+5r). 
Hence 


ha thy the <2R4+5r. 
Equality occurs iffa=b=c. | 


253 Leta, b,c be the side-lengths, and a, 6 and y be the angles of a given triangle, 
respectively. Prove the inequality 


1 1 1 1 1 1 a bec 
a + +b + +c + >2 a er ‘ 
By y a a £ a Bp y 
Solution If a > b then a > B and analogously if a < b then we have a < B. 
So we have (a — b)(a — B) > 0, i.e. we have 


aa + bB > ap + ba 


Le. 
a b_a_b 
—+-—>-4-. 1 
Btanta'B (1) 
Analogously we have 
c a ec 
ae er (2) 
aa y 
and 
Pa eae (3) 
Boy By 


Adding (1), (2) and (3) we obtain the required inequality. 
Equality occurs iff a = b =c, i.e. if the triangle is equilateral. a 
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254 Let a,b,c be the lengths of the sides of a given triangle, and a, 8, y be the 
ecials si . radians). Prove the inequalities 


1 
° i GG if 7 a res a+tb—c 6s — atb+c 
2 ot Z + 7 => 7, where s = SS. 
o b+c—a c+ta—b a+b—c 9 
3 aa - bp as cy ogg 


Solution 1° Since AM > HM we have 


Rofl tlics, oe 29 
a B y atpty 


2° Letx =b+c-—a,y=c+a-—bandz=a+b-c. 

Without loss the generality we may assume that a < b < c. Then clearly 
a<Bsy. 

Also x > y>zand 4+ 2g eat 

Chebishev’s inequality gives us 


i 4 
w+y+o bat )<3(S +242) 
a y a 


B B oy 
Le. 
(: $2 a <)> ity ta(s +542) 
B 3 Bo+y 
1 %@+y+2 _ 65 
=3 a+Bt+y a 
3° Let x= Be y — OP and z= Ste 


Without loss the generality we may assume a <b<c.Thena<fB<y. 
Tce A 

Alsox > y>zand >> %2 5: 

Chebishev’s inequality gives us 


(E+3+2)2 504 +a(5+5+2) 
>-(x+yt+H(—-+-4+- 
GB TY 3 a p  ¥ 
“(#e=* cta-—b =) 9 
> a : 


a b Cc 4 


3 9 
3) = (2+24+2-3)=-. 
aa 1. 


| 
we 
aa. 
=| 2 

Ee 

ae 

2h 

Sh 

he 


255 Let X be an arbitrary interior point of a given regular n-gon with side-length a. 
Let hj, h2,..., hy, be the distances from X to the sides of the n-gon. Prove that 
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Solution Let S be the area of the given n-gon, and let r be the inradius of its in- 
scribed circle. 

Then S = 7. 

On the other hand, we have 


1 
S==athi +hoa+---+hy). 


2 
Applying AM > HM we have 
n hythgt+++-+h, 28 
fa T= =n 
RtmtotE n na 
Le. 
! + : feet ase (1) 
hy hy hyn 


The perimeter of the n-gon is larger than the perimeter of its inscribed circle, so we 
have 


. n 2 
na>2mr, ie. ->—. 
r a 
Now by (1) we obtain 
1 1 ae 1 0 Qn 
hy ho hyn 1 a a 


256 Prove that among the lengths of the sides of an arbitrary n-gon (n > 3), there 
always exist two of them (let’s denote them by b and c), such that 1 < B <2. 


Solution Let a\,a2,..., dn be the lengths of the sides of the given n-gon. 

Without loss of generality we may assume that aj > a2 >--- > dy. 

Suppose that such a side does not exist, i.e. let us suppose that for any two sides 
b and c we have B >2 (b>), i.e. let us suppose that for every i € {1,2,...,n—1} 


we have “+ > 2. 
qQi41 — 


So it follows that 


ao 
a —, < erat < : 
a 4 2 = 71 


If we add these inequalities we obtain 


1 1 1 1 


which is impossible (why?). | 
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257 Let a), a2, a3, a4 be the lengths of the sides, and s be the semi-perimeter of an 
arbitrary quadrilateral. Prove that 


i 1 
es 
a ae i<izjca VS — i) — Gj) 


Solution From AM > GM we have 


2 1 2 1 
ee 20S 
ae (s—aj)(s—aj) 9 ieee (s — aj) + (s —a;) 
_4 1 (1) 
? iepepea a 


Let aj =a, a2 =b,a3=c,a4=d. 
We’ ll show that 


2 1 2 1 2 1 i 1 4 1 a, 1 
9\a+b atc atd b+c b+d c+d 
1 1 1 1 
= + + + . 
3a+b+c+d at+3b+c+d at+b+3c+d atb+c+3d 


From AM > HM we deduce 


1 1 1 
(ptt) tot atotatay2s 


1 1 1 1 1 
+ + ee ; 
(5 atc —) 3a+b+c+d 


Similarly we obtain 


1 1 1 1 1 
+ a = , 
s(sa5 b+e va) a+3b+c+d 


1 1 1 1 1 
+ + = ; 
9\a+c b+ce ct+d a+b+3c+d 


1 1 1 1 1 
+ aa = . 
3(3 b+d =a) a+b+c+3d 
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Adding these inequalities we get 


2 1 1 1 1 1 1 
9\a+b ate at+t+d b+c b+d c+d 
1 1 1 1 
= + + + 
3a+b+c+d at+3b+c+d at+b+3c+d atb+c+3d 


il 1 i 1 1 n 1 
“Asta stb ste std)’ 


4 

4 1 1 

= > ; 2 
9 ti ao eres a 


From (1) and (2) we obtain the given inequality. 
Equality holds iffa=b=c=d. a 


258 Letn EN, and qa, f, y be the angles of a given triangle. Prove the inequality 


cot” 5 + cot” 3 + cot” a za 


Solution We use the identity 


i eek pee! tet = ee -cot. 
2 2 2 2 2 2 


Since $ 55 ae Z€ (0, 2/2) it follows that cot $, cot . cot 5 > 0. 


Applying AM > GM we have 


tS +cat + cot Z > 3Jeor cot - cot 


2 2 2 
or 

cot — peo. ee > aloo! eet See 

2 2: 2 2 2 2 
1.e. 
B 3/2. 
cot —- cot — - cot % >3 (1) 
2, 2 27 


Furthermore, using the power mean inequality we get 


n/3 
cot! tet ces ag Shi ster” ca ‘ 
2 2 2 es 8a 
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Now from the previous inequality and (1) we obtain 


cot” 5 + cot” E + cot” 5 > 33, 


Equality occurs iffa = B= y =7/3. a 
259 Let a, B, y be the angles of an arbitrary acute triangle. Prove that 
2(sina + sin6B + siny) > 3(cosa+cos 6+ cosy). 


Solution Clearly a+ B > 5. 
Since sinx is an increasing function on [0, 2/2] we have 


sina > sin( 3 — p) = cos fp. (1) 

Analogously 
F ae es 

sin B > sin( 3 _ «) = cosa. (2) 

Now (1) and (2) give us 
l1—cosB >1-—sina and 1—cosa>1-—sinf. 
If we multiply these inequalities we get 
(1 —cos 6)(1 — cosa) > (1 — sina)(1 — sin 8) 


or 
1 —cos 8B —cosa+cosacosf > 1 — sinf — sina + sina sin B 


or 


sina + sinf > cosa + cos f — cosacos f + sina sin B 


=cosa+cos B — cos(a + 6) = cosa +cos 6+ cosy. 
Analogously we obtain 
sinf+siny >cosa+cosS+cosy and siny+sina >cosa+cos6+cosy. 
After adding these inequalities we get 
2(sina + sinB +siny) > 3(cosa+cos6+cosy), 


as required. | 
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260 Let a, f, y be the angles of a triangle. Prove the inequality 
sina + sin6 + siny > sin2a + sin26 + sin2y. 


Solution Applying the sine law we obtain 


Mackiane ia a+b+c P 
sin sin siny = ————__ = —. 
= POR ER 
Also 
sin2a + sin26 + sin2y = 2(sina cosa + sinf cos 6B + siny cosy) 
1 
= poe +bcosB+ccosy). 
Since 
2P 
acosa+bcosB+ccosy = R 
we have 
; 2P 
sin2a + sin26 + sin2y = RE 
Therefore 
sna+sinB+siny —R ae 
sin2a+sin2B+sin2y 2r- — 
Equality holds if and only if the triangle is equilateral. | 


261 Let a, B, y be the angles of a triangle. Prove the inequality 
cosa + J/2(cos B +cosy) <2. 


Solution Since a+ B + y =7, we have 


Bry  B-y 
Cos 
2 2 
B-y 
2 


cosa@ + J/2(cos B + cosy) =cosa + 2/2cos 


=cosa + 2V2sin 5 cos 


a a 
< 2V 2 si =2-2| si 
<cosa + v2sin 5 (sin$ 5 


Equality holds if and only ifaw =7/2,B=y. a 
262 Let a, 6, y be the angles of a triangle and let ¢ be a real number. Prove the 
inequality 


12 
cosa+t(cosB+cosy) <1+ % 
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Solution For any three real numbers £, y, t, the following inequality holds: 


(cos B + cosy — oe + (sin B — sin yy" > 0, 


i.e. 
12 
—cos(B + y)+t(cosB+cosy) <1+ 5" 
Since a + 8 + y =z we have 
12 
cosa +ft(cosB+cosy) <1+ 5" 
Equality occurs iff 0 <t <2,cosa = 1— as cos B = cosy. | 


263 Let 0 <a, B, y < 90° such that sina + sin 6B + siny = 1. Prove the inequality 
2 2 2 3 
tan“ a + tan* 6 + tan’ y > 3" 
Solution We have 


>) sin? x 1 — cos? x 1 


cos? x cos? x cos? x 


The given inequality becomes 


1 4 1 4 1 2 3 432 27 
cos?a@ cos?B cos*y 8 a. 
Applying AM > HM we get 
3 2 cos* a + cos” B + cos? y -1 sin? a + sin? B + sin’ y 
1 i il Fy i, 3 a 3 ? 


cos?a@ ° cos2B ° coszy 


(1) 


and since sinx > 0 for x € [0, 7] we have 


—— = sna+sinB+siny — 1 
3 = 3 3° 


1 
sin? @ + sin? B + sin’ y > ee 


So in (1) we obtain 


3 = sin’ + sin? B +sin?y _ 1 8 
ea seer a ee a 3 = 979° 


cos?a@ ' cos2B ' cosy 
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1 1 1 27 
> 


cos?a@  cos*B cos?y ~ 8 


’ 


as required. | 
264 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 
(ltata*)(1+b+b*)(1+c+c’) = 9ab + be + ca). 


Solution Let us denote x =a+b+c=3, y=ab+bce+ca,z=abce. 
Now the given inequality can be rewritten as 


2? —2z—2xz+z(xty)+x74+x4+y*—y+3xy+1 > 9y, 


(2-1 -(-Ia-y)+(-y)? 20, 


which is obviously true. Equality holds iffa=b=c=1. a 
265 Let a,b,c > 0 such that a+b+c= 1. Prove the inequality 
6 ER eye 1S 5? +b +e"). 


Solution Letta+b+c=p=l1,ab+bc+ca=q,abc=r. 
By J; and Iz (Chap. 14) we have 


a? +b? 43 = p(p* —3q) +3r=1-3q +3r 
and 
a+b? +c = p*—2q =1-2¢. 


Now the given inequality becomes 


18r + 1—2g —6q +1>0, 


9r+1>4q 
which is true due to N; (Chap. 14). a 


266 Let x, y,z¢R such that x + y+z=1. Prove the inequality 


(l—-2x?? +(1-27? +1 —2*)? <1 + x) + y)1 +2). 
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Solution Let p=x+y+z=l,q=xy+yz+7x,r=xyz. 
The given inequality is equivalent to 


3-207 +y? +e) tx4+y* 424 <(1+x)1t+y)04+2). 
By [,, I4 and Ig (Chap. 14) we have 
ey +e = pp? = 2g = 1= 24, 


x4 + y4 +24 = (p* — 24) — 2(q? — 2pr) = (1 — 2q)* — 2(q? — 2r), 
d+xy0+yd+z2=l+p+qtr=24+ qr. 


So we need to show that 


890 =29) 6 0 29)" 9G"? =O 2 ge 


324-494-149 449" — 29° +4r <24+¢47r 
> 2q*-—q+3r <0. 


By AN, and N3 (Chap. 14) we have 


1 
3qsp=1, ie qq, (1) 
and 
pq>9r, ie. q>9r, ie r< . (2) 
By (2) we have 
2 2 q _ 1 
2q° —q +3r <2q | 1-3 <0. 
The last inequality is true due to (1) and the fact that g > 0, so we are done. a 


267 Let x, y, z be non-negative real numbers such that x* + y? + z? = 1. Prove the 
inequality 


(1—xy)(1— y2)(1 m)> 


Solution Let p=x+y+z,q=xy+yz+zx,r=xyz. Clearly p,qg,r => 0. 
Then x? + y? + z* = p” — 2g, and the constraint becomes 


go Ig = Kl, (1) 
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We can easily show that 


(1 —xy)(1 — yz). — zx) =1-—¢+pr-—r’. 
Now the given inequality becomes 


25 5 


_ = 
re aD 
By N,: p> — 4pq + 9r = 0 and (1), we have 


p(p? — 4q) + 9r = 0 

= pUi-—2q)+9r>=0 

<= 9Or> p(2q —-1). 
By Nq4: p? > 3q and p? — 2q = 1 we obtain 

2q+1>3q, ie g<l. 


From (4) and N3: pg — 9r > 0 we obtain 


8 
p>=pq>=9r << Y9p-9r>8p & P—l2 oP, 


from which we deduce 


@ 8 piaq-1) | 8 p*(2q — 1) a) 824 + DQq —- 1) 


8 
> 
r(p—r)2 opr2 oP 9 81 81 


Now we have 


l—qt+pr-r°=1—qg+r(p—r)21 


ve 82g + 29 — 1) 


81 
By (2) and (6), we have that it suffices to show that 


8(2¢4+1)2@q-1)_ 8 
> 
aa 81 = 97" 


which is equivalent to 
(1 — q) (49 — 32q) = 0, 
which clearly holds, due to (4). 


268 Let a,b,c € R®™ such that at + a + st = 2. Prove the inequalities: 


1 
8b2+1 


1 
4ab i? abe i? dene 


° 1 
| 8a2+1 - 
2° 


393 


(2) 


(3) 


(4) 
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Solution Let p=a+b+c,q=ab+bc+ca,r=abce. 
1 


1 1 
From aitmitai= 2 we deduce 

+)O+)+64+D)e4+)D4+C+)D@+)D=24@4+)6+1)C+). Cd) 
According to Jy and [9 (Chap. 14), (1) is equivalent to 


34+2p+q=204+pt+qt+nr) 


q+2r=1. (2) 


1° We easily get that 
(8a? + 1)(8b* + 1) + (8b? + 1)(8c? + 1) + (8c? + 1)(8a? + 1) 
= 64(q? — 2pr) + 16(p? — 24) +3 
and 
(8a? + 1)(8b? + 1)(8c* + 1) = 512r? + 64(q? — 2pr) + 8(p? — 2q) +1. 

So inequality 1° becomes 

64(q* — 2pr) + 16(p* — 2q) +3 => 512r? + 64(g? — 2pr) + 8(p* — 2q) +1, 
Le. 

8p" — 29) + 2=512r-. (3) 


Using that g? > 27r? and q = 1 — 2r we get 
(l—2ry>27r? « = 8r? 4+ 157? +6r-—1<0 
& (8r—1)(r?+2r4 1) <0, 
from where we deduce that 
(4) 


Since AM > HM we have 


1 I ! 
(a+n+o+n+e+p( + 7+ )29 


or 


2(at+b+ct+3)>9, 
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NI] w& 


p=a+b+ce 
From N : p* > 3q (Chap. 14) it follows that 
2 
P 
= Sy, 
3 74 


By (5) and (6) we have 


3 3 34 


2 
8 89 
B(p? — 24) +22 8(p?—-22) 42= Sp? +22 55 +2=8, 


From (3) and (7) we have that it suffices to show that 
8 >512r? 


or 

1 

8 ’ 

which is true according to (4). And we are done. 
2° We have 


rs 
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(5) 


(6) 


(7) 


(4ab + 1)(4be + 1) + (4bc + 1)(4ca + 1) + (4ca + 1)(4ab + 1) = 64pr + 8g +3 


and 
(4ab + 1)(4be + 1)(4ca + 1) = 64r? + 16pr + 4q +1. 
We need to show that 
3 
64pr+8q+3> ser + lopr+4q +1) 
or 


32pr + 16g + 6 > 192r? + 48 pr + 12g +3, 


192r? + 16pr —4q —3 <0. 


By N7: q* > 3pr (Chap. 14), it follows that pr < a 
Now since g = | — 2r we get 


2 
192r? + 16pr —4q —3 < 19272 + 16 —~4q-3 


(1 —2r)? 


= 192r? + 16 5 A(1 —2r) —3 


(8) 
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= 2 (128%? —8r-1) 


— 128 : ! 9 
=3/128(—4)(++ jo): : 


From (9) and r < 7 it follows that 192r? + l6pr — 4g — 3 <0, which means that 
inequality (8), i.e. inequality 2°, holds. a 
269 Leta, b,c > 0 be real numbers such that ab+ bc+ ca = 1. Prove the inequality 


1 1 1 1 2 
atb b+tce cta atb+c7™ 


Solution Let p=a+b+c,q=ab+bce+ca=1,r=abce. 
The given inequality is equivalent to 


(a+b)\b+c)+(b+c)(c+a)+(c+alat+b) 1 = (1) 
(a+ b)(b+c)(c+a) a+tb+c 


By Is, Ig (Chap. 14) and (1) we have that it is enough to prove that 


which is equivalent as follows 
p+ p—ptr>2p*—2pr 
o p> —2p*+2pr+r>0 
& p—2p*+r2pt+1)=0. (2) 
Let 
f(p) =p? — 2p? +rQp +1). (3) 


From N4: p* > 3q = 3 (Chap. 14) it follows that p > /3. 
If p > 2 then clearly f(p) > 0. 
Let V3 < p <2. 
By N1: p> — 4pq + 9r > 0 we have 


p?>—4p+9r>=0, ie. (4) 
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By (3) and (4) we obtain 


3 2 3 2 4p-p° 
Dap ate repr Dep = ap lg ep) 
= —2p(p—2)(p—1)°>0 
The last inequality holds, since p < 2. So we have proved (2), and we are done. Ml 


270 Let a, b,c > 0 be real numbers. Prove the inequality 


ab+4bce+ca be+4ca+ab ca+4ab+bc 


> 6. 
a2 +be b2 +ca c2 +ab ~ 


Solution Let p=a+b+c,q=ab+bc+ca,r=abe. 

Since the given inequality is homogenous we may assume that p = 1. 

After elementary algebraic operations we can easily rewrite the given inequality 
in the form 


Tpq — 12r? > 4q3 —q’. (1) 


By N,: p>? —4pq + 9r = 0 (Chap. 14) we have 9r > 4g — 1 and clearly 0 <q < ;- 
So 


9rq?>q?(4q-1) © >@(4q—-1) & 3rq>q2(4q—1). (2) 


cai 
3 
From N3 : pg — 9r => 0 (Chap. 14) it follows that g > 9r, i.e. we have 
Arg > 36r7 > 12r?. (3) 
By (2) and (3) we obtain 
7Tpq — 12r? = 3rgq +4rq — 12r? > 3rq > q’(4q —1), 


i.e. inequality (1) holds, as required. a 


271 Let a, b,c be positive real numbers such that a + b+c-+1= 4abc. Prove the 
inequality 


1 1 1 3 
+ + < : 
at+b+c bs+eta ctt+atb” at+bt+c 


Solution By the Cauchy-Schwarz inequality we have 


1 _ 14+ b+ . 1440 
att+b+e (at+b4+o0(1 +3403) ~ (a2 +b2 +02)? 
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Similarly we get 


1 1434053 1 1+a3+b3 
q SmI? and | = 72aftan ae’ 
b*+ce+a” (a-+b*+c~) ct+at+b~ (a°+b*+c-) 


After adding the last three inequalities we obtain 


Loy bs 1 _3t2@ +h +0) 
att+b+c bt+et+a cAtatb7 § (a24+b%4+c?)2 ’ 
so it suffices to prove that 
342% +b> +e) _ 3 
(a2 +b2+c?2)* ~atbt+c’ 


37 +h +) > (at+b4+0Bb4+20e4+b' +c°)). 


Leta+b+c=p,ab+bce+ca=q andabc=r. 
Then sincea+b+c+1=4abc, by AM => GM it follows that 


4r=atb+c4+12>4/7, ie. r>1. 
Now we have 
A=30? +0? 4+? —-@+b4+084+20? +b +0) 
= 3(p* — 24)" — p(3+2p(p? — 3q) + 6r) 
= 3(p* — 2q)° — 3p — 2p*(p* — 3q) — 6pr 


= 3p" _ 12p*q + 12q7 —3p- 2p*+6p'q —6pr 


= p* —6p*q + 12q* — 3p — 6pr 
= (p* —3q)? +4? — 3p + 2(q? — 3pr). 
Since r > 1 we have q* — 3p > q? — 3pr and it follows that 
A=(p? —3q) +4" — 3p + 2(q" — 3pr) = (p" — 3q) +3(q? — 3pr). 
According to Nz : g? — 3pr > 0 we deduce that 
A > (p* — 34)” +3(q’ — 3pr) > 0, 
as required. | 


272 Let x, y, z > 0 be real numbers such that x + y + z = 1. Prove the inequality 


1 
(x2 + y>)(y?2 + 2)(22 +.x7) < a 


399 


21 Solutions 
Solution Let p=x+y+z=l,q=xy+yz+7x,r=xyz. 
Then we have 
x? ty? = (x+y)? —2xy = (1-2)? — 2xy = 1-22 427 — 2xy 
=1-—z-zd—-z)—-2xy=1-—z-z2(4+ y)—-2xy=1-—z7-q—-xy. 


Analogously we deduce 
y+e=al—x—q-yz and 4x S1—y—g=— zx, 


So the given inequality becomes 
1 
amid ah a ee) a (1) 


(l-z-4q 


After algebraic transformations we find that inequality (1) is equivalent to 


1 
gq: — 24° —rQ+r—4q) < 35. (2) 


Assume that q < ie 
Using N; : p? —4pq + 9r = 0 (Chap. 14), it follows that 
4q-1 


9 


es 


’ 


9r>4q-—1, ie. 


and clearly q < i: 

It follows that 
Aga 1 17=— 929. 17s 
2+r—4q>2+ — 4q= 9 iS 9 250. 


So we have 
gq’ —2q? —r(24+r—4q) <q? —2q? =q7(1 — 29) 
q q(2qg+(1-29)\>_ q 1 
2 240 o<4( 2 e- =2 


i.e. inequality (2) holds for g < i 
We need just to consider the case when q > i 


Let 
3 


fr) =¢@? —2q¢3 -r(2+r—4q). 


Clearly r > a, 
Using N3: pq — 9r > 0 (Chap. 14) it follows that 9r < q,ie.r < $. 


We have 
2—2r <0. 


iia 4 
f' 7) =4q —2 rss 


400 21 Solutions 


This means that f is a strictly decreasing function on “a, a), from which it 
follows that 


4q-1 4 3 I 
ross 9 )=4 2q 31 “4 I)7 — 32q), 


1.e. 
81(q? — 2q3) — (4q — 1)17 — 32q) 
2S Le (4) 
81 
Let 
g(q) = 81(q? — 2q*) — (4g — 1)(17 — 324). (5) 
Then 
g'(q) = —486q7 + 418¢ — 100. 
Since ; <q< uN we get 
—486 418 
g'(q) = —486q7 + 418q — 100 < ia ge Hse 
So g decreases on (1/4, 1/3), ie. we have 
(q) : = (6) 
< -—-j=—. 
BBN A) 39 
Finally by (3), (4), (5) and (6) we obtain 
4g —1 
72g rr =a) = F< F( T ) 
_ 81(q? — 293) — 4q — 17 — 329) 
7 81 
_3@ 8@_%_ 1 
81 81 81 32’ 
as required. | 


273 Let x, y,z€R such that x + y+z=1. Prove the inequalities: 


y a? 


< + ; 
~1l—-yz ia Tau 8 


Solution Let p=x+y+z=l1,.q=xy+yz+7x,r=xyz. 
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We have 
x(1—zx)(1—xy)+ y0 — yz)(1 — xy) + z(1 — zx)(1 — yz) 
=x(1—xy —zx+x7yz) + yl —xy — yz + y?xz) + (1 — 2x — zy +. 2°xy) 
=xtytz—(yto—-yetxy—Caty) taryzt yx t oxy 


= p—x*(p—x)—y(p—y)—2(p—2) + xyz? + y? +27) 
=p—(p—xyD0' + Vt Ft¢etyte 

= p —(p—r)(p? — 2q) + p(p? — 3q) + 3r 

Ht Oat 47 2 (1) 


also we have 


d=—sy)(1— yd —zx) = (1 = 2y = yz + yx =z) 
=1—zx —xy— yz+x*yzt y2ex t oxy — x*y?z? 


=l—-q+pr—r?=1-q4r-r’. (2) 


By (1) and (2) we have that the left inequality is equivalent to 


l—q+r—r?<1-(—-rn(—2¢)+1-3¢+3r & r—2q¢4+32>0. (3) 


Using Ns: p® > 27r (Chap. 14), it follows that r < H- 
Also by Ny: p? — 4pq + 9r = 0 (Chap. 14), we haveg < 24+". 
Now we deduce 


9r+1 are Tér=2+12  10—Mr  s=ir 


—2 3>r—-2 3 — 
a + 4 4 2 


Same) 
2 


i.e. inequality (3) holds. 
We need to show the right side inequality from (1), which, using identities (1) 
and (2) is 


Or? +23r+q —l6gr <1. (4) 


Let us denote f(r) = 9r? + r(23 — 16q) +4. 
By N7: q* > 3pr = 3r (Chap. 14), it follows that 


2 2 
pet Le. tere, 
3 3 
We have 
f'(r) = 18r +23 — 16q. (5) 


Using N4: p* > 3q (Chap. 14), it follows that q < ;- 


402 21 


By (5) we have 


16 
f'(r) = 18r + 23 — 16g > 18r +23 — = 0. 


i.e. f increases on (0, a5, ie q< i. 
So we obtain f(r) < FR). 
It suffices to show that f(4) < 1. 
We have f (4) =q*— 2q3+ Bq? +4. 
Now we get 


16 23 
4 3 ef) 
+ 1<0 
34 34 +q = 
& (3q—1(q? —5q* +6q +3) <0 


= (3q—-l)(¢q—2)(¢ —3)+3) <9, 


which clearly holds since 0 <q < i. This complete the proof. 


274 Let x, y,z €R™, such that xyz = 1. Prove the inequality 


1 1 1 2 
1 
fiasy ee User dade nies 


Solution Letx+y+z=p,xy+yz+zx=q andxyz=r=1. 
The given inequality becomes 


Solutions 


(+x)*(+y)? ++ yd +2)? + 14+ 2720 $2)? +20 4+) + 0 +2) 


> (+x) (1+ y)? (1 +2)’. 
By Io and I; (Chap. 14), we have 
(+xd+yd+2=l+p+qtr=2+p+q 
and 


(+x)71+yP? +0 +y)*+2)7+(+2)720 +x) 
=(3+2pt+q)*-23+p)\1+ptqtnr) 
=(3+2pt+q) —234+ p)\2+ptgq). 


(1) 
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So inequality (1) becomes 
(3+2p+q)—284 p)2+pt+q)t+22+ptqy=2+ptay 
& pr? >2q+3. 
According to Ng : gq? > 27r* = 27 (Chap. 14), it follows that 
q = 3. (2) 


By Nq4: p? > 3q (Chap. 14), we obtain 


‘ Q) 
Dp = 3q=2q+q=>2q¢ +3, 
as required. a 


275 Let a,b,c > 0 such that a+b+c= 1. Prove the inequalities: 


1° ab+be+ca<ae+bh?+c3 4+ 6abc 
2° oe+b+c46abe<a2+b?4+c2 
3° a®@+b* +? <2(a3 +b? + c3) + 3abc. 


Solution Let p=a+b+c=1,q=ab+bc+ca,r=abe. 
1° Using bh: a? +b? +c? = p(p? — 3g) + 3r = 1 — 3g + 3r we have that 
inequality 1° is equivalent to 


q<1-3q+3r+6r © 9r+1>4¢, 


which is true since Ny; (Chap. 14). 
2° Using I, :a? +b? +c? = p* — 2q = 1 — 2q we get the equivalent form 


1—3q¢+9r<1-2q << Or<q 


which is true since N3 (Chap. 14). 
3° The given inequality is equivalent to 


1—2q¢ <20 -—3q¢+3r)+3r << 4q¢<1+9r, 


which is true since Nj (Chap. 14). | 


276 Let x, y, z > 0 be real numbers such that xy + yz + zx + xyz = 4. Prove the 
inequality 


3(x7 + y? +27) +.xyz> 10. 


Solution Let p=x+y+z=l,q=xy+yz+7zx,r=xyz. 
The given inequality becomes 


3(p? —2q)+r>10, with constraint g +r = 4. 
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So it is enough to show that 
3p’—6q¢+4—-q>10, ie. 3p?—7q-6>0. 


Applying N; : p> — 4pq + 9r = 0 (Chap. 14), and since g + r = 4 we deuce 


3 

3 : p’ +36 

—4 9(4—q)>0, Le. < . 

p pqg+9(4—-—q)= ie = pt 

So 

34.36 — 3)(5p* +42p + 102 
3p? —1q —6> 3p” di 6 )@p" + 42p + 102) 

4p +9 4p+9 


Applying AM > GM we obtain 


4=xy+yz+zxt+xyz> 4, (xyz)3 


& 1l>xyz. 


Also (x + y+ zyr> 3(xy + yz + zx), so we deduce 


QB) 
p=x+t+y+z> /3(4—xyz) = ¥34—-1 3. 
Finally by using (2) we obtain that 3 p* — 7g — 6 > 0, i.e. inequality (1) holds. 


277 Let a,b,c € R™. Prove the inequality 


1 
MO+D+Y EHNA +S GHatyta. 


Solution Let p=a+b+c,q=ab+bc+ca,r=abce. 


(1) 


(2) 


(3) 


Since the given inequality is homogenous, without loss of generality we may 


assume that p = 1. 
We have 


x(ytatyztxteety) =x (xy +22) + (yz + yx) + (ex + zy) 


=x(g-y2)+y'q—-2x) + 2° —xy) 
= q(x? + y? +27) — xyz(x? + y? +27) 
= q(p(p? — 3q) + 3r) — r(p? — 24) 

= q(1 —3¢ +3r) —r(1 — 29) 

=q(1 —3q)+r(5q — 1). 
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Now the given inequality becomes 
1 
qd —3q) +rGq—Ns 5. (1) 
From 3q < p? it follows that 


: (2) 


qs 


Ifq< i then r(5q — 1) < 0, so we have 


1 G<A1/((1—3q)+3q\"_ 1 
gD OP) Saad Ue < =( 4 1) = 45: 


i.e. inequality (1) holds. 
Let 


i.e. let g € (1/5, 1/3] and denote 
fq) =4C — 3q) + 5rq—r. 
Then 
f'(q) =1-—6q + 5r. (4) 
Using N3: pg => 9r (Chap. 14), we get 
G2 or. (5) 
Now according to (3), (4) and (5) we deduce 


49 49 1 
-s< 
9 5 


5 
f'q=1-6q¢+5r<1 a ae 0, 


i.e. f is strictly decreasing on g € (1/5, 1/3], so it follows that f(q) < f(). ie. 
we deduce that 


ee eee ee ee ee eee 
= -l<-{1-= = 
q q)+r(5q F zg) t(52 


as required. | 


278 Let a,b,c € R® such that a + b +c =1. Prove the inequality 


1 1 1 
—+—-—+-+448(ab+ be+ca) > 25. 
a bee 


406 21 Solutions 


Solution Setting ab+ be+ca= ee > 0, q = 0, it follows that g € [0, 1]. 


We have 


1 1 1 ab+bc+ca 
—~+-—4-448(ab + be + ca) = ————— + 48(ab + bc + ca) 
a bee abc 

2 


1 
mip FE | 6 ec 
3r 


So it suffices to show that 


~¢ 
+ 16(1 — q?) > 25. 


Due to Theorem 15.1 (Chap. 15) we have 


ia are 2) 597 Se: +16(1 —q?) 
3p ORG a DG) q 
l+q 2 
=9- 2 6G — 9) 
(l—q)(+2q) 
2q2(4q — 1)” 
qq a5 5. 


~ d=) +29) 


Equality occurs if and only if (a, b,c) = (1/3, 1/3, 1/3) or (a,b, c) = (1/2, 1/4, 
1/4) (up to permutation). | 


279 Let a,b,c be non-negative real numbers such that a + b + c = 2. Prove the 
inequality 


a+bhtt+ctabe> a+b +c?. 
Solution Applying Schur’s inequality (fourth degree) we have that 


at+bt+ct+abclatb+ozrab+otb(ct+a+cc(atb), 


2(at+ + bt +c) +abclatb+c)>(@t+b4+)(atb4+c) 
from which, using the initial condition, we obtain the result as required. 


Equality holds iff a= b=c=2/3 ora =b=1,c =0 (over all permutations). 
a 


280 Let a, b, c be non-negative real numbers. Prove the inequality 


2(a* +b? +c?) +abc+8>5(at+b+c). 


21 Solutions 407 
Solution We'll use Schur’s inequality, i.e. 
e+y4343xyz>xy(xty)+yziyt+e+zx(z+x), forallx,y,z>0. 
By AM > GM and QM > AM we have 
6(2(a? + b? +c”) +abe +8 —5(a+b+c)) 
= 12(a7 +b? +c”) + 6abc + 48 — 30(a + b+c) 
= 12(a7 + b* +c”) + 3Qabe + 1) +45 —30(a+b+c) 


> 12(a* + b* +. c*) + 9V (abc)? + 45 — 5((a +b +c)? +9) 


9abc 
= + 3(a? +b* + c*) — 6(ab + be + ca) 
abe 
+ 2((a — b)? + (b—c)? + (c—a)’) 
> Oe 1 3a? +b? +02) — 6(ab + be +a) 
a c’) — 6(a c+ca 
~ abe 
27abc 7) 
> — — +3(a+b+c)* — 12(ab+be+ca) 
a+b+c 
3 
= ———_ (abe + (a+b +c)? — 4(ab + be +: ca)(a +b +c)) 
at+b+c 
3 
= ——_ (43 +? +? + 3abe — ab(a +b) + bc(b +c) + ca(c +.a)) > 0. 
at+b+ec 
And we are done. Equality holds iffa=b=c=1. a 


281 Let a, b,c be non-negative real numbers. Prove the inequality 
ae+h+ce4+4a+b+c) + 9abc > 8(ab + be + ca). 
Solution We'll use Schur’s inequality, i.e. for all a, b, c > 0 we have 
a+b +c) +abclat+b +c) > abla? + b*) + be(b? +.¢7) + ca(c? +a”). 


By AM > GM we have 


4A(a+b+c)+ pid > 8(ab + be + ca) 
a c) + ——_—_——. a c+ ca). 
(a+b+c) = 
So it suffices to prove that 
A(ab + bc + ca)* 


a+b+c+4+9abe > 


(a+b+c) 


408 21 Solutions 


The previous inequality is equivalent to 
a+ +bt+c44+abc(a+b+c) +ab(a? +b’) + be(b? +c’) + calc? +a’) 
> 4(a?b? + bc? +.7a?). 
Applying Schur’s inequality and AM > GM we obtain 
at +b4+c44+abc(a +b +c) +ab(a* +b?) + be(b* +c?) + ca(c? +a’) 
> 2(ab(a? + b*) + be(b? +c?) + ca(c? +.a”)) 
> 2(ab(2ab) + be(2bc) + ca(2ca)) = 4(a*b? + b?c? +.c7a’), 


as required. 
Equality holds iff a =b=c=1 ora=b=2,c =0 (up to permutation). a 


282 Let a, b,c be non-negative real numbers. Prove the inequality 


a? b3 (oa 
Ar an zatbte., 
b?—be+c2 c2—-cat+a* a?—ab+b? — 


Solution Applying the Cauchy—Schwarz inequality (Corollary 4.3) we deduce 


a - b3 4. (oa 
b?—be+c2 c*-—cat+a* a*—ab+b? 
at bt cA 
= a + 
a(b? —be+c?)  b(c2-—ca+a’) cla? —ab+b?) 
(a? +b?4+0?) 


= a(b?2 — be +c?) + b(c2 — ca +. a*) + c(a? — ab +b?) 
So it suffices to prove that 
(a? +b? +c)? > (a(b* —be +07) + b(c? — ca +a*) +c(a? —ab+b’))\(atb+c). 
The previous inequality is equivalent to 
Gey te + 2(a*b? +h 4+ ca’) 
>(atb+oa@(b+o+h(ctat+-c(a+b)) —3abc(atb+c) 
or 
at+b44+c4+abce(atb+o)>a(b+o)t+h(ct+a)t+c(atb), 


and it is Schur’s inequality (fourth degree). 
Equality holds iff a= b=c ora=b,c = 0 (up to permutation). a 


283 Let a,b,c be non-negative real numbers such that a + b+ c = 2. Prove the 
inequality 


Sab 
a+b +84 > 2. 


21 Solutions 409 
Solution Applying Schur’s inequality we have that the following inequality holds 


ISabe _ (a+b+c) 
1 = 4 


e+r+et+ 


’ 


from which we obtain the required inequality. Equality holds iff a = b = c = 2/3 or 
a=b=1,c=0 (over all permutations). | 


284 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


a’ +be i b> +ca a c? +.ab nen ee 
a c+ca. 
a(b+ec) b*(e+a) c*#(a+b)~ 


Solution We’ll show that 


a* + be é b*+ca i, c? + ab ae ee. (1) 
a(b+ec) beta) c(atb)~a b cc 


We have 
a+be 1 (a—b)(a-c) 
a(b+c) a a(b+c) 


Analogously we deduce 


b?+ca 1 (b—c)(b—a) ' c+ab 1 (c—a)(c—b) 
= an = 
b2(c+a) b b2(c +a) c(atb) c¢ c2(a +b) 
Applying the previous identities and Corollary 12.1 from Schur’s inequality we ob- 


tain (1). From (1) and abc = | we obtain the required inequality. 
Equality holds iffa=b=c=1. a 


285 Let a,b,c be positive real numbers such that a? + b? + c* = 3. Prove the 
inequality 


a+abce b> +abc c+abe 3 
(b+c)? (ct+a)? (a+b)? ~2 


Solution We'll show that 


a*tabe | bi +abe | ci tabe | a 4 b? a: C2 
(b+c)? (c +a) (a+b)? ~b+ce cta a+b 


(1) 


We have 
a? +abc a _ a 
(b+c)? b+e (b+c)? 


analogously we get the other two identities. 


(a — b)(a —c); 


410 21 Solutions 


Now (1) is equivalent to 


Cc 


(a+b)? 


(a—b)(a—c) (b—c)(6—a)+ (c—a)(c—b) > 0. (2) 


a 
OL: © led ay? 


Assume that a > b> c. 
Then we easily deduce that 


@ SY Sa a 2% DP and the correctness of (2) 
will follow from Corollary 12.1 of Schur’s inequality. 
Furthermore, we’ ll show that 


a? b? 32 +b? +c?) 


+ + 
b+ce cta at+b™ 2 


(3) 


Assume that a > b > c. Then 
2 1 _ 1 = 1 


ss and > > : 
b+ece” cta™” a+b 


a >b?>c 


Applying Chebishev’s inequality and AM > HM we get 


a b? ro 1 1 1 1 
~ + > +0 +2) + - ) 


b+ce cta a+b” 3 b+e cta a+b 


1 2 2 2 9 
= b 7 
ia a eae ar 
3@? +b? +07) — §3(a2 +b? +c?) 
~ 23a? +b? + 02) 2 , 


So inequality (3) is proved. 
By (1), (3) and the initial condition we obtain 


a+tabe be +abe c+abe a? b? 2 = J 3(a2 + b? + c?) 


> 
(b+c)? (c +a)? Gite - ihe cha oar 2. 
_3 
5 
Equality holds iffa=b=c=1. | 


286 Let a,b,c be positive real numbers such that a‘ + b4 + c+ =3. Prove the 
inequality 
1 1 1 


<1. 
top tate en 


Solution I After clearing denominators the given inequality becomes 


48-85 ab+abe) a <64- 16) ab +4abe Ya - abc’, 


sym sym sym sym 


21 Solutions 


16 + 3abc(a +b +c) > a7b*c? + 8(ab + be + ca). 


Applying Schur’s inequality we have that 


411 


(1) 


(a? +b? +03 +3abc)(a+b+c) > (ab(a+b)+be(b+c) +ca(c+a))\(a+b+o), 


and since at + b+ + c+ =3 we deduce 

3 + 3abc(a + b +c) > (ab +-.ac)? + (ac + be)? + (be + ab)’. 
Using AM > GM we get 

(ab +. ac) + (ac + bc)? + (be + ab)? + 12 > 8(ab + be + ca). 
Now from (2) and (3) we deduce 

15+ 3abc(a+b+c) > 8(ab+be+ca). 
Once more we apply AM > GM, and we get 
3=a' +54 +c4 > 3 (abo), ie. 1l>abc 

or 


1> abc’. 


Finally using (4) and (5) we get inequality (1). 
Equality holds iffa=b=c=1. 


Solution 2 Let x = ab, y = bc and z = ac. The given inequality is equivalent to 


1 a vas =, 
4 4—y 4 ~ 
or 
j=97 (=_ j= 


>0 
443x—x? 443y-—y?% 443z+2? 
Notice that 


x? ty? +27 = (ab) + (bc)? + (ca)* < at +b44c4 33. 
Assume that x > y > z. Then clearly 


1 1 1 
l-x?<1-y?<1-2" and 


(2) 


(3) 


(4) 


(5) 


< < . 
4+3x—x?~ 443y—y?~ 4432422 
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Therefore by Chebishev’s inequality we obtain 


3 1—x? pay 1-2 
44+3x—x?  443y-y? 443z4+22 
1 1 1 
>(l-x?+1-y*+1-2 + + 
eee = ON eae ae 4+3y—y* 4+43z+ 22 
> 0, 


as required. 
Equality occurs iffa=b=c=1. a 


287 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(a —a+5)(b —b +5)(c’ —c° +5) > 125. 


Solution For any real number x, the numbers x — 1, x? —1,x3 — 1 and x° — 1 are 
of the same sign. 
Therefore 


(x — 1)(x? — 1) >0, (= DG@? 1). 0) and: G@?= 1G? =1) = 0, 
a—a*—a+1>0, 
b> — b>? —b*+1>0, 
HO =C 4120, 
So it follows that 
@aap5 ea? 4+4, b—b4+5>b'4+4 and c)—245>c74+4. 
Multiplying these inequalities gives us 
@=44 SC =F £566 £5) 2 @ 2 OO She soe. oO) 
We'll prove that 
(a? + 4)(b? +4)(c? +4) > 25(ab + be +. ca +2). (2) 
We have 
(a? +. 4)(b? + 4)(c? +4) 
=a°bc? + 4(a°b* + bc? +.c2a’) + 16(a? + b* +c) + 64 


21 Solutions 413 
=PPC4+@ 40 4) 22440R 466 +6e +3) 
+ 15(a* +b? +c?) +50. (3) 
By the obvious inequalities 


(a—b)*> + (b-—0c) + (e-—aY=0 and (@b—1)? + be—17 + (ca—17 =0 


we obtain 
a+h+c>ab+be+ca, (4) 
a*b? + b’c? +. c2a? +3 > 2(ab+ be + ca). (5) 
We'll prove that 
a*b’c? + (a* +b? +c?) 42> 2(ab+ be + ca). (6) 


Lemma 21.7 Let x, y,z > 0. Then 
Bxyz +x + yP +27 = 2A(xy)?/? + (yz)?/? + (zx)7/*). 
Proof By Schur’s inequality and AM > GM we have 


ey +24 3xyz> (x?y + y*x) + (ey + yz) + (072 + 27x) 


> (xy)? + (yz)? + (zx). 


2/3 


By Lemma 21.7 for x =a*/?, y= b2/3 z= c*/3 we deduce 


3(abc)*/3 + a? +b? +c? > (ab + be +ca). 
Therefore it suffices to prove that 
abc? +2> 3(abce)*”, 


which follows immediately by AM > GM. 
Thus we have proved inequality (6). 
Now by (3), (4), (5) and (6) we obtain inequality (2). 
Finally by (1), (2) and since ab + be + ca = 3 we obtain the required inequality. 
Equality occurs if and only ifa=b=c=1. a 


288 Let x, y, z be positive real numbers. Prove the inequality 


1 1 1 9 
+ + = 
xe tay y? Pt yee eee Gt ytey? 


414 21 Solutions 


Solution It is true that x? +xy+ nag =(x+y +z)? (xy+yz+zx)—(w+y4+zZ)z. 
Now we have 


(wtytz)? _ 1 
2 27 xy+yztex Ze ~ 7? 
Fe TSE I (x+ytz)? xt+y+z 


Le. 
(tytz | 1 
x24+xy+y2 1—(ab+be+ca)—c 
where a = —*_,b= Yo = 4 
Lyre XTYTZ 


X+y+Z" 
The given inequality can be written in the form 


ae 6 2 (1) 


where a, b, c are positive real numbers such that 
a+b+c=1 and d=ab+bc+ca. 
After clearing the denominators, inequality (1) becomes 
9d? — 6d” —3d+1+9abc>0 or d(3d—1)*+ (1 —4d +9abc) > 0 


which is true since 1 — 4d + 9abc => 0 (the last inequality is a direct consequences 
of Schur’s inequality). | 


289 Let x, y, z be positive real numbers such that xyz =x + y+z+2. Prove the 
inequalities 


1° xy+tyztzx>2(x+y4+zZ) 


Sete 


Solution 1° The identity xyz =x + y+z-+2 can be rewritten as 


1 1 c. 
l+x 1+y l+z_ 


Let’s denote 
Then 


1 1 1 
Tes = Thy =P, (= C. 


a+b+c=1 and x ; 


21 Solutions 415 


Now we have 
xy+yztex>2(x+y+z) 
b+e cta cta a+b a+b bee 


b b Cc Cc a 
(= cta “*”) 
>2 + + 
a b Cc 


& &+b+0c3+3abce> ablat+b)+bce(b+c)+ calc +a), 


which clearly holds (Schur’s inequality). 
2° The given inequality is equivalent to 


1 mn 1 - 1 23 
Jyz  fzx  f/xy~ 2 


e |; ay ae a a2? (1) 
b+c cta c+ta a+b a+b b+te72 


Using AM > GM we have 
/ a b 1 a b 
: < + , 
b+ce cta™” 2\a+tece ct+b 
| b Cc 1 b 6 
. < + and 
cta a+b” 2\a+b cta 
Cc a 1 Cc a 
4/ . < + . 
atb b+c™7 2\b+cec a+b 


Adding the last three inequalities we obtain inequality (1), as required. a 


290 Let x, y, z be positive real numbers. Prove the inequality 
8 t+y4+o)>@tyPttsa%+4x). 
Solution I The given inequality is equivalent to 
Wx +y+2yax2ytarzty*xt yet ex tcy 
= T([3,0,0]> T[2, 1,0], (1) 


which obviously holds according to Muirhead’s inequality. a 


Solution2 Let p=x+y+z,q=xyt+tyz+72x,r=xyz. 
Since the given inequality is homogenous we may assume that p = 1. 
Using Ip we get 


x+y +2 = p(p* — 3q) +3r=1-39+3r 


416 21 Solutions 
and 


xy target yxty?et ext cy =xy(xty)t yey +z) +2x(¢ +x) 
=xy(1—z)+yz(1—x)+zx0— y) 
=xy+yz+zx —3xyz=q —3r. 


Now inequality (1) becomes 
21 -—3¢+3r)>q-3r @ 249r>74q, 
which is true according to Ng, and we are done. B 
Solution 3 We can easily deduce that 
43 +y)—-@tyP=3a+yW@-y?2Z0, ie 403 +y)>a+y)’. 
Analogously we get 
43 +2)>(ytz2)> and 43 +x3)>(4+4)%. 
Adding these three inequalities we obtain the result. a 


Solution 4 According to Jensen’s inequality for the convex function f(x) = x*, we 
obtain 


1 1 + 34 y3 +y¥\? 
fey 5r0)2 (72) or = = > (2) 


&: AQ 7S by). 


Now the solution follows as in the previous solution. a 


291 Let a, b,c be non-negative real numbers. Prove the inequality 
3 ce] 3 1 3 
a+b+c +abc> qatb+c) 3 


Solution We have 


(atb+cpH=04+b4+04 3 (b+e)+b'(c+a)+c(atb)) + 6abc 


_ T[3,0,0] 


5 + 37[2, 1,0] + T[1, 1, 1] 


and 
T[3,0,0] T[1,1,1] 


3 3 3 
b beo= ; 
a +b° +c +abc 5 + 6 


21 Solutions 417 


So we need to prove that 


(ea n T(1, 1, “) ‘ o 0] 


a7 (2, 1,0) 4701, 1, 0), 
5 F +371 Leo ] 


T[1, 1, 1] 


which is true according to T[3,0,0] > T[2, 1,0] and 7T[1, 1, 1] > 0 (Muirhead’s 
theorem). | 


292 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 
a+b? +c? +3abce > - 
Solution We will normalize as follows 
Wa+b+c)(a* +b? +c*)+27Tabe > 4(a+b+c) 

which is equivalent to 

5(a3 +b? +3) + 3abe > 3(ab(a +b) + be(b+c)+ca(c+a)). (A) 
According to Schur’s inequality we have that 

a+bh>+c? + 3abe > ab(a +b) + bc(b +c) + ca(c +4) (2) 

and by Muirhead’s theorem we have that 


2T [3, 0, 0] => 27[2, 1, 0], 


ie. 
4(a> +b? +.c*) > 2(ab(a + b) + bc(b +c) +: ca(c +.a)). (3) 
Adding these two inequalities gives us inequality (1). a 
293 Let a), a2,..., dy be positive real numbers. Prove the inequality 
ay a a 
(+a,)d+a2)---d+a) <{1+—){(1+—)]---[14+—)}. 
a2 a3 a 


Solution Let x; = 1Ina;, then given inequality becomes 
G+2e0 $e7)-=4+e) 20 $e" 304 er Veit, 
After taking logarithm on the both sides we obtain 
In(1 + e*!) +---+In(1 + e™) <In(1 4 e717?) + + Ind + 71), 


Let consider the sequences a : 2x1 —x2, 2x2 —X3,...,2X,—x, and b: x1, X2,...,Xn- 


418 21 Solutions 


Since f(x) = In(1 + e*) is convex function on R by Karamata’s inequality it 
suffices to prove that a (ordered in some way) majorizes the sequences b (ordered 
in some way), which can be done exactly as in Exercise 12.13, and therefore is left 
to the reader. a 


294 Let a, b,c, d be positive real numbers such that abcd = 1. Prove the inequality 


1 1 1 1 


aae (+b Gee (1+d)? =r 


Solution I First we’ll show that for all real numbers x and y the following inequality 
holds 


1 1 1 
+ > : 
(+x)? (l+y)? ~ 1+xy 


We have 
1 1 1 
zt 2 
(1+.x) (1+ y) 1+ xy 


ay + y= xty? lay +1 aye) + y= 1). 
d+x)20+y2d +xy) (1+x)20 + y)20 +xy) ~ 


Now we obtain 


1 1 1 1 
+ + fa 
(lta)? (+b) (l+ce) (14d) 
“ it n Raf. i rn 1 
~1+ab  14+cd 1+ab— 1+4+1/ab 
= ab 
~ ltab- 1+ab0 
Equality holds iffa=b=c=d=1. a 
Solution 2 Let 
1 1 1 1 


f(a,b,c,d)= 


(1+a)? - (+b)? * (+c)? = (1+d)2 
g(a, b,c,d) =abcd — 1. 


Define 


1 1 1 1 


bas *M= ca? Gee | dse2 G+a 


(abcd — 1). 


21 Solutions 419 


For the first partial derivatives we have 


aL —4 Xr ‘3 - —4a 

= =U, 1.e. = > 
da (l+a)* a (l+a)2 
aL —4 Xr , —4b 

= =0, Le. A= , 
db (1+b)2 ib (1+b)? 
aL —4 Xr . —4c 

= =0, Le. A= ——, 
dc (l+c)? ¢ (l+c)2 
OL —4 r . —4d 

= =0, ie. A=——. 
dd (l+d) d (1+d) 

4a 4c —4d 


So we have A, from which we get the follow- 


4b 
(+a)? ~~ (+b)? ~~ (+e)? ~~ (+d)? 
ing system of equations: 

(a — b)\(1 — ab) =0, (a —c)( —ac) =0, (a —d)(1 —ad)=0, 
(b—c)(1— bce) =0, (b —d)(1 — bd) = 0, (c —d)(1—cd) =0. 
Solving this system we get that we must have a = b= c = d, and using abcd = 1 it 

follows that a = b=c=d = 1 and then we have 


$C aye ee ad 
che Be he Ag 


Since f(1,1,1/2,2) =1 


at i + 5 + 3 = 5 + 3 > 1, by Lagrange’s theorem we 
conclude that f(a, b,c,d) > 1, 


as required. | 


295 Let a,b,c,d > 0 be real numbers such that a+b+c+dz=4. Prove the 
inequality 


abc + bcd + cda + dab + (abc)? + (bed)* + (cda)* + (dab)? < 8. 
Solution Let us denote 
f(a, b, c,d) = abe + bed + cda + dab + (abc)? + (bed)” + (cda)” + (dab)’. 


Because of symmetry we may assume thata > b>c>d. 
We have 


p(*o, sa) f@;by6, 8) 


a-c : a+c . 
=( 5 ) (o+a+((S*) + ac) (0? + a2) 20%) 


2 
> (‘ 5 “) (4abed — 2b*d2) >0 (abcd > b?d?). 


420 21 Solutions 


So 


2 2 
According to the SMV theorem it suffices to show that 


*(° uy 4) > f(a,b,c,d). 


f(t,t,t,d) <8 


where 3t + d =4 and clearly O<t< ;. 
We have 


fi.t.t,d)<8 & £43°3 -31r) +314(4-317%+1° <8 
2 (GS 7 (O8F = 16P SF — 8) <0; 


So it is enough to show that 28r4 — 16t? — 1217 — 8 < 0, which is easy to prove for 
O<t<f. 
Equality holds iffa=b=c=d=1. a 


296 Let a,b,c, d > 0 such thata +b+c+d=1. Prove the inequality 


148 1 
4,3.4, 4 4 

b — abcd > =. 
av+ +e'+d' + —_abed > = 


Solution Denote f (a,b, c,d) = a4 + b4 + c++ d4+ abcd - a: 
Since the given inequality is symmetric we may assume thata > b>c>d. 
We have 
a+c a+c 


7 , 37 ‘ 
f(a,b,c,d)— f 5 ,b, 5 ,d)= g-9) +3ac— bd (a —b)°. 


Since ac > bd it follows that 


f(@,b,¢,4) (Seo, a) 


f(a,b,c,d)> (Fe, a). 


According to the SMV theorem it suffices to show that 


l-d 
f@,t,t,d)=>0, wheret = <a 


We have 


— qd) _ 73 42 
(1 —-d) jog eee d) 1 _ 2d(4d 1) ET 2) 6 


t,t,t = 
FEHE@) 27 729 27 729 


21 Solutions 421 


Equality occurs if and only ifa=b=c=d=1/4o0ra=b=c=1/3,d=0 (up 
to permutation). | 


297 Let a,b,c be positive real numbers such that a2 + b? + c* = 3. Prove the 
inequality 

ab? + bc? + ca? <at+b+e. 
Solution Without loss of generality we may assume that a < b < c. Then clearly 


a<1and b? + c? > 2, from which it follows that b +c > J2. 
Let f(a, b,c) =a+b+c—a’b* — b*c? — c2a*. Then we have 


b2 + c2 b? +c? 
pea.b.0~ 1(af 5) . 5) ) 
1 


=0-07( 222 _ 


=> 
a ee 2+/2 


Thus 


2 2 2: 2. 
p10,b.02 Hoof? ~ _ = ) 


By the SMV theorem it suffices to prove that f(a, t,t) > 0, when a? + 21? =3. 
We have 


f(a,t,t)>0 


1 
& a+V¥2B3—a2)>a*3—a*)+ ge-ay 


3 3 
a= 02(Fa+ 0? )zo (1) 
? 3-a+/23-a?) 
Since a < | it follows that 
3 
£7 2,@+) 
3-a+/23-a’) 4° 4 
Therefore inequality (1) is true, and we are done. 
Equality occurs iffa=b=c=1. | 


298 Let a,b,c,d > 0 be real numbers such that a+ b+c+dz=4. Prove the 
inequality 


d+a@)14+b2) 14+) +d) >d+al+d1+e0(1 +d). 


422 21 Solutions 
Solution Let 
fla,b,c,d)=(14+a7)14+02)14+)1+d7?)-(4+aUd+b14+o00+4), 


and assume that a < b <c <d (symmetry). 
We’ ll show that 


7D, 
2 2 


Flarbood) > ¢(SF* al ) 


Clearly 
a+c<2, (1) 


so it follows that 


a+c at+c 
4) 


f(a, b,c, d) r( 5 ,b, 5 


2 2 2 2 a+c\*\ 
=(14+d°)(1+d*)( (1 +a°)(14+c*7)-— [14+ 


2 
+a +o +a((14+ 9S) -(1+a(1-+0)). 


Since 


w2 P 
dtayr4e-(14(F*) ) ey o(; (a+c) Hae 9 


2 2 16 


(this inequality follows by (1)) and by AM > GM it follows that 


2 
(taites(1+"5*) 


So 


at+c at+c 


f(a, b,c, d) r( ee 14) =0, ie. 


atc a) 


,b, —— 
2 2 


Flared) > £( 
According to the SMV theorem it suffices to show that 
f@,t,t,d) 20 


where 3t +d=4ie.d=4-—3t. 


21 Solutions 423 


We have 
f.ttd=0+Pyd+ G4-31))- +76 - 32) 
= 07" = 94)! 4 aay” 7 Bir — Gh = 54 — 3G + 
a@17 OP —6r 493" —20F — 18 — 1246+ 12) 
= (t — 1)*(¢*(3t — 1)? + 2r4 + 527(2t — 1)? + 1087 + 3(t — 2)7) > 0. 


Equality holds if and only ifa=b=c=d=1. a 


299 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


Bie tte 6 _ 
a bc atb+c7™ 


Solution Without loss of generality we may assume that a > b> c. 
Let f(a,b,c)= 24+ p++ ae. 
We'll prove that 


f(a,b,c) = f(a, Vbe, Vbc). 
We have 
f (a,b,c) = f(a, Vbe, Vbe) 
1 1 6 a 6 
be Geb ae Jie enone 
& clatbt+c)(at2Vbc) + b(atb+c)(a+2Vbc) + 6bc(a + 2Vbc) 


> 2Vbe(a +b +c)(a+2Vbc) + 6bc(a+b+c) 
& (vb—VJce((a+tb+c)(a+2Vbc) — 6bc) > 0. (1) 


Since a > b>c we have a > Pye >vVJbe. 
Thus 


(at+b+c)(a+2Vbe) > (be + 2V be) (WV be + 2V bc) = 9be > bbe. 
So due to (1) and the last inequality we have 
f (a,b,c) = fla, Vbe, Vbe). 


According to the SMV theorem we need to prove that f(a, t,t) >5, with at? = 1. 
We have 


fla,tn=z5 <= a 


424 21 Solutions 
which is equivalent to 

Ga17 OF a4 —4f 74 DSU. 
which is true since 2r4 + 417 — 417 —t +2>0 fort >0. | 


300 Let a, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


| or | 3 454 
12} -+-+-]>4(@4+b?4+c’)4+21. 
a bee 


Solution Without loss of generality we may assume that a < b <c. 
Let 


bcd ed ee eae 
f(a,b,c)=12(-+-+-])-4@+b°4+c). 
a boc 


Then we have 


fla,b,0) (= .c) 


2° 2 

1 1 1 3 3 3 4 1 3 3 

10/24 —4-- |) 4a 4p be) = 10) — — 4-— | ia By ae 
a boc a+b c¢ 


a) eee aces er care 
> a b a+b a 7 


=3 Dal : ») 1 
= 3(a—b) GED (a+b)). (1) 


Since a <b <c we must have a+ b < 2, and clearly c > 1. 
By the AM > GM we have 


ab(a +b)? < 


4 
er “ =@+\=0. 


» Le. ——— 
~ ab(a+b) 
Hence by (1) we deduce that 


f(a,b,0) (Sc) 0, ie. flab F( 


a+b a+b 
aie wad b 
So according to the SMV theorem it suffices to prove that f(t,t,c) > 21, when 
2t+c=3,c>t. 

We have 


f@,t,c) => 21 


2. <4 3 3 
© 12 Pai + (2t)? —4c° > 21 
Cc 


21 Solutions 425 


4 1 3 3 
@ 12(|—+4+-)4+(2t) -—4c° >21 
2t Cc 


4 1 4 F 
2 12 fo( 33-67 40521 
3-c Cc 
& ©-18c2+48c* — 36c+12>0 
& (c—2)°(c—I(c? +3c —3)>0 


which is true since c > 1. 
Equality occurs iff (a, b,c) = (2, 1/2, 1/2). a 


301 Let a,b,c, d be non-negative real numbers such thata +b+c+d+e=5. 
Prove the inequality 


A(a? +b? +c? +d? +e”) + 5abcd > 25. 


Solution Without loss of generality we may assume thata > b>c>d>e. 
Let us denote 


f a,b,c, d, e) =4(a* +b* +c? +d? +e”) + Sabcd. 


Then we easily deduce that 


b,c, = ——— (8 — 5bce). (1) 


a+d a+d (a — d)? 
2 g. 


Fla,b,c.d.e)~ f( 


Since a > b>c>d>e, we have 


3 b d 
30/bce <b+cte< aa —_ +e) 4 


Thus it follows that bce < 1. 
Now, by (1) and the last inequality we get 


Die, 
2 2 


_ 7/2 
Flarbrevdve)~ f(S4 td) (a-d) 


d d 
Flarb.c. de) = f( Fp, 0,9 ve). 


According to the SMV theorem it remains to prove that f(t, t,f,t,e) > 25, under 
the condition 4t +e =5. 
Clearly 4t <5. 


426 21 Solutions 
We have 
f(@,t,t,t,e) > 25 
& A(t? +e?) 4+ 5r4e > 25 
& 417 +465 — 41)? +5145 — 41) —25>0 
& (5—4)(t—1)2(¢? +24 +3) =0, 


which is true. 
Equality occurs if and only ifa=b=c=d=e=1o0ra=b=c=d= 
5/4, e = 0 (up to permutation). a 


302 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


1 1 1 3 
+ + <<. 
2 ar be Os beet Det g? 


Solution Without loss of generality we may assume that a > b> c. 
1 1 1 
Let f(a, b,c) = 2+a2+b2 op 24+b2+c2 =F 2+c2+a2° 
We have 


b+c b+ec 
i( > 2 ’ 2 


2 
= (e+2- ero ) 


)-Fea.r0 


( ) 
. 
(b2 +.0242)(2+ GE%) (44207 +b? 4.22014 + 202 + G19") 


Since 
b+c) 
pacts § _ 4427 4+RP427>R4+c242 and 
b+c)* b+c)* 
Aico hig COD soak +¢) 
2 2 
we have 


2% 2 


(a ao =) > (a,b,c). 


b b 
f(a aa **) FOPASU. Te: 


According to SMV theorem it suffices to prove that f(a, t,t) < , when a + 2t = 3. 


21 Solutions 427 


We have 
3 
VAT) So> 
f(a,t,t) i 
2 1 3 
at < 
2Q+a24+12 242127 4 
8 2 3 
+ < 
8+4a24+ (21)? 44 (21)? ~ 4 
8 2 3 


< 
Rede Gaal 4h Goer 2 


which can be easily transformed to (a — 1)?(15a” — 78a + 111) > 0, and clearly 
holds. 
Equality holds iffa=b=c=1. a 


303 Let a,b,c be positive real numbers such that a? + b* + c* = 3. Prove the 
inequality 


ab+bce+ca <abc+2. 
Solution Without loss of generality we may assume that a > b> c. 


Let f(a, b,c) =ab+bce+ca-— abc. 
We have 


a2 + b?2 a2 +b? 
b 
f (a, b,c) r(\ 5 Fl 5 .c) 
2 2 2 2: 2 2 
b | b b 
=ab+bc+ca-— abc — 2c — +08 


2 2, 2 2) 
(w-* SO) + c((a +6) V2 +5) o( ab a =") 


2 D 
_ -@—by c(a — by? c(a — b)* 
2 (a+b)+V7@+b) 2 
=(a m(5 : = (1) 
2 2 (a+b) +/2(a? +b?) 


Notice that since a > b > c we must have c? < l,iie.c <1 anda*+b?>2. 
By AM < QM we have 


c ol 6 c 
< 
202 (at+b)+V2(a2+b2) ~ 2 2/2: (a2 +b?) 
Cc Cc 
< 


“2 2 2,/2-(a2+b2 +c?) 


Cc 


eS NIL 


428 21 Solutions 


Hence by (1) we get that 


2 2 2 2 
Fla,b,c) (2 ~ rE ° vc) <0, 
2 2 2 2 
ra.rozi(y4 ~ ne ‘e .) 


According to the SMV theorem we need to prove that f(t,t,c) <2, when 2t7 + 
c? = 3. 
We have 


fGt0<2 & P42a-fcx<?2 
& 27 +4ct<2t?c+4 & 4ct <2r'ce4+3-20°41 
cs Act < 2t?c +c? +1, 


which is true due to AM > GM, i.e. 
wet e+1aPetetitrc> 4 Pc-c2-1c=Act. = 


304 Let a, b,c be positive real numbers. Prove the inequality 


a bc atb b+e ate 
+-+-2 : 
b c a b+e cta a+b 


Solution Without loss of generality we may assume that c = min{a, b, c}. 
Notice that for x, y, z > 0 we have 


x y & 1 > | 
eck 3= —(- y+ —@ —-2)0 - 2). 
y Zz xX xy XZ 
Now we obtain 
Lee eo Ce Pe eee 3 
bc oa ~e+tb b+a atb 


1 2 1 
coe (a—b)* + (a —c)(b—c) 
ab ac 


1 5 1 
= G@too+0" ie Vaanarn GEE) 


21 Solutions 429 


(2 1 ) pea(2 1 
ah Gece ie GAGA) 
x (a-—c)(b—c)=0. 


The last inequality is true, since: 


1 
= i ’ b, ’ 0 d Y 
c= min{a, b, c} ae (Ee > an a GEOOLD > - 


305 Let a, b,c be positive real numbers. Prove the inequality 


A A OE SS SA 
bet+ce ) @e+ar attbh?~b+e cta atb 


Solution We have 


a? a ab(a—b) +ac(a—c) 
bet+c2 b+te (b?+c2)(b+c) ’ 
b? b be(b — c) + ab(b — a) 
= and 
e+a* cta (c2 +.a7)(c +a) 
oe Cc. ac(c — a) + bc(c — b) 


a+b? atb (bk? +a?)(b+a) 


Now we obtain 


a? b? c? a b c 
Ria ge gape (++) 
S. ab(a—b)+ac(a—c)  bc(b—c)+ab(b—a) ac(c—a)+bc(c —b) 
(62 4+02)\(b+0) (c2 +.a2)(c +a) (b2 + a*)(b+a) 
ab(a — b)* Lo 
(b+ c)(c+a)(b? +0?)(c? +a?) ~ 


= (a +b? +c? +ab+bet+ca)- >> 


306 Let a, b, c be positive real numbers such that a > b > c. Prove the inequality 
2 2 2 
a b(a—b)+ b’c(b—c)+c’a(c—a) > 0. 
Solution We have 


a’b(a — b) + b*c(b —c) +. c’a(c —a) 


=ab(a — b) + b*c(b — c) +. c’a(c — a) — ab*(a — b) — ab*(b —c) 


_ ab*(c —a) 


430 21 Solutions 
= (a’b(a — b) — ab? (a — b)) + (b’c(b — c) — ab*(b — c)) 
+ (c*a(c — a) — ab?(c —a)) 
= ab(a —b)* + (ab +.ac —b’)(a—c)(b—c). 
So we need to show that 
ab(a — b)? + (ab +.ac — b*)(a— c)(b —c) = 0, 
which clearly holds sincea >b>c. | 


307 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


(b+e) | (c+a)’ (a+b) 


6. 
a2 +be b2 +a c2+ab — 
Solution We have 
2 2 2 
(b+c) 5 (c+a) > (a+b) 2>0 
a*+be b? +a c2 +ab 
b?+c2—2a* ce? +.a* — 2b? it dite 
a*+be b2 +ca c2 +ab 


b?—a2  a*®—b? CHa ac 
(aoe + ee) + (See t Ses) 
Cp bp? — 2 
+(Goo+aes)e0 
(b—a)*(at+b)atb—c)  (c—a)*(c+a\(c+a—b) 


(a2 + be)(b? +. ca) (a2 + be)(c? + ab) 


(b-cy'b+Ob+e-a) | 
(b2 + ca)(c2 + ab) = 


which is clearly true. a 


’ 


308 Let a, b,c be positive real numbers. Prove the inequality 


a+b Pe joe 4. ab+bc+ca 
b+c cta atb (a+b+c) — 


Solution Without loss of generality we may assume that c = min{a, b, c}. 
Now we have 


a+b cos rasta, = 
b+c cta a+b ~ (a+c\(b +c) 


1 
Pine ee 


(a—b)? 
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and 
ab+bc+ca 1 2 1 
1= b b . 
(atbt+ec) aque Gee 
The given inequality becomes 
M(a—b)* + N(a—c)(b—c)=0, (1) 


—_ 1 1 = 1 1 
whee Matte Ge — Ghee erat 
We can easily prove that M, N > 0, and since c = min{a, b, c} we get inequal- 
ity (1). 
309 Let a, b,c be real numbers. Prove the inequality 


3(a* — ab + b’)(b* — be + 7° )(C — cata?) > 0P 403 + 03a’. 


Solution It is enough to consider the case when a, b,c > 0. 


We have 
(a? — ab + b*)(b* — be +.c7)(c? — ca +a’) = ) ath’ — Sab} — YS atbe 
sym cyc cyc 
+ abc. 


The given inequality is equivalent to 
3) ath? 4) a3b§ —3) athe +3a°b’c? > 0, 
sym cyc cyc 


which is equivalent to 


Y > (Qc4 +3a°b? — abc(a+b +c))(a —b)*>0. (1) 


cyc 
Assume a > b > c and denote 
S, = 2a* + 3b*c? — abc(a+b+0), 
Sp = 2b* + 3a2c* — abc(a +b +c) 
and 
So = 2c* + 3a*b? — abc(a+b+c). 
We have 
= 907 + 3b? C* = abc(a+b+c)> a +2a7be— abc(a+b+c)>0, 
Se = 2c* + 3a*b? — abc(a +b +c) > 3a*b? — abc(a +b +c) = 0, 


432 21 Solutions 
Sq +28, =2a* + 3b?c? + 4b* + 6a7c* — 3abc(a +b +c) 
> at + 2a*be + 8b?ca — 3abc(a+b+c)>0 
and 
S. + 2Sp = 2c* + 3a*b? + 4b* + 6a2c? — 3abc(a +b +c) 
> (3a*b? + 3a*c*) + 3a*c* — 3abc(a +b +c) > 0. 


(Since the given inequality is cyclic if we assume that a < b <c similarly we can 
show that Sg, Sc, Sq + 2Sp, Se + 2S, > 0.) 
According to the SOS theorem we obtain that inequality (1) holds, as required. 
Equality holds iff a=b=c. a 


310 Let a,b,c,d€R* such thata + b+c+d-+abcd =5. Prove the inequality 


1 ee 1 es 1 4. 1 La 
ar a ae: 
Solution We'll use Lagrange’s theorem. 
Let 
1 1 1 1 
f(a,b,c,d)= Pa rer and g(a,b,c,d) =a+b+c+d+abcd—5=0. 
a c 
We define 


1 1 1 1 
L=f-jag=-+-+-4+ A(a+b+cec+d+abcd—5). 
a bc ad 


For the first partial derivatives we get 


ab | AC + bed) =0 ine AG asieave 
—— = = Cc = a C = 
ae: on en 7 
Of 2. pt edb ee eee 
je Oe een ag = ae ics Samia 
So 
1 1 1 1 


a(1tbed)  b(1+acd)  c2(1+abd)  d2(1+abc)’ 
From the first two equations we deduce 
a’(1+bcd)=b*(1+acd), ie. (a—b)\(a+b+abcd) =0. 


Since a+b-+ abcd > 0 we must have a = b. 
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Analogously we deduce thata =c=d,ie.a=b=c=d. 
Using a+b+c+d-+abcd =5 we get 


aé+4a—-5=0 © (a—l1)\(a+a?+a+4+5)=0, 
and it follows that we must have a = 1. 


Soad=b=c=d=1. 
Finally we have f(1,1,1,1)=1+1+1+1=4, and we are done. | 
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